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The structure of the Zc (3900) is studied from dynamical lattice simulations of QCD at mπ '
410MeV. The s-wave two-body coupled-channel scatterings in I G (J PC ) = 1+ (1+− ) are carried
out on the lattice using the π J/ψ -ρηc -D̄D∗ coupled-channel potentials derived from the HAL
QCD approach. The calculated invariant mass spectra of the π J/ψ and D̄D∗ show enhancements
just above the D̄D∗ threshold energy due to the strong transition potentials between the π J/ψ
and D̄D∗ . The poles of the two-body amplitudes are also examined and are found far below
the D̄D∗ threshold energy on the second Riemann sheets, so that the peak corresponding to the
Zc (3900) in the invariant mass spectra is naturally explained by not a conventional resonance but
a coupled-channel kinematical effects.
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1. Introduction

2. HAL QCD approach for coupled-channel scatterings
In this section, we show the basic equations to derive coupled-channel potentials in the HAL
2
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One of long standing challenges in hadron physics is to look for the exotic nature of hadrons
other than ordinary mesons(quark-antiquark states) and baryons(three-quark states) on the basis of
the quantum chromodynamics (QCD). One of good targets is the Zc (3900) in I G (J PC ) = 1+ (1+− ),
which has been recently reported by BESIII [1] and Belle [2] Collaborations and confirmed by
CLEO-c Collaboration [3]. The Zc (3900) is found as a peak in π ± J/ψ invariant mass spectra of
the final states produced by the e+ e− collisions. Since the Zc (3900) has a electric charge, at least
¯ are dynamically involved.
four quarks(cc̄ud)
The resonance structure of the Zc (3900) is theoretically studied using phenomenological tetraquark, π J/ψ - and D̄D∗ -molecule models (see, e.g., Refs. [4, 5]). While the threshold kinematical effects for the peak corresponding to the Zc (3900) observed in the experiments are discussed
by the initial-state-pion-exchange mechanism [6] and the D̄D∗ threshold cusp [7] in the π J/ψ D̄D∗ coupled-channel scattering. However, due to lack of information of the π J/ψ -D̄D∗ coupledchannel interactions, predictions for the structure of the Zc (3900) has not been settled yet, so that
the lattice QCD (LQCD) studies are highly awaited to conclude the Zc (3900) structure. LQCD
studies to search for the Zc (3900) in I G (J PC ) = 1+ (1+− ) have been performed using the conventional approach [8, 9, 10], in which the spectrum on the lattice is constructed from the temporal
correlations of four-quark and two-meson correlation functions, and no isolated eigenstate from
meson-meson scattering states is found. These results could indicate that the Zc (3900) may not
be an ordinary resonance state. However, in order to answer why the peak in the π J/ψ invariant
mass spectrum is observed in the experiments, LQCD simulations with manifest coupled-channel
scatterings are necessary.
In this study, we investigate the structure of the Zc (3900) in I G (J PC ) = 1+ (1+− ) using the HAL
QCD approach [11, 12, 13, 14, 15, 16]. In the HAL QCD approach, asymptotic scattering wave
functions are defined from the spatial correlations of hadron four point correlation functions. Then
potentials which are faithful to QCD S-matrix are derived from LQCD simulations [17, 18, 19, 20,
21, 22, 23, 24]. The HAL QCD potentials are used for various applications such as the properties of
nuclei and exotic hadrons [25, 26, 27, 28, 29]. Since the extension to coupled-channel scatterings is
straightforward [15, 16, 30, 31], we apply the coupled-channel HAL QCD approach to derive the swave π J/ψ -ρηc -D̄D∗ coupled-channel potentials. Equipped with the coupled-channel potentials,
we calculate the invariant mass spectra of the π J/ψ and D̄D∗ , and examine the pole positions of
the Zc (3900) on the complex energy plane.
This paper is organized as follows. In Sec. 2, we present the HAL QCD approach to extract
coupled-channel potentials between two mesons and then, in Sec. 3, show the numerical setup of
our lattice QCD simulations. In Sec. 4, we show our numerical results for the s-wave π J/ψ -ρηc D̄D∗ coupled-channel potentials, the invariant mass spectra of the π J/ψ and D̄D∗ and the pole
positions. Sec. 5 is devoted to discussions and a summary.
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QCD approach [15, 16, 30, 31]. We start with the two-meson correlation functions defined as
Cab (~r,t) ≡

∑ h0| φ1a (~x +~r,t)φ2a (~x,t)J
~x

=

∑ Abn

√

b

(tsrc. = 0) |0i

Z1a Z2a ψna (~r)e−Wnt + . . . ,

(2.1)

n

1

2

not explicitly consider.
Let us consider t sufficiently large that the contributions from the π J/ψ , ρηc and D̄D∗ scattering states and possible bound states remain while those from inelastic states such as the D̄∗ D∗ become negligible. Then, from the NBS wave function, we define coupled-channel energy-independent
potentials [12, 14, 16] as
H0a ψna (~r) + ∑

∫

d~r0U ab (~r,~r0 )ψnb (~r0 ) = Ena ψna (~r),

(2.2)

U ab (~r,~r0 ) = ∑ (Ena − H0a )ψna (~r) · ψ̃nb∗0 (~r0 ),

(2.3)

b

n,n0

for all eigenstates n, where H0a = −∇2 /2µ a with µ a = ma1 ma2 /(ma1 + ma2 ) and Ena = (~kna )2 /2µ a is
a non-relativistic energy. ψ̃na∗ (~r) is the dual basis of the NBS wave function ψna (~r) and satisfies
∫
d~rψ̃na∗ (~r)ψnb0 (~r) = δnn0 δab
Since the coupled-channel HAL QCD potentials U ab (~r,~r0 ) are energy-independent, normal√
a
a
ized correlation functions Rab (~r,t) ≡ Cab (~r,t)e(m1 +m2 )t / Z1a Z2a satisfy [13, 16]
(
)
∫
a
∂
a
− − H0 Rab (~r,t) ' ∑ Abn (Ena − H0a )ψna (~r)e−∆Wn t = ∑ d~r0 ∆acU ac (~r,~r0 )Rcb (~r0 ,t), (2.4)
∂t
n
c
where the non-relativistic approximation that ∆Wna ≡ Wn −ma1 −ma2 = Ena +O((kna )4 /(ma1 )3 , (kna )4 /(ma2 )3 )
a
a
c
c
is used, and ∆ac denote ∆ac = e(m1 +m2 )t /e(m1 +m2 )t to subtract the threshold energy. This approximation is not necessary if we allow time derivatives of higher order in Eq. (2.4), which, however,
are found negligible for the systems investigated in this paper. By projecting Rab (~r,t) onto s-wave
states using A+
1 representation of the cubic group, we finally obtain the leading order s-wave potentials of the velocity expansion as
(
)
∂
a
ac
− − H0 Rab (~r,t) = ∑ ∆acVLO
(2.5)
(~r)Rcb (~r,t).
∂t
c

3. Numerical setup of LQCD simulations
In order to extract the s-wave meson-meson potentials in Eq. (2.5) from LQCD simulation,
we employ (2+1)-flavor full QCD gauge configurations generated by the PACS-CS collaboration [32, 33] on a 323 × 64 lattice with the renormalization group improved gauge action at β =
3
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√
b
with Abn = hn| J (tsrc. = 0) |0i and Z1a Z2a ψna (~r) = ∑~x h0| φ1a (~x +~r,t)φ2a (~x,t) |ni with Zia (i = 1,
2) being the wave function renormalization factors for mesons i. The superscripts a and b dea
note the flavor channel (a, b = π J/ψ , ρηc , D̄D∗ ). J (tsrc. = 0) stands for a zero momena is a
tum wall source operator at tsrc. = 0 which creates two-meson states in channel a, and φ1,2
point-like interpolating sink operator for mesons in channel a. ψna (~r) is the equal-time NambuBethe-Salpeter
(NBS) wave
√
√ function in channel a for n-th eigenstate |ni with the relativistic energy
Wn = (ma )2 + (~kna )2 + (ma )2 + (~kna )2 , and ellipses represent inelastic contributions that we do
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1.90 and the non-perturbative O(a)-improved Wilson quark action (CSW = 1.715) at (κud , κs ) =
(0.13754, 0.13640). The parameters correspond to the lattice cutoff a−1 = 2176 MeV (lattice spacing a = 0.0907(13) fm leading to the spatial lattice volume L3 ' (2.9fm)3 ). For the charm quark,
we employ a relativistic heavy quark (RHQ) action [34], which is designed to remove the leading
and next-to-leading order cutoff errors associated with heavy charm quark mass, O((mc a)n ) and
O((mc a)n (aΛQCD )), respectively. In our simulations, we take the same parameters as in Ref. [35].
The meson masses obtained from the simulation are listed in Table 11 .
mρ
896(8)

mηc
2988(1)

mD̄
1903(1)

mJ/ψ
3097(1)

mD∗
2056(3)

Table 1: Meson masses obtained in this study in MeV unit.

4. Coupled-channel potentials and structure of the Zc (3900) in I G (J PC ) = 1+ (1+− )
In Fig. 1, we show the results of the s-wave π J/ψ -ρηc -D̄D∗ coupled-channel potentials. We
find that all diagonal potentials (Vπ J/ψ −π J/ψ , Vρηc −ρηc and VD̄D∗ −D̄D∗ ) are weak (Fig. 1 (a)). This
observation indicates that the Zc (3900) is neither simple π J/ψ nor D̄D∗ molecule. For the offdiagonal potentials (Fig. 1 (b)), we find the weak transition potential between the π J/ψ and the
ρηc channels (Vπ J/ψ −ρηc ). This observation is consistent with the heavy quark spin symmetry, in
which the charm quark spin flip amplitude is suppressed by O(1/mc ). While in the D̄D∗ -π J/ψ and
D̄D∗ -ρηc channels, we find the strong transition potentials (VD̄D∗ −π J/ψ and VD̄D∗ −ρηc ).
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Figure 1: (Color online). Left panel (a) for the s-wave diagonal potentials in the π J/ψ -π J/ψ (red), ρηc ρηc (green) and D̄D∗ -D̄D∗ (blue) channels. Right panel (b) for the s-wave off-diagonal potentials in the
π J/ψ -ρηc (red), ρηc -D̄D∗ (green) and D̄D∗ -π J/ψ (blue) channels. The coupled-channel potentials are
obtained at mπ ' 410 MeV.

To investigate whether derived coupled-channel potentials can produce the peak structure in
the π J/ψ mass spectrum, we study the s-wave π J/ψ -ρηc -D̄D∗ coupled-channel two-body scattering by solving the Schödinger equation in the infinite volume and calculate the π J/ψ and D̄D∗
is noticed that the physical thresholds below the D̄D∗ are the π J/ψ , ππηc and πψ 0 . However, due to the heavy
mπ in our simulation, the πψ 0 goes above the D̄D∗ threshold, and the ρ → ππ decay is not allowed with L ' 3fm.
1 It

4
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invariant mass spectrum from the two-body amplitudes. Fig. 2 (a) and (b) show the resultant invariant mass spectra in the π J/ψ and D̄D∗ channels, respectively. In the π J/ψ invariant mass
spectrum, we find that the peak structure just above the D̄D∗ threshold energy, which corresponds
to 3959MeV for mπ ' 410MeV. This peak is produced by the large coupling between the π J/ψ
and the D̄D∗ channels. When we turn off the off-diagonal potentials, no peak structure is observed
as shown in Fig. 2 (a).
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Figure 2: (Color online). The two-body invariant mass spectra in the π J/ψ (a) and D̄D∗ (b) channels. In
both panels (a) and (b), the black curves show the invariant mass spectra calculated without the off-diagonal
potentials. In the π J/ψ channel (a), the factor of ten is multiplied for the result without channel couplings.

The line shape of the D̄D∗ invariant mass spectrum in Fig. 2 (b) indicates the threshold cusp
due to the strong π J/ψ -D̄D∗ channel coupling. To check whether the cusp corresponds to the
nature of the Zc (3900), we examine the pole positions on the complex energy plane. Fig. 3 shows
the two-body π J/ψ -π J/ψ amplitude on the second Riemann sheets for all the π J/ψ , ρηc and
D̄D∗ channels. Although we find the poles of the amplitude, the poles are located about 150MeV
below the D̄D∗ threshold energy. These poles are not conventional resonance poles but virtual
poles, and the contributions from the poles to the two-body scattering are suppressed. Therefore,
we conclude that the experimentally observed Zc (3900) state is not a conventional resonance state
but a coupled-channel cusp.

5. Summary
We have studied the s-wave π J/ψ -ρηc -D̄D∗ coupled-channel interactions in I G (J PC ) = 1+ (1+− ),
using (2+1)-flavor full QCD gauge configurations generated at mπ ' 410 MeV, in order to investigate the structure of the Zc (3900). For the charm quark, we have employed the relativistic heavyquark action to account for its proper dynamics on the lattice.
The s-wave coupled-channel energy-independent potentials are extracted from Nambu-BetheSalpeter wave functions using the coupled-channel HAL QCD approach. The coupled-channel
HAL QCD potentials are then used to calculate scattering observables such as invariant mass spectra and poles on the complex energy plane. All the diagonal potentials in π J/ψ , ρηc and D̄D∗
channels are found to be weak. Therefore, the structure of the Zc (3900) is not a simple π J/ψ or
5
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Figure 3: (Color online). The two-body π J/ψ -π J/ψ amplitude on the complex energy plane. The result
on the second sheets for all the π J/ψ , ρηc and D̄D∗ channels is shown.

D̄D∗ molecule. The π J/ψ -ρηc transition potential is found to be weak, which is consistent with
the heavy quark spin symmetry. On the other hand, the strong transition potentials between the
π J/ψ and D̄D∗ channels are found. Due to this strong π J/ψ -D̄D∗ coupling, the peak just above
the D̄D∗ threshold is observed in the two-body π J/ψ invariant mass spectrum. Meanwhile, the
line shape of the D̄D∗ invariant mass spectrum indicate that the peak in the π J/ψ invariant mass
spectrum could be produced by the D̄D∗ threshold cusp. In order to check whether the peak corresponds to the threshold cusp, pole positions are calculated, and the virtual poles are found. Since
the poles are located far below the D̄D∗ threshold, our LQCD results indicate that the Zc (3900) is
not a conventional resonance but a coupled-channel threshold cusp.
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