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1. Introduction
Due to their connection to the hadron spectrum, pion-nucleon and kaon-nucleon scattering,
counting rates in Higgs boson searches and direct detection of Dark Matter, the nucleon (N) upN and f N are important quantities from the phenomenological
down and strange quark contents fud
s
point of view. They are defined as
¯
hN|ūu + dd|Ni
σπN
,
≡
2
MN
2MN
hN|q̄q|Ni σqN
= mq
≡
,
MN
2MN2

N
fud
= mud

(1.1)

where q = u, d, s and mud = (mu + md )/2. Recalling that they cannot be obtained directly from
experiment, their first determinations come from phenomenology [1, 2]. However, they are affected by large uncertainties and agree only marginally within errorbars. This situation prompted
new phenomenological studies [3]-[8] as well as a series of lattice computations [11]-[20] (recent
reviews on σπN can be found in [9] and [10]). However, it is still challenging to carry out a lattice
computation which avoids any model assumption and includes a complete error analysis. By exploiting the Feynman-Hellmann theorem, this work displays an ab-initio study of the nucleon quark
contents where the different sources of systematic uncertainty are carefully taken into account.

2. Methodology
The dataset at the basis of this study consists of 47 ensembles obtained through N f = 2 + 1
simulations performed with a tree-level-improved Symanzik gauge action and clover-improved
Wilson quarks, the latter featuring 2 levels of HEX link smearing. The ensembles are made up
of approximately 13000 configurations altogether, corresponding to 5 different lattice spacings a
(ranging from 0.054 fm to 0.116 fm), lattice sizes up to 6 fm and pion masses Mπ all the way down
to 120 MeV. This setup allows for a consistent control of systematic uncertainties when reaching
(Φ)
(Φ)
the physical point (Φ), i.e. when interpolating to physical mud and ms and extrapolating to a → 0
and L → ∞, L being the lattice spatial size.
Though a direct computation of the matrix elements in Eq.(1.1) could in principle benefit the
precision on the results, such an approach entails taking into account disconnected quark contributions as well as an involved renormalization pattern. An alternative possibility is given by the
N and f N to the derivatives of M with respect to
Feynman-Hellmann theorem which connects fud
N
s
mud and ms respectively. More precisely,
N
fud
=

mud ∂ MN
MN ∂ mud

fsN =

,
Φ

ms ∂ MN
MN ∂ ms

.

(2.1)

Φ

This indirect approach is convenient since it only requires the computation of the nucleon and
(renormalized) quark masses. The hadron masses of interest here can be extracted by fitting the
asymptotic behaviour of suitable 2−point time correlators C(t) — which do not imply any disconnected diagrams — while quark masses can be obtained through the ratio-difference method
2
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described in [21]. Quark masses are then renormalized non-perturbatively in the Renormalization Group Invariance (RGI) scheme, using a generalization of the Rome-Southampton method as
explained in [21]. Gaussian sources and sinks are employed in the evaluation of C(t) while, in
applying the ratio-difference method, sources are Gaussian while sinks are point-like.

3. Data analysis

(aMX ) = a
nX

nX

(1 + gaX (a))

"
#
 (Φ) nX
a,ud
a,s
MX
1 + cX (a) m̃ud +cX (a) m̃s + h.o.t. , (3.1)

1 + gFV
X (Mπ , L)

where X = N, Ω, π, K χ with nX = 2 for X = π and nX = 1 otherwise. Quark mass terms are
(Φ)
= amq Zs−1 (β )/a(1 + gaq (a)), Zs (β ) being the
given by m̃q = mRGI
− mq (q = ud, s) with mRGI
q
q
non-perturbative renormalization constant in the RGI scheme computed in a dedicated study [21].
In Eq. (3.1), h.o.t. denotes higher-order terms in the Taylor expansion while coefficients gaX (a) and
gFV
X (Mπ , L) parametrize discretization and finite-volume corrections respectively, the latter moda,q
q
a,q
elled in the spirit of [24, 25]. Coefficients ca,q
X (a) (q = ud, s) are given by cX (a) = cX (1 + gX (a)),
q
where ga,q
X (a) parametrizes the continuum extrapolation of the slope parameter cX .
(Φ)
(Φ)
The only experimental input in Eq.(3.1) corresponds to MΩ , Mπ (Φ) and MK χ (set to 1672.45 MeV,
3
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In computing the derivatives in Eq. (2.1), it is important to notice that usually Chiral Perturbation Thoery (χPT) is invoked and the dependence with respect to mud and ms is traded for the
dependence with respect to Mπ2 and MK2 χ = MK2 − Mπ2 /2. However, in the present study, the quality of the dataset at disposal allows for avoiding any χPT-related assumption (which might entail
some systematics, especially for fsN ) and for studying the contributions of quark masses to hadron
(Φ)
(Φ)
masses explicitly. Since mud and ms cannot be measured experimentally, they need to be fixed
by fitting the quark-mass dependence of two hadron masses — other than MN — whose physical
value is known: a convenient choice is given by Mπ2 and MK χ . Besides MN , Mπ2 and MK χ , a fourth
observable is needed in order to set the scale and, as often the case, the Ω baryon mass, MΩ , turns
out to be appropriate.
In the fit of C(t), assessing when the asymptotic behaviour sets in is a non-trivial task, usually carried out by relying on eye judgement and/or on the fit quality. However, the latter being a
stochastic variable on its own, a more systematic approach is given by the Kolmogorov-Smirnov
(KS) test [23] which consists in comparing the empirical distribution function E(x) of a stochastic
variable x with a reference distribution F(x). After determining their maximal distance D defined
as D = supx |F(x) − E(x)|, a significance level P is computed. In the present work, for a given
hadron mass, the initial time tmin in physical units is fixed together with the length ∆t (in lattice
units) of the time interval where the asymptotics of C(t) is then fitted on the 47 ensembles. Afterwards, the KS test is applied to the distribution of the corresponding fit qualities and, if P is larger
than 0.3, the combination (tmin , ∆t) is considered good. Otherwise the test is repeated by varying
either tmin or ∆t or both. This procedure is separately applied to all masses needed in the study.
Once that the mass of hadron X in lattice units has been obtained, its dependence on mud and
ms has to be parametrized. This is carried out by means of a function like
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Figure 1: (Color online) Typical dependence of MN with respect to mRGI
ud (left) and ms
(Φ)

point represents the numerical result for MN while the horizontal line corresponds to its experimental value.

134.8 MeV and 484.9 MeV[26] respectively1 ), all other coefficients being fit parameters to be determined by minimizing a standard χ 2 function where errorbars on data have been obtained through
a bootstrap procedure with 2000 samples. All four hadron masses are fitted at the same time: note
(Φ)
(Φ)
that some coefficients in Eq.(3.1) — namely mud , ms , gaq (a) and the lattice spacings — are in
common. All fits are correlated, including those of C(t) described previously.

4. Evaluation of statistical and systematic uncertainties
In order to carry out an ab-initio study, it is necessary not to make any a priori assumptions
and to assess the impact of the different sources of systematic error. This goal is accomplished by
allowing for variations at different stages of the data analysis as in [27].
As for the fit of the 2−point time correlators, two different time ranges have been considered,
the first corresponding to the setup (tmin , ∆t) obtained through the KS test, the second obtained by
shifting tmin forward by one timeslice for each particle mass while keeping ∆t fixed. Truncation
errors in the Taylor expansion have been taken into account by pruning the data with two cuts in
the pion mass at 320 MeV and 480 MeV. In addition to this, higher-order terms proportional to m̃2ud
3/2 − (m(Φ) )3/2 ] for M ), m̃3 , m̃ m̃ and m̃2 m̃ in (3.1) have been
(or also a χPT-inspired [(mRGI
N
ud s
ud s
ud )
ud
ud
considered. Concerning cut-off effects, the improvement procedure should grant leading O(αs a)
corrections (αs being the strong-coupling constant) but, in practice, HEX smearing might result in
O(a2 ) corrections being dominant: both possibilities are taken into account by setting gaN (a) to be
proportional to either a2 or αs a. As for the uncertainties associated with the definition of Zs (β ),
this is accounted for by allowing for six different procedures to be alternatively employed in the
renormalization process [21]. Finally, any further uncertainty is estimated by replacing the Taylor
expansion in Eq.(3.1) with Padé approximants in the fit of MN .
1 Consequently,

the corresponding discretization corrections are set to zero by definition, only gaN (a) is left.

4
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Figure 2: (Color online) Comparison of the results for fud
s
other studies.

N and
This overall procedure leads to 192 different analyses, each one providing a result for fud
fsN as an output. These 192 values are subsequently weighed through Akaike’s Information Criterion (AIC) [28], the AIC-weighed mean and standard deviation corresponding to the mean value
and systematic error of the given observable respectively. The statistical error is computed through
the bootstrap error on the AIC-weighed mean.
With such a procedure, the systematics associated with the continuum extrapolation of the
(Φ)
leading MN term in (3.1) is accounted for while the uncertainties related to the continuum extrapN or f N contributions are not. Indeed, the discretization terms ga,q (a),
olation of the sub-leading fud
s
N
were considered to be zero in the above analyses. In order to take them into account, the terms
(Φ)
2
ga,q
N (a) were set to be proportional to either αs a or a and MN was fixed to its experimental value
to stabilize the corresponding fits. Even with such a setup, only corrections in ca,ud
N (a) are supported by the data. By including these and by performing the same variation of 192 analyses as in
N increases by 0.0024 and f N decreases by
the procedure described above, the central values of fud
s
0.038 compared to the standard analysis. We use this variation to estimate the uncertainty associated with the continuum extrapolation of the quark contents. It has been added in quadrature to the
systematic error obtained in the standard analysis and propagated throughout.

5. Results and discussion
A check of the accuracy of our approach is given by the comparison between the numerical
(Φ)
result for MN and its experimental value. Our estimate reads MN = 929(16)(7) MeV — the
numbers between brackets are the statistical and systematic error in order — in good agreement
with experiment (938.9 MeV). An example of the typical dependence of MN with respect to mRGI
ud
and mRGI
is
shown
in
Fig.
(1).
s
5
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The final results for the quark contents are
N
fud
= 0.0405(40)(35) ,

fsN = 0.113(45)(40) ,

(5.1)
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