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The magnitude of the UA (1) symmetry breaking is expected to affect the nature of N f = 2 QCD
chiral phase transition. The explicit breaking of chiral symmetry due to realistic light quark mass
is small, so it is important to use chiral fermions on the lattice to understand the effect of UA (1)
near the chiral crossover temperature, Tc . We report our latest results for the eigenvalue spectrum
of 2+1 flavour QCD with dynamical Möbius domain wall fermions at finite temperature probed
using the overlap operator on 323 × 8 lattice. We check how sensitive the low-lying eigenvalues
are to the sea-light quark mass. We also present a comparison with the earlier independent results
with domain wall fermions.
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1. Introduction

2. What we have learnt from QCD with Highly Improved Staggered Quarks
We recall here some of our key results from a similar study we did with N f = 2 + 1 QCD with
Highly Improved Staggered Quarks (HISQ) from [4]. Since the relation between the zero modes
of the HISQ operator to the underlying topology of the gauge fields is not explicit, we employed
overlap fermions to study the eigenspectrum of the HISQ ensembles. We found that UA (1) remains
broken until ∼ 1.5 Tc . The infrared modes of the Dirac operator mainly contributed to its breaking
near Tc since the contribution of the higher modes were small in the light quark mass region as
is evident from the left panel of Fig. 1. The infrared part of the spectrum has contributions both
from the near-zero as well as from the infrared part of the bulk spectrum rising as |λ | near Tc and
it is not possible to disentangle their relative contributions. However the near-zero modes become
sparse at 1.5 Tc and start separating from the bulk. It is thus necessary to understand whether
these near-zero modes are physical or lattice artifacts. In order to do so, we performed HYP
smearing of the gauge configurations at 1.5 Tc . Smearing is known to remove unphysical localized
structures or dislocations present in the gauge configurations. The right panel of Figure 1 shows the
eigen density measured using the overlap operator on HISQ gauge configurations before and after
smearing. Smearing eliminates some zero and near-zero modes. However it does not eliminate
them completely, but reduces their density. The average radii of the instantons represented by
the fermion zero modes do not change within errors. Smearing is known to eliminate the small
instantons which may explain the difference in the spectrum before and after smearing. The nearzero modes are seen to be associated with an instanton-antiinstanton pair or can be motivated from
a quasi-instanton picture [5]. Our previous study [4] suggests that the average instanton density is
0.147(7) f m−4 at 1.5 Tc , hence the dilute instanton gas description is already appropriate for the
2
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The symmetries of different phases of QCD tend to decide the order parameter characterizing
a phase transition. However a remarkable observation was made that the UA (1) symmetry in QCD,
though anomalous, could affect the nature of phase transition [1]. The effect for N f = 2 is most
interesting. Depending on whether UA (1) is effectively restored at the chiral transition temperature,
the order of the phase transition and its universality class or both can change. All these arguments
are based on perturbative renormalization group studies [1, 2] or bootstrap analysis [3] of model
quantum field theory with the same symmetries as QCD. The coefficient of the UA (1) breaking
term is just a parameter in this model which can only be estimated non-perturbatively. A careful
lattice study is essential to have a comprehensive understanding of this phase transition. For QCD
with physical u, d quark mass, chiral symmetry is only mildly broken since mu,d ≪ ΛQCD . Hence
it is important to use fermions with exact chiral and flavor symmetries on the lattice to address
the issue of the fate of UA (1) near the chiral crossover transition temperature Tc . We use domain
wall fermions, which have nearly exact chiral symmetry on the lattice, to study this problem. To
unambiguously identify the zero and the near-zero modes of the domain wall fermions we use the
overlap fermion operator as a probe on the domain wall sea quarks. Our study suggests that the
UA (1) is not effectively restored at Tc .
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QCD medium at 1.5 Tc . Similar features in eigenspectrum are also observed with stout-smeared
staggered quarks at T > Tc on even finer lattices [6].
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Figure 1: The contribution of the infrared (< λ0 ) Dirac modes to UA (1) breaking is dominant near Tc (left
panel). In the right panel, the eigenvalue spectrum of the HISQ configurations measured by the overlap
fermions are shown on unsmeared gauge configurations (red) and after performing 10 levels of HYP smearing (blue) on them. These are taken from [4].

3. Why chiral fermions
It is important to understand these results with respect to those obtained with exact chiral
fermions on the lattice. The eigenvalues of the staggered fermions show four-fold degeneracy in the
continuum limit and are believed to produce the correct η ′ mass as shown explicitly in Schwinger
model calculations [7]. However, on a finite lattice the near-zero part of the HISQ eigenspectrum
could have more degeneracies which may render the continuum axial UA (1) explicitly broken. We
therefore study the eigenspectrum of N f = 2 + 1 Möbius domain wall fermion configurations with
the overlap operator. The eigen densities of some of these ensembles with mπ = 200 MeV have
been measured and reported in [8]. It is also evident from this work that UA (1) is not effectively
restored at T & Tc and a peak of near-zero modes develops at T ∼ 1.1 Tc , consistent with our observation with the HISQ fermions. However with the 5 dimensional domain wall fermion operator,
the identification of the near-zero modes is not unambiguous due to residual mass effects. It is thus
important to identify them with the overlap operator. Moreover it is interesting to study the quark
mass dependence of these results especially when one goes to the physical quark mass.

4. Numerical details
The configurations used in this work were generated with Möbius domain wall fermions with
Iwasaki gauge action with dislocation suppressing determinant. They have been taken from [8].
The pion masses for these sets were 135 and 200 MeV respectively. The overlap operator was
†
realized by calculating the sign function exactly with the eigenvalues of DW
DW for low modes
and representing the higher modes with a Zolotarev Rational function with 15 coefficients. The
sign function was measured to a precision of about 10−10 and the violation of the Ginsparg Wilson
relation was of the same order of magnitude for each configuration. We chose the domain wall
height appearing in the overlap operator M = 1.8, which gave the best approximation to the sign
function and satisfied the Ginsparg Wilson relation with the best precision. On each configuration
50 eigenvalues of D†ov Dov were measured using the Kalkreuter-Simma Ritz algorithm [9]. We used
about 100 − 150 configurations at each temperature and for each value of the pion mass.
3
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5. General features of the domain wall spectrum and UA (1) breaking
The overlap eigen density measured on the domain wall fermion ensembles at 1.08 Tc and
1.2 Tc for two different pion masses are shown in Figure 2. The general features are the presence of
near-zero (non-analytic) modes and the bulk which is analytic in λ . We fit the eigenspectrum with
2
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Figure 2: The eigenvalue distribution of Möbius domain wall fermions at 1.08 Tc (left panel) and 1.2 Tc
(right panel) for two different sea-quark masses measured with the overlap operator.

A
the ansatz ρ (λ ) = λ 2 +
+ c|λ |γ . The fit results for γ which characterize the leading order rise of
ρ2
the bulk modes, have a significant temperature dependence. At 1.08 Tc , the value is γ ∼ 1, which
changes to γ ∼ 2 at 1.2 Tc consistent with our earlier observation from the HISQ eigenspectrum
measured with the overlap operator [4]. Moreover γ is insensitive to quark mass effects so its value
would not change in the chiral limit as well. The analytic part of the eigenvalue spectrum of the
QCD Dirac operator at finite temperature has been analytically studied only recently [10]. In the
phase of restored chiral symmetry, using chiral Ward identities on 3-point correlation functions,
it has been derived that the leading order analytic part of the eigen density goes as |λ |3 . It was
further shown that the UA (1) breaking effects are invisible in the scalar and pseudo-scalar sector
in up to 6-point correlation functions [10] with this analytic dependence. From our results it is
evident that the UA (1) breaking effects from the analytic part of the eigenvalue spectrum survive
even at 1.2 Tc . We next compare the eigenvalue spectrum of the domain wall fermion operator and
the overlap operator on the same configurations at mπ = 200 MeV in Figure 3. There is a fairly
good agreement between the eigenspectra implying that the lattice artifacts when using the overlap
operator are under control. We also compare the renormalized eigenspectrum of the domain wall
and the HISQ fermions measured by us using the overlap operator [4] in the right panel of Figure
3. The eigenvalues are renormalized by the strange quark mass ms , the determination of which
is explained in the next paragraph. The bulk modes for the domain wall fermion configurations
with mπ = 200 MeV rather than mπ = 135 MeV agree well with those of the HISQ configurations
with a root mean square mπ = 160 MeV. This is not very surprising; the effective quark masses in
the HISQ ensembles could be larger than the rms mass. These results give us confidence that the
bulk spectrum measured with overlap fermions on different sea-quark ensembles are similar, with
the exponent γ characterizing the leading-order behavior not being very sensitive to lattice cut-off
effects.

4
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We look more carefully at the near-zero modes since it is evident from the right panel of
Figure 3 and from [11], that it is sensitive to lattice cut-off effects of the valence quarks. For the
domain wall fermions, the near-zero modes are suppressed already at 1.2 Tc compared to the HISQ
fermions. The left panel of Figure 4 shows the near-zero peak as a function of temperature for
mπ = 135 MeV. The peak height reduces by a third, as the temperature changes from 1.08 Tc to
1.2 Tc . The right panel shows the peak height dependence on the sea quark mass at 1.2 Tc . The
near zero peak shows little sensitivity to the sea-quark mass when the light quark mass, ml changes
from ∼ ms /12 to ∼ ms /27. It has been earlier observed on small volume Möbius domain wall
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Figure 4: The near-zero eigenvalue distribution for physical quark mass at two different temperatures (left
panel) and as a function of sea quark mass at 1.2 Tc (right panel).

configurations, that the near-zero modes of the valence overlap modes could arise due to violations
of the Ginsparg Wilson relation of the overlap operator [11]. We therefore compare the Ginsparg
Wilson relation violation in those configurations which have near-zero modes marked by black
triangles in the left panel of Figure 5 to the average violation observed at 1.2 Tc . We do not observe
any strong correlation between the violation of Ginsparg Wilson relation and the occurrence of
near-zero modes. We next study the UA (1) violation as a function of T in the domain wall fermion
ensembles. The degeneracy of the pion and delta correlation functions is a possible signature for the
5
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Figure 3: The renormalized eigenvalue distribution of the overlap on domain wall fermion configurations
compared to overlap on HISQ configurations (left panel) and dynamical domain wall fermion configurations
from [8](right panel) at 1.2 Tc .
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effective restoration of UA (1). The difference of the integrated correlators of pion and delta mesons,
χπ − χδ normalized by T 2 , determined from the eigenvalues of the overlap operator are plotted for
different light quark masses, ml in the right panel of Figure 5. These values are compared with
the values obtained on the same configurations from inversion of the domain wall operator [8]. To
make a faithful comparison, we have tuned the overlap valence quark mass ml by comparing the RG
l hψ̄ψ is
invariant quantity ms hψ̄ψ ilT−m
keeping ms /ml ∼ 27, 12 calculated with the overlap eigenvalues
4
to those obtained in [8] by inverting the domain wall operator. The consistency between them
suggests that the values we get from the overlap eigenvalues are not mere lattice artifacts. The
fermion near-zero modes have some sort of a two peak structure with equal and opposite chiralities
shown in the left panel of Figure 6. However the two peaks are not well separated. If indeed
these arise due to overlap between localized fermion zero-modes associated with a closely located
instanton-antiinstanton pair, their structure suggests that the dilute gas picture of such topological
objects only begins to set in at T > 1.2 Tc . This is in agreement with our studies with HISQ
fermions. We also show our results of the topological susceptibility χt measured on the domain
wall fermion configurations and compare with our earlier HISQ measurements in the right panel
of Figure 6. χt is comparatively smaller for the domain wall fermions but for both the temperature
dependence for T ≤ 1.2 Tc is still not compatible with expectations from a dilute gas of instantons.

6. Conclusions and outlook
In this work we have studied in detail, the eigenvalue spectrum of QCD with two light quark
flavours with nearly chiral Möbius domain wall fermions, to check whether UA (1) is effectively
restored near Tc . Using overlap operator, we could unambiguously distinguish the zero from the
near-zero modes of the domain wall fermions. We find that UA (1) is not effectively at T & Tc even
when the light quark mass changes from ms /12 to ms /27. UA (1) is broken due to the small eigenvalues which have contributions from the analytic and non-analytic part of eigenvalue spectrum.
While the (analytic)contribution from the bulk part is very robust, i.e. insensitive to the quark
6
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Figure 5: The red points show the violation of Ginsparg Wilson relation for the overlap operator for each
domain wall fermion configuration at 1.08 Tc for physical quark mass (left panel) and the black points
mark those configurations which have near-zero modes. In the right panel the temperature dependence of
(χπ − χδ )/T 2 is shown for ml /ms ∼ 1/12 (open symbols) and ml /ms ∼ 1/27 (solid).
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mass and lattice discretization effects, one needs to further study the sensitivity of the near-zero
eigenvalues to lattice cut-off effects and volume.
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Figure 6: The typical profile for a near-zero mode at 1.2 Tc (left panel). The topological susceptibility
as a function of temperature compared between HISQ (from [4]) and domain wall fermions (right panel)
measured with the overlap operator.

