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We employ a new strategy for a non perturbative determination of the renormalized energy mo-
mentum tensor. The strategy is based on the definition of suitable lattice Ward identities probed by
observables computed along the gradient flow. The new set of identities exhibits many interesting
qualities, arising from the UV finiteness of flowed composite operators. In this paper we show
how this method can be used to non perturbatively renormalize the energy momentum tensor for
a SU(3) Yang-Mills theory, and report our numerical results.
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1. Introduction

The renormalization of the energy momentum tensor plays a crucial role in many different
aspects of quantum field theory. It is needed for correctly determining the energy, pressure and
entropy density of a system at thermal equilibrium, or the shear viscosity of a fluid medium. It
can also be used as an order parameter for probing fundamental properties of quantum field the-
ories, like conformal invariance. The energy momentum tensor is related to the Noether current
of translational symmetry: in quantum field theory, the invariance of a physical system under this
symmetry results in a collection of Ward identities that can be used to define a renormalized energy
momentum tensor [1, 2, 3].

When we use a lattice regulator, translational invariance is broken and its restoration is only
guaranteed in the continuum limit. For this reason, at finite lattice spacing, the correctly renormal-
ized energy momentum tensor is obtained as a mixing of all operators with mass dimension less or
equal than four, allowed by the lattice symmetries [4, 5]

(T̂µν)R = ∑
i

Zi

{
T̂ (i)

µν −〈T̂
(i)

µν 〉
}

. (1.1)

In this proceedings we study a pure gauge theory with color group SU(3). The assumption
that translational invariance is recovered in the continuum implies that it is possible to tune the
coefficients Zi in such a way that the translation Ward identities are satisfied up to terms that vanish
when the lattice spacing goes to zero. Unfortunately, local Ward identities are plagued by additional
divergences (contact terms) which make the extraction of the coefficients Zi numerically more
challenging.

This problem can be solved with the aid of Yang Mills gradient flow, or Wilson Flow on
the lattice [6, 7, 8, 9]. Using the smoothing properties of the flow, we can define a new set of
(local) translation Ward identities that do not contain any kind of contact term. We show how
these identities can be used to numerically measure the renormalization constants Zi and report
preliminary results. For a precise derivation of the equations used in this proceedings , we refer the
reader to [10].

Two alternative strategies have been recently proposed for the renormalization of the energy
momentum tensor. The first one makes use of the small flow time expansion of composite oper-
ators, built along the flow, in order to extract the expectation values of the renormalized energy
momentum tensor [11, 12, 13, 14]. The second one employs shifted boundary conditions in or-
der to define a set of suitable Ward identities that can be used for the numerical evaluation of the
coefficients Zi [15, 16].

2. Gradient Flow

The Gradient Flow is defined by the following set of equations

{
∂tBt,µ(x) = Dt,νGt,νµ(x) ,

B0,µ(x) = Aµ(x) .
(2.1)
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Here Dt,ν and Gt,νµ represent the covariant derivative and strength tensor built with the field Bt,µ

while t is an additional parameter, with dimension of length squared, known in the literature as
flow time. At finite lattice spacing, a discretized form of equation (2.1) can be defined as well [6].
Starting from a gauge configuration Uµ(x) at flow time zero, using the discretized flow equation,
we define a flowed gauge field Vt,µ(x) at any given time t. The field Vt,µ(x) can be used for building
any kind of gauge invariant composite operator whose expectation value we are interested in. The
remarkable property of these flowed operators is that they have a finite continuum limit for any non
zero t, i.e. they do not require renormalization.

3. TWI at positive flow time

According to [10], it is possible to define a set of Ward identities for translational invariance
(TWI) using probe observables at positive flow time

∂µ〈[T̂µρ ]R(x)φt(y)〉=−Zδ 〈δ̂x,ρφt(y)〉+O(a2) . (3.1)

Because of the UV finiteness of the probes, we do not have any kind of contact term at positive
flow time. Beside the renormalization constants encoded in [T̂µρ ]R, we only need to determine the
multiplicative renormalization Zδ of the operator δ̂x,ρ , which generates an infinitesimal translation
on a generic probe φt(y). In this paper, we will focus only on the numerical determination of the
ratios Zi/Zδ

4. Setup

At finite lattice spacing the renormalized energy momentum tensor is defined by the following
operator mixing

[T̂µρ ]R = Z1

[
T̂ [1]

µρ −〈T̂
[1]

µρ 〉0
]
+Z3T̂ [3]

µρ +Z6T̂ [6]
µρ ,

where

T̂ [1]
µρ =− 2

g2
0

δµρ ∑
στ

tr [F̂στ F̂στ ] , (4.1)

T̂ [3]
µρ =− 2

g2
0

δµρ ∑
σ

tr
[

F̂σ µ F̂σ µ −
1
4 ∑

τ

F̂στ F̂στ

]
, (4.2)

T̂ [6]
µρ =−(1−δµρ)

2
g2

0
∑
σ

tr
[
F̂σ µ F̂σ µ

]
. (4.3)

Here F̂σ µ represents a lattice discretized form of the strength tensor (in our case, the clover defini-
tion has been adopted). The index in square brackets labels operators that transform according to
different irreducible representations of the hypercubic group. Having three unknowns to be deter-
mined, we need at least three different probes: we choose to use the following operators, obtained
as a flowed version of (4.1), (4.2), (4.2).
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φ
[α]
t,µ (x) = ∂̂ρ T̂ [α]

µρ (x)|Uµ=Vt,µ α = 1,3,6 . (4.4)

We end up with a system of three equations that can be numerically solved

∑
β=1,3,6

[
∑
ρσ

〈T̂ [β ]
µρ (x)∂µφ

[α]
tρ (x)〉

]
Zβ

Zδ

= ∑
ρ

〈δ̂x,ρφ
[α]
t,ρ (x)〉 , (4.5)

the solution consisting in the values of Zβ/Zδ .
We anticipate that the setup given by (4.5) is useful only at finite lattice spacing: in the con-

tinuum, the contributions from the flowed versions of T [3] and T [6] are related for O(4) rotational
symmetry, so the system is underdetermined. This is consistent with the fact that, at zero lattice
spacing, there are only two linearly independent, gauge invariant, local vector probes with mass
dimension 5.

5. Numerical results

We show the preliminary results coming from the solution of system (4.5). The geometric
setup consists of a lattice with open-SF boundary conditions along the time direction and periodic
along the spatial ones. The expectation values in (4.5) have been measured positioning both the
probe and the energy momentum tensor at x0 = T/2 and averaging over the spatial extensions.

At zero flow time, the TWI are affected by a contact term arising from the coalescence of
probe and energy momentum tensor. At positive flow time, we would ideally distinguish three
different regions. The first one is a small flow time window characterized by large lattice artefacts,
representing the remnant of the divergence at t = 0: these artefacts are supposed to vanish when
continuum limit is approached. After these effects have died out, the data obtained for the ratios
Zi/Zδ should exhibit a plateau as a function of the flow time: this is the second region of flow
times, where the values of the coefficients Zi/Zδ could be extracted. Finally, we would have a big
flow time window where the solution of the system would get more and more noisy due to signal
depletion.

The plot in figure (1) represents the tree level contribution to Z6/Zδ for values of c raising from
0 to 0.4, c being the ratio between the flow smearing radius and the lattice temporal extension. The
measurements have been taken at different, increasing volumes: if we keep the value of c fixed,
this is exactly equal to send a to zero. Here we see remnant effects of the divergence running from
c = 0 to c ' 0.25, the plateau starting around c ' 0.3: as continuum limit is approached, we can
see how Z6/Zδ move towards its expected value, i.e. Z6/Zδ = 1.

Figure (2) shows the numerical values of Z1,3,6/Zδ from simulations on a 16×83 lattice using
the same values of c as the tree level case. The measurements have been carried out using a code
based on openQCD, with Wilson action and β = 6.0056 (a ' 0.37 f m) : the statistics is about
4.4×104 measurements.

For Z3,6/Zδ , the contact term effects seem to occupy the same flow time interval as the tree
level case: the main difference here consists in the loss of precision around c = 0.3 and the impos-
sibility to locate a real plateau of points.

4
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Figure 1: Z6/Zδ tree level values in terms of c =
√

8t/T .

This is consistent with the behaviour of the condition number of the matrix defined on l.h.s. of
equation (4.5), shown in figure (3). As the flow time increases and signal gets worse, the condition
number rapidly grows, allowing the solution to have larger fluctuations. This in turn affects the
precision with which the coefficients Z1,3,6/Zδ can be numerically determined. Comparing the
results coming from simulations with the ones of tree level calculations, we can see how numerical
precision can make the difference in containing the values of the condition number.

Another interesting phenomenon is the behaviour of the coefficient Z1/Zδ , which shows itself
to be compatible with zero when c > 0.25: however, tree level calculations showed that Z1/Zδ

is 3.5× 10−2, then its determination from simulations will probably require a different, ad hoc
strategy.

6. Conclusion

We have shown that observables at positive flow time can be used for probing Ward identities
that define the renormalized energy momentum tensor. Given a set of linearly independent probes,
at finite lattice spacing, it is possible to build a system of equations whose numerical solution
consists in the renormalization constants Z1,3,6/Zδ . However, the results of the previous section
clearly tell us that the adopted setup is not the optimal one for extracting such coefficients in a
region safe from power divergence effects, and with a good statistical accuracy.

Future work will focus on using sets of linearly independent probes with higher mass dimen-
sion. It could be also worth to determine the values of Z1,3,6/Zδ through an over-constrained linear
system.
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Figure 2: Values of Z1,3,6/Zδ in terms of c =
√

8t/T .
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