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To reduce the model dependence inherent to the extraction of|Vub| from B→ ρℓν̄ℓ, we propose to

investigate the full four-body semileptonic decayB→ ππℓν̄ℓ, where the hadronicB→ ππ transi-

tion form factors are analyzed in dispersion theory, a model-independent approach that rigorously

takes into account theππ final-state interaction. In this way, both the finite-width effect of theρ
meson as well as the scalarππ contribution can be included in a systematic way.
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1. Introduction

In the Standard Model,CP violation in the quark sector is described by the Cabibbo–
Kobayashi–Maskawa (CKM) matrix [1, 2]

VCKM =







Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb






. (1.1)

Up to now, the test ofCP violation for s andb flavors has been comprehensively performed in
K- andB-meson factories. Determining the CKM matrix elements in a precise manner becomes a
necessity, especially for testing its unitarity: any deviation therefrom would be a signal for physics
beyond the Standard Model. For the details of determining these elements, seethe review “The
CKM quark-mixing matrix” in Ref. [3]. Among them,|Vub| has still not been well determined. It
can be extracted from the inclusive decaysB→ Xuℓν̄ℓ as well as exclusive decays likeB→ πℓν̄ℓ or
B→ ρℓν̄ℓ. However, there currently is some tension between the results from these two methods
(see the review “Determination ofVcb andVub” in Ref. [3]):

|Vub| = (4.41±0.15+0.15
−0.17)×10−3 (inclusive),

|Vub| = (3.28±0.29)×10−3 (exclusive). (1.2)

The sizable width of theρ as well as the low statistics of the measurement, which hinders a partial-
wave decomposition, makes the extraction of|Vub| from B → ρℓν̄ℓ with controlled uncertainties
difficult. We thus propose to study the full processB → ππℓν̄ℓ. The hadronic or strong part of
the decay can be described in terms of form factors, which we analyze in terms of dispersion
theory. Free parameters of the formalism (in the terminology of dispersion theory: subtraction
constants), in particular for the normalization condition, are obtained by a matching to heavy-
meson chiral perturbation theory (HMChPT) [4]. We will briefly explain thisprocedure and present
our description of the form factors below. For more details we refer to the original publication [5].

2. Form factors

2.1 Kinematics

The four-body decay kinematics is discussed, e.g., in Ref. [6]. For completeness, we here
present the part of the notation relevant below. The decay can be described in terms of five kine-
matic variables:

s= M2
ππ = (p++ p−)

2, sℓ = (pℓ+ pν)
2, θπ , θℓ, φ , (2.1)

wherep+ (p−) denotes the four-momentum of theπ+ (π−), and similarly for the lepton pair. The
angleθπ (θℓ) is formed by the outgoing direction of theπ+ (ℓ) in the dipion (dilepton) center-of-
mass system (CMS) and the dipion (dilepton) line-of-flight in theB-meson rest frame, whileφ is
the angle between the decay planes of theππ and theℓν pair. We denote theππ phase-space factor
by σπ =

√

1−4M2
π/s and define

X =
1
2

√

[

m2
B− (

√
s+

√
sℓ)2

][

m2
B− (

√
s−√

sℓ)2
]

(2.2)
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related to the modulus of the three-momentum formed by two particles with mass
√

s and
√

sℓ in
B-meson rest frame. TheB→ ππ transition form factors are defined according to

〈π+(p+)π−(p−)|ūγµ(1− γ5)b|B−(pB)〉=− i
mB

(PµF +QµG+LµR)− H

m3
B

εµνρσ LνPρQσ , (2.3)

with P= p++ p−, Q= p+− p−, andL = pℓ+ pν . In the data analysis, the following set of form
factors is often more convenient

F1 = X ·F +σπ(PL)cosθπG, F2 = G, F3 = H , F4 =−(PL)F −sℓR−σπX cosθπG, (2.4)

whose partial-wave expansions are given by

F1 = X ∑
l≥0

Pl (cosθπ) fl , F2 = ∑
l≥1

P′
l (cosθπ)gl ,

F3 = ∑
l≥1

P′
l (cosθπ)hl , F4 = ∑

l≥0

Pl (cosθπ)r̃ l , (2.5)

where thePl (z) denote the standard Legendre polynomials andP′
l (z) their derivatives with respect

to z. The decay rate, after integration over the anglesφ andθℓ, reads

dΓ = G2
F |Vub|2N(s,sℓ)J3(s,sℓ,θπ)dsdsℓdcosθπ ,

J3(s, sℓ,θπ) =
2+zℓ

3
|F1|2+

(2+zℓ)σ2
π ssℓ

3

(

|F2|2+
X2

m4
B

|F3|2
)

sin2 θπ ,

N(s,sℓ) =
(1−zℓ)2σπX

2(4π)5m5
B

, (2.6)

where theF4 term has been neglected since it is suppressed by a factor ofzℓ = m2
ℓ/sℓ, a very small

quantity for the kinematics of relevance here.

2.2 Form factors in dispersion theory

Using the Lagrangian of HMChPT [4], one can calculate the form factorsperturbatively. At
leading order the contributing diagrams are shown in Fig. 1. The resulting expressions are given
explicitly in Ref. [5]. Performing a strict chiral expansion in the heavy-meson limit, theB∗ pole
terms of diagrams (B) and (C) are actually the dominant contributions.

In order to take into account the final-state interaction, we employ dispersiontheory based on
Omnès functions. The standard Omnès problem is to solve the relation

Im fl (s) = fℓ(s)e
−iδ I

l (s) sinδ I
l (s),

where the subscript and superscript denote partial wavel and isospinI , respectively, and theππ
phase shiftsδ I

l are known. The solution is [7]

fl (s) = Pn(s)ΩI
l (s) , ΩI

l (s) = exp
( s

π

∫ ∞

4M2
π

δ I
l (s

′)

s′(s′−s− iε)
ds′

)

, (2.7)

wherePn is a polynomial of ordern, andΩ(s) is the Omnès function. Watson’s theorem [8] states
that the phases of the partial-wave amplitudes (fl , gl , hl ) coincide with the correspondingππ

3
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B B B∗

(A) (B)

B B∗

B/B∗

B B

(C) (D)

Figure 1: Leading-order diagrams forB → ππ matrix elements of the hadronic current. Diagrams (B)
and (C) containB∗ pole terms. Solid double lines and dashed lines represent heavy mesons and pseudo-
Goldstone bosons, respectively. The shaded square denotesan insertion of the left-handed leptonic current.
Diagram (C) involves bothBB∗π andB∗B∗π vertices. Diagrams (A) and (D) are suppressed in the chiral
expansion as long as the lepton mass is neglected.

scattering phase shifts betweenππ threshold and the energy where the first significant inelastic
channels start. The inelasticity starts from the 4π threshold, however, in practice, the range of
validity of Watson’s theorem can be extended approximately up to around 1 GeV (KK̄ threshold for
S-waves and even further forP-waves), since multipion production is strongly suppressed by phase
space and chiral symmetry [9]. Theππ scattering phase shift is well known up to 1.4 GeV [10, 11].

The Omnès problem needs to be generalized in the presence of left-hand singularities. Equa-
tion (2.7) is replaced by the modified Omnès problem

ImMl (s) =
(

Ml (s)+ M̂l (s)
)

e−iδ I
l (s) sinδ I

l (s) , (2.8)

where the left-hand cuts are included in the real functionM̂l . The solution forMl is given by [12]

Ml (s) = ΩI
l (s)

{

Pn−1(s)+
sn

π

∫ ∞

4M2
π

M̂l (s′)sinδ I
l (s

′)ds′

|ΩI
l (s

′)|(s′−s− iε)s′n

}

. (2.9)

Again,Pn−1 denotes a polynomial of ordern−1. The number of subtractionsn is chosen such that
the dispersive integration converges. In our case,M̂l is obtained from the partial-wave projection
of theB∗ pole terms, which are calculated from leading-order Feynman diagrams. This introduces
an implicitsℓ dependence. For a fixed value ofsℓ (in the expressions below, thesℓ dependence will
be omitted to simplify notation), we can decompose the form factors according to,e.g.,

F1 ∼ Fpole
1 +M0(s)+cosθπM1(s) , (2.10)

i.e., perform a partial-wave expansion for the pole-term-subtracted formfactors. By construction
one finds for the imaginary parts of the partial waves

Im f0(s) = ImM0(s) , (2.11)

so f0(s) can be written as
f0(s) = M0(s)+ M̂0(s) (2.12)
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with a real functionM̂0 that is obtained from projectingFpole
1 onto theS-wave. As argued in

Ref. [5], the number of subtractions forM0 is chosen asn= 2. A similar procedure can be applied
to the other form factors. Note that a dispersion-theoretical treatment of the related semileptonic
kaon decayKℓ4 has been performed in Ref. [13], albeit with a more elaborate, self-consistent cal-
culation of left- and right-hand-cut structures. Procedures similar to the above, with left-hand cuts
approximated by fixed resonance-pole contributions, have been appliede.g. toγγ → ππ [14] or
η → ππγ [15].

3. Results and discussion

We next discuss the necessary input to solve the dispersion relations above: ππ phase shifts
and the subtraction constants. As we describe theS-wave in a simplified single-channel approxi-
mation, i.e. without taking inelasticities due toKK̄ intermediate states into account explicitly, we
employ the phase of the non-strange pion scalar form factor (as determined in Ref. [16]) instead
of δ 0

0 . For theP-wave, we use the parametrizations forδ 1
1 given by the Madrid group [10]. Both

phases are smoothly continued to approachπ for s→ ∞. We have checked that the results at low
energies (the decay rate below 1 GeV considered here) are insensitiveto the precise details of the
high-energy continuation.

As for fixing the subtraction constants, we argue in Ref. [5] that the coefficient of the highest
power in the subtraction polynomial should be adjusted to provide a reasonable high-energy be-
havior of the corresponding partial-wave amplitude, while the lowest terms receive contributions
from matching to the non-pole, polynomial part of leading-order HMChPT.More explicitly, for the
S-wave subtraction polynomiala0+a1s, we find

a0 =−(1−g)2 fBmB

4 f 2
π

, a1 = M̂0(m
2
ρ)×

dΩI
l (s)

ds

∣

∣

∣

∣

s=0
, (3.1)

where fB and fπ are the decay constants ofB meson and pion, respectively.
In Fig. 2, we show our result for the decay spectrum with respect tos for fixed sℓ = (mB−

1GeV)2. We find that at lowππ invariant masses, theS-wave contribution is very significant, and
leads to noticeable corrections to simpleρ dominance for this decay; compare also Ref. [17]. For
the similar observations in theKπ sector, see, e.g., Ref. [18]. The band in Fig. 2 is obtained by
varying partial higher-order contributions. We stress that in our approach, the left-hand structure
in theπB interaction is approximated by theB∗ pole. Ultimately, the subtraction constants should
be fitted to experimental data, combined with HMChPT to fix the normalization. We point out that
while the dispersive approach to determine theππ invariant mass distribution up to about 1 GeV
from ππ phase shifts is universal, our current matching procedure to fix the subtraction constants
relies on HMChPT, and is therefore limited to the kinematic region of largesℓ. Moreover, even in
the realm of applicability of HMChPT, higher-order corrections may be significant, and it deserves
further study to better quantify the theoretical uncertainty.

4. Summary

In summary, we have analyzed theB→ ππ hadronic transition form factors using dispersion
theory, which takes into account theππ final-state interaction model-independently. The approach
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Figure 2: Differential decay widthdΓ/dsdsℓ divided by|Vub|2 for the example value ofsℓ = (mB−1GeV)2,
decomposed intoS- andP-wave contributions.

allows us to quantify theS-wave contribution as a background to theρ-dominatedP-wave. For
fixed sℓ, we have predicted the decay spectrum with respect to theππ invariant mass. Using this
formalism, the CKM matrix element|Vub| can be fixed by fitting a small number of subtraction
constants to experimental data, together with the overall normalization constrained either by lattice
calculations or heavy-meson chiral perturbation theory.
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