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We report on a recent study of the ground-state octet baryon masses and sigma terms in covariant
baryon chiral perturbation theory with the extended-on-mass-shell scheme up to next-to-next-to-
next-to-leading order. To take into account lattice QCD artifacts, the finite-volume corrections and
finite lattice spacing discretization effects are carefully examined. We perform a simultaneous fit
of all the n f = 2+ 1 lattice octet baryon masses and find that the various lattice simulations are
consistent with each other. Although the finite lattice spacing discretization effects up to O(a2)

can be safely ignored, the finite volume corrections cannot even for configurations with Mφ L > 4.
As an application, we predict the octet baryon sigma terms using the Feynman-Hellmann theorem.
In particular, the pion- and strangeness-nucleon sigma terms are found to be σπN = 55(1)(4) MeV
and σsN = 27(27)(4) MeV, respectively.
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1. Introduction

Recently, the lowest-lying octet baryon masses have been simulated by various lattice quantum
chromodynamics (LQCD) collaborations [1, 2, 3, 4, 5, 6, 7, 8, 9]. Because the limitation of comput-
ing resources, most lattice QCD simulations still have to employ larger than physical light-quark
masses 1, finite lattice volumes and lattice spacings. Therefore, one has to perform the multiple
extrapolations of lattice data to the physical point with physical quark masses (mq→mphys.

q ), to the
infinite space (L→ ∞), and to the continuum (a→ 0).

Chiral perturbation theory (ChPT) [12, 13], as an effective field theory of low-energy QCD,
provides a model independent framework to study the light-quark mass dependence (chiral extrap-
olation) [14, 15, 16, 17, 18, 19, 20, 21], finite-volume corrections (FVCs) [22, 23, 24, 25, 26, 27],
and continuum extrapolations [28, 29, 30] to LQCD data.

In this talk, we present a nice interplay between lattice QCD and ChPT to study the baryon
masses. We calculate the lowest-lying octet baryon masses in covariant baryon chiral perturbation
theory (BChPT) with the extended-on-mass-shell (EOMS) scheme up to next-to-next-to-next-to-
leading order (N3LO). Through a systematic study of all the n f = 2+1 LQCD data, the light-quark
mass dependence on baryon masses is explored, and the finite volume effects and lattice spac-
ing discretization effects are also evaluated self-consistently. By utilizing the Feynman-Hellmann
theorem, the octet baryon sigma terms are predicted.

2. Theoretical Framework

In the continuum space-time, the chiral expansion of the lowest-lying octet baryon masses up
to N3LO can be written as

mB = m0 +m(2)
B +m(3)

B +m(4)
B , (2.1)

where m0 is the chiral limit octet baryon mass, m(2)
B , m(3)

B , and m(4)
B correspond to the O(p2), O(p3),

and O(p4) contributions from EOMS BChPT, respectively. After calculating Feynman diagrams
of Fig. 1 and removing the power-counting breaking terms, one can obtain the explicit expressions

( c ) ( d ) ( e )

( a ) ( b )

Figure 1: Feynman diagrams contributing to the octet baryon masses up to O(p4) in EOMS BChPT.

1Recently, LQCD simulations with physical light-quark masses have become available (see, e.g., Refs. [10, 11]).
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of octet baryon masses:

mB = m0 + ∑
φ=π,K

ξ
(a)
B,φ M2

φ + ∑
φ=π,K,η

ξ
(b)
B,φ H(b)

EOMS

+ ∑
φ1,φ2

ξ
(c)
B,φ1,φ2

M2
φ1

M2
φ2
+ ∑

φ=π,K,η

ξ
(d)
B,φ H(d)

EOMS + ∑
φ=π,K,η

ξ
(e)
B,φ H(e)

EOMS, (2.2)

where the coefficients ξ and the loop functions HEOMS can be found in Ref. [31].
Because lattice QCD simulations are performed in a finite hypercube, the momenta of virtual

particles are discretized. One has to replace a momentum integral by a finite sum of discretized
momenta, ∫ +∞

−∞

dk →
N

∑
n=−N+1

2πn
L

, (2.3)

with N = L/(2a) (assuming periodical boundary conditions). Thus, lattice results are different from
those of infinite space-time. The difference is termed as FVCs: δHFVCs = HB(L)−HB(∞), where
HB(L) and HB(∞) denote the integrals calculated in a finite hypercube and in infinite space-time.
With the commonly employed lattice box size L (3∼ 5 fm), FVCs cannot be negligible. Therefore,
one should obtain the octet baryon masses in a finite-volume box with the replacement of loop
functions H(b,d,e)

EOMS in Eq. (2.2) by H(b,d,e)
EOMS +δH(b,d,e)

FVCs .
Furthermore, in order to perform the continuum extrapolation of LQCD simulations to evaluate

the discretization effects, one can first write down the Symanzik’s effective filed theory [32, 33]:

Seff = S0 +aS1 +a2S2 + · · · , (2.4)

where S0 is the normal (continuum) QCD action, and S2,3 are introduced to include the discretiza-
tion effects of LQCD. According to Ref. [34], one has the expansion parameters:

ε
2 ∼

mq

Λχ

∼ aΛχ , (2.5)

where ε denotes a generic small quantity and Λχ ' 1 GeV denotes the typical chiral symmetry
breaking scale. We constructed the SU(3) chiral Lagrangians for Wilson fermion to study the finite
lattice spacing effects on the octet baryon masses up to O(a2), which can be written as

m(a)
B = mO(a)

B +mO(amq)
B +mO(a2)

B , (2.6)

where the expressions of mO(a),O(amq),O(a2)
B can be found in Ref. [35].

Here we want to mention that there are 19 unknown low-energy constants (LECs), m0, b0, bD,
bF , b1,··· ,8, d1,··· ,5,7,8, needed to be fixed in EOMS BChPT at O(p4). Furthermore, including the
finite lattice spacing effects [Eq. (2.6)], one has to introduce 4 more combinations of the unknown
LECs in the study of LQCD data based on the O(a)-improved Wilson fermion [35]. The details of
the studies can be found in Refs. [31, 35].

3. Systematic study of lattice QCD data

In order to determine all the LECs and test the consistency of the current LQCD simulations,
we perform a simultaneous fit to all the publicly available n f = 2+1 LQCD data from the PACS-
CS [3], LHPC [5], QCDSF-UKQCD [8], HSC [6], and NPLQCD [9] collaborations. To ensure that
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Table 1: Values of the LECs and the corresponding χ2/d.o.f. from the best fits. We have performed fits to
the LQCD and experimental data at O(p2), O(p3), and O(p4), respectively.

NLO NNLO N3LO
m0 [MeV] 900(6) 767(6) 880(22)

b0 [GeV−1] −0.273(6) −0.886(5) −0.609(19)
bD [GeV−1] 0.0506(17) 0.0482(17) 0.225(34)
bF [GeV−1] −0.179(1) −0.514(1) −0.404(27)
b1 [GeV−1] – – 0.550(44)
b2 [GeV−1] – – −0.706(99)
b3 [GeV−1] – – −0.674(115)
b4 [GeV−1] – – −0.843(81)
b5 [GeV−2] – – −0.555(144)
b6 [GeV−2] – – 0.160(95)
b7 [GeV−2] – – 1.98(18)
b8 [GeV−2] – – 0.473(65)
d1 [GeV−3] – – 0.0340(143)
d2 [GeV−3] – – 0.296(53)
d3 [GeV−3] – – 0.0431(304)
d4 [GeV−3] – – 0.234(67)
d5 [GeV−3] – – −0.328(60)
d7 [GeV−3] – – −0.0358(269)
d8 [GeV−3] – – −0.107(32)

χ2/d.o.f. 11.8 8.6 1.0

the N3LO BChPT stay in its applicability range, fitted LQCD data are limited to those satisfying
M2

π < 0.25 GeV2 and Mφ L > 4.

In Table 1, we tabulate the values of LECs from the fit of N3LO BChPT. For comparison, we
have fitted lattice data using the O(p2) and O(p3) mass formulas. The corresponding values of
LECs b0, bD, bF , and m0 are also given in Table 1. With the decrease of fit-χ2/d.o.f., we found
that the EOMS BChPT shows a good description of LQCD and experimental data with order-
by-order improvement. Up to N3LO, the χ2/d.o.f. is about 1.0, which indicates that the lattice
simulations from these five collaborations are consistent with each other 2, although their setups
are very different. Finally, it is essential to point out that including FVCs is important to understand
LQCD results in ChPT at N3LO. Without FVCs taken into account, the best fit to lattice data yields
χ2/d.o.f.∼ 1.9. Furthermore, in Ref. [37], we also performed a systematic study of virtual decuplet
contributions to the octet baryon masses, and found that their effects on the chiral extrapolation and
finite-volume corrections are very small.

In Ref. [35], we studied the discretization effects on the ground-state octet baryon masses by
analyzing the latest n f = 2+ 1 O(a)-improved LQCD data of the PACS-CS, QCDSF-UKQCD,

2This does not seem to be the case for LQCD simulations of the ground-state decuplet baryon masses [36].
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Figure 2: Finite lattice spacing effects on octet baryon masses, RB =m(a)
B /mB, as functions of lattice spacing

a for Mπ = 0.3, 0.4, and 0.5 GeV, respectively.

HSC and NPLQCD collaborations. In Fig. 2, we show the evolution of discretization effects as
a function of the lattice spacing for three different pion masses. It is seen that the discretization
effects increase almost linearly with increasing lattice spacing for fixed pion mass. For the fixed
lattice spacing, they increase with increasing pion mass as well. We also found that the finite lattice
spacing effects are at the order of 1−2% of octet baryon masses for lattice spacings up to 0.15 fm
and the pion mass up to 500 MeV, which is in agreement with other LQCD studies.

4. Octet baryon sigma terms

Nucleon sigma terms, σπN and σsN , as emphasized by H. Leutwyler [38], play an important
role in understanding the composition of nucleon mass, and are also important in the study of dark
matter searches. In Ref. [39], we use the Feynman-Hellmann theorem to calculate the octet baryon
sigma terms,

σπB = ml〈B|ūu+ d̄d|B〉 ≡ ml
∂mB

∂ml
, (4.1)

σπB = ms〈B|s̄s|B〉 ≡ ms
∂mB

∂ms
, (4.2)

where ml ≡ mu = md is the up or down quark mass with exact isospin symmetry, ms is the strange
quark mass, and mB is the chiral expansions of octet baryon masses up to N3LO [Eq. (2.2)].
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Table 2: Predicted pion- and strangeness-sigma terms of octet baryons (in units of MeV) with N3LO BChPT.

MIS MDS
a fixed a free

σπN 55(1)(4) 54(1) 51(2)
σπΛ 32(1)(2) 32(1) 30(2)
σπΣ 34(1)(3) 33(1) 37(2)
σπΞ 16(1)(2) 18(2) 15(3)
σsN 27(27)(4) 23(19) 26(21)
σsΛ 185(24)(17) 192(15) 168(14)
σsΣ 210(26)(42) 216(16) 252(15)
σsΞ 333(25)(13) 346(15) 340(13)

In order to obtain an accurate determination of sigma terms, a careful examination of the
LQCD data is essential, since not all of them are of the same quality though they are largely con-
sistent with each other. In Ref. [39], we only selected high statistic lattice data from the PACS-CS,
LHPC and QCDSF-UKQCD collaborations. We also took into account the scale setting effects of
LQCD simulations (mass dependent scale (MDS) setting and mass-independent scale (MIS) set-
ting) and studied systematic uncertainties from truncating chiral expansions. Furthermore, strong-
interaction isospin breaking effects to the baryon masses were for the first time employed to better
constrain the relevant LECs up to N3LO.

In Table 2, we list the predicted baryon sigma terms. Our results are consistent with each other
within uncertainties, and the scale setting effects on the sigma terms seem to be small. Therefore,
we take the central values from the fit to the mass independence a fixed LQCD simulations as our
final results. Our obtained nucleon sigma terms are σπN = 55(1)(4) MeV and σsN = 27(27)(4)
MeV, which are consistent with recent LQCD and BChPT studies. Furthermore, our predicted
strangeness-nucleon sigma term is shown in Fig. 3. It is clear that the NNLO result has a much
smaller uncertainty compared to the N3LO. Therefore, further high statistic LQCD baryon masses,
especially for lattice simulations with different strange quark masses, are necessary to reduce the
uncertainty of σsN .

5. Conclusions

We have studied the lowest-lying octet baryon masses in EOMS BChPT up to N3LO. The
unknown low-energy constants are determined by a simultaneous fit to the latest n f = 2+1 LQCD
simulations, and it is shown that the LQCD results are consistent with each other, though their
setups are quite different. The finite-volume corrections and finite-lattice spacing discretization
effects on the LQCD baryon masses have been evaluated as well. We find that their effects are of
similar size but finite volume corrections are more important to better constrain the LECs and to
reduce the χ2/d.o.f..

Using the Feynman-Hellmann theorem, we have performed an accurate determination of the
nucleon sigma terms, focusing on the uncertainties from the lattice scale setting method and chiral
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ETMC 16, ME
QCD 15, ME

BMW 12, FH

Lutz et al., 14

BMW 15, FH

QCDSF-UKQCD 12, FH
MILC 13, FH
JLQCD 13, ME
Engelhardt 12, ME
Junnarkar & Walker-Loud 13, FH

QCD 13, ME

Shanahan et al., 13
Martin-Camalich et al., 10

Ren et al., 15 
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Figure 3: Strangeness-nucleon sigma term determined from different studies. The purple and pink bands are
our NNLO and N3LO results, respectively. Data points are taken from the following references: BMW [40,
41], QCDSF-UKQCD [42], MILC [43], and Junnarkar & Walker-Loud [44] using the Feynman-Hellmann
(FH) theorem; JLQCD [45], Engelhardt [46], χQCD [47, 48], and ETMC [49] calculating the scalar matrix
elements (ME); Martin-Camalich et al. [19], Shanahan et al. [50], Lutz et al. [27], Ren et al. [39].

expansions. Our predictions are σπN = 55(1)(4) MeV and σsN = 27(27)(4) MeV, which are con-
sistent with most of the recent LQCD and BChPT studies. However, further LQCD simulations are
needed to reduce the uncertainty of the nucleon strangeness-sigma term.
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