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The reaction NN → NNπ is a useful tool to test chiral effective field theory at intermediate en-
ergies, understand mechanisms of the first inelastic channel in NN interactions and study charge
symmetry breaking. In order to make high accuracy predictions and due to various cancellations
at leading and next-to-leading orders, it is important to consider higher order terms in the chi-
ral expansion. We present the results for the pion production operator near threshold calculated
up-to-and-including next-to-next-to-leading order in chiral effective field theory, which includes
pions, nucleons and delta degrees of freedom. We calculate observables for the pp→ dπ+ chan-
nel by performing the convolution of the obtained operators with nucleon-nucleon wave functions
based on modern phenomenological and chiral potentials.
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1. Introduction

Study of near-threshold pion production is important to understand mechanisms of the first
inelastic channel in nucleon-nucleon (NN) scattering, test chiral effective field theory (EFT) at in-
termediate energies, and get information about charge symmetry breaking (CSB) in few-nucleon
processes (see refs. [1, 2] for extensive review articles). Pion production from two nucleons con-
tributes to many few-nucleon processes as a building block, can be investigated directly in the
inelastic nucleon-nucleon reactions, such as pp→ dπ+ and pp→ ppπ0 and provides access to the
CSB observables in pn→ dπ0.

Neutral pion production in the pp→ ppπ0 channel has been known to be the most puzzling
process since the pioneering work of Koltun and Reitan [3], see also Refs. [4, 5, 6, 7, 8, 9] for
more recent studies within chiral EFT.1 In this channel the measured near-threshold cross section
is suppressed by more than an order of magnitude compared to charged pion-production channels.
This suppression is in line with conclusions made using chiral EFT, namely that there is almost
no leading order contribution to pp→ ppπ0 [4] and that higher order effects are expected to be
important for a quantitative understanding of neutral pion production [4, 8, 9].

Pion production in pn→ dπ0 channel is important in order to study CSB in strong interac-
tions [10]. Specifically, the experimentally measured differential-cross-section asymmetry [11] in
this channel can be used to extract the strong part of the neutron-proton mass difference [12, 13, 14].
In order to reliably extract CSB observables, it is imperative to have an accurate calculation of
isospin-symmetric observables and to ensure that the chiral expansion converges. For this purpose
the pp→ dπ+ channel is a good starting point since: (i) unlike pp→ ppπ0 no suppressions of
leading-order (LO) contribution takes place in this channel [3, 15, 8, 9] and (ii) precise experimen-
tal data from hadronic atom measurements are available for comparison [16, 17].

In this work we follow the lines of Ref. [18] to discuss the pion production operator calcu-
lated up to next-to-next-to-leading order (NNLO) in Refs. [8, 9] and test the convergence of chiral
expansion of observables in pp→ dπ+.

This paper is organized as follows. In section 2 we define relations between observables and
amplitudes in pp→ dπ+ channel. In section 3 we discuss the methods used to calculate the am-
plitudes for NN→ NNπ processes in chiral EFT framework. In section 4 we present the complete
NNLO operators for s-wave pion production. In Sections 5 and 6 we consider convolution of
NNLO pion production operators with phenomenological and chiral NN wave functions, calculate
observables and compare them with experimental data. We summarize our findings in section 7.

2. Observables in pp→ dπ+ channel

The total near threshold cross section of pp→ dπ+ reaction in center-of-mass system (CMS)
can be parametrized as

σ = αη +βη
3, (2.1)

1For an overview of the phenomenological approaches the interested reader is referred to the review articles [1, 2].
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where η is the outgoing pion momentum in the units of pion mass. The differential cross section
is expressed in terms of transition amplitude as:

dσ

dΩ
=

1
64π2

|~qπ |
|~pin|ε2

tot
|M|2, (2.2)

where |~qπ |= ηmπ is outgoing pion momentum, ~pin is incoming proton momentum, εtot is the total
energy in CMS, and |M|2 is the square of the transition amplitude averaged over the spins of the
initial protons and summed over outgoing deuteron polarizations:

|M|2 = 1
2s+1

1
2s+1 ∑

λ1λ2

∑
εd

|Mpp→dπ+(λ1,λ2,~εd ,~pin,~qπ)|2, (2.3)

where s = 1/2 is the total spin of the proton, λ1 and λ2 are projections of spin for each proton, and
~εd is the deuteron polarization vector. At threshold we can further simplify Eq. (2.2) using:

εtot = md +mπ , |~pin|=
√(

εtot

2

)2
−m2

N . (2.4)

To include the effects of NN interaction in the initial and final state, it is convenient to perform
a partial wave decomposition of the amplitude Eq. (2.3). At threshold the cross section becomes
σ = αη and the only contribution to α comes from the initial pp 3P1 partial wave2 M3P1

α =
4π

64π2
mπ

pin(mπ +md)2
3
4
|M3P1|2. (2.5)

The value of the parameter α at threshold can be extracted from the precise experiment on
pionic deuterium lifetime performed at PSI [16, 17], where the total cross section for the channel
nn→ dπ− was found to be σ(nn→ dπ−) = 252+5

−11ηµb. Using these data and neglecting isospin
breaking effects we can extract the absolute value of the amplitude |M3P1| at threshold:

|M3P1|exp. = 21.5+0.2
−0.5. (2.6)

This observable will be compared with our chiral-EFT-based prediction.

3. Formalism

Since pion-nucleon interactions at low energies are governed by the chiral symmetry properties
of QCD, chiral effective field theory is a natural tool to study pion production reactions.

The transition amplitudes for the NN → NNπ processes involve several ingredients, namely
the pion production operator as well as NN interactions in the initial and final states. Since NN in-
teractions are non-perturbative, they cannot be directly calculated in chiral perturbation theory. For
this reason, the so-called hybrid approach [19] is used. In the hybrid approach, the full amplitude is
calculated in two steps. As a first step, the irreducible pion production operator is calculated pertur-
batively in the chiral EFT framework. In the second step, this operator is convolved with NN wave

2To denote NN partial waves we use spectroscopic notation 2S+1LJ , where S is a total spin, L is orbital angular
momentum and J is the total angular momentum of NN pair.
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functions obtained from the solution of a non-perturbative Lippmann-Schwinger or Schrödinger
equation with a realistic NN potential. It is important, that the production operator itself should
not contain any parts of NN interaction in order to avoid double counting. For this reason, only
irreducible production operators are considered, i.e. those which do not contain two-nucleon cuts.
However, if the production operator involves energy-dependent vertices, one has to take special
care in order to separate all irreducible contributions correctly, see Ref. [15] for the procedure of
identifying irreducible contributions.

The hybrid approach can be generalized to include explicit delta degrees of freedom, see
Refs. [20, 21] for the first steps in this direction and Refs. [22, 23, 24] for earlier phenomeno-
logical calculations. Explicit inclusion of delta degrees of freedom can be done using one of the
following two strategies. One can either consider coupled channels where the pion-production op-
erator is allowed to have external deltas (e.g. N∆→ NNπ) and initial state interactions can have
the form NN→ N∆ and NN→ ∆∆. In this approach diagrams containing intermediate N∆ cuts are
reducible. Alternatively, one only considers intermediate delta excitations in evaluating the pion
production operator. In this latter case the production operator always has the form of NN→NNπ ,
and the NN interaction is limited to the elastic NN → NN channel. Since most of modern phe-
nomenological and chiral NN potentials do not include NN→ N∆ channels explicitly, we use the
latter strategy. In this formulation, all diagrams with intermediate N∆ cuts are irreducible by defi-
nition and should be calculated explicitly as parts of the production operator.

Technically, the convolution of the production operator with the initial and final NN wave
functions is done by first performing a partial wave projection of the pion-production operator. The
resultant operator is sandwiched between the NN wave functions and integrated up to a cutoff of
order 600–1000 MeV. The equations defining the convolution procedure can be found in Appendix
A of Ref. [9].

The pion production operator can be calculated perturbatively in the chiral EFT framework.
However, it was shown in [5, 6, 25, 26, 27, 28] that the naive application of the standard power
counting (where all typical momenta p in the reaction are counted as of order of pion mass mπ )
neither reproduces the data nor leads to convergent chiral expansion. It was suggested in refs. [4,
20] that the power counting should be modified to take into account the new small scale which is
associated with typical transferred momenta p =

√
mπmN in the pion-production processes (mN is

the nucleon mass). In such modified power counting, the expansion parameter is

χMCS '
p

Λχ

'
√

mπ

mN
, (3.1)

where Λχ ' mN corresponds to a typical hadronic scale. In what follows, we refer to this counting
as momentum counting scheme (MCS). Furthermore, numerically mπ/p appears to be equal to
χMCS. Delta resonance can be also included in momentum counting scheme, assuming that the
delta-nucleon mass difference is of order of p.

4. S-wave pion-production operators

We have calculated the expressions for pion production operators relevant for s-wave pion
production up-to-and-including NNLO in the MCS. The complete expressions for operators are
given in Ref [9]. In this section we summarize the most important results.
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NLO:

N2LO:

LO:

Direct WT WT recoil

+ · · ·

+ · · ·

Figure 1: Diagrams corresponding to s-wave pion-production operators up to NNLO. More NNLO dia-
grams with intermediate ∆ are shown in Fig. 2. Dashed, solid, and double lines denote pions, nucleons and
delta-resonances respectively. Notation of the vertices and corresponding Lagrangians are given in Ref. [9].
The red square in the box diagrams indicates that the corresponding nucleon propagator cancels with parts
of the πN vertex and leads to the irreducible contribution, see Ref. [9] for further details.

For LO operators only two types of terms contribute: the single-nucleon “direct” pion produc-
tion operator, and the Weinberg-Tomozawa operator (including its recoil correction labelled WT
recoil), see top row in Fig. 1.

At next-to-leading order (NLO), tree-level diagrams with intermediate delta excitations start
to contribute (second row in Fig. 1). In addition, loop diagrams appear at NLO (third and fourth
row in Fig. 1). However, as was pointed out in Refs. [7, 15], all NLO loop diagrams cancel out
exactly.

Finally, at NNLO there are tree-level and loop diagrams, as well as five-point contact terms.
In addition, there are numerous loop diagrams with explicit ∆ (see Fig. 2). We have calculated
all diagrams and found numerous cancellations among the loop diagrams at NNLO. Unlike NLO
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∆IIIb ∆IV ∆Box a ∆Box b∆IIIa∆II

∆VIa ∆VIIIa ∆IXa

∆VIb ∆VIIIb ∆IXb

∆V

∆X

∆VIIa

∆XIa

∆VIIb

∆XIb

Figure 2: Loop diagrams with the delta degree of freedom contributing to the s-wave pion production at
NNLO. Notation is the same as in Fig. 1.

loops, where cancellation is exact, a finite contribution remains after renormalization at NNLO.
There is also a finite contribution from NNLO tree-level diagrams. The expressions for NNLO
pion production operators are given in Ref. [9].

Next we consider the contributions of these operators to the pp→ dπ+ observables.

5. Results

We have calculated the observables for pp→ dπ+ by performing the convolution of pion
production operators of section 4 (Figs. 1 and 2) with a set of NN wave functions derived from
the modern phenomenological potentials: CDBonn [29], Nijmegen [30] and AV18 [31]. In what
follows, the expression for the NN → NNπ operator derived based on the diagrams shown in
figures 1 and 2 will be called (s-wave) pion production operator while its convolution with the NN
interaction in the initial and final state will be referred as the (s-wave) pion production amplitude.
In this section we discuss the results of the convolution and compare the resulting amplitudes with
the value extracted from experiment, see Eq. 2.6.

To test the convergence of chiral EFT, we find it instructive to consider contributions of various
pion-production operators separately. We start the discussion with the longest-range leading-order
pion-production operator corresponding to the Weinberg-Tomozawa (WT) diagram (Fig. 1). This
LO operator is known [15] to give the most important contribution to the amplitude M3P1. In
Fig. 3 (left) we show the contribution to the amplitude from the WT diagram as a function of the
cutoff calculated for various phenomenological NN wave functions. As expected for the long-
range operator, the observables have almost no dependence on the NN interaction model. The
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Figure 3: Contribution to the full pp→ dπ+ amplitude |M3P1| from the LO Weinberg-Tomozawa operator
(left panel) and full LO operator (right panel) as a function of cutoff calculated using various phenomeno-
logical NN wave functions. Horizontal dot-dashed line shows the experimental value of |M3P1| according to
Eq. (2.6). Vertical line indicates the value of the cutoff (about 600 MeV) where amplitude becomes cutoff
independent.
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Figure 4: Contribution to the full pp→ dπ+ amplitude |M3P1| from the full NNLO operator without contact
term as a function of cutoff for several phenomenological wave functions. Horizontal dot-dashed line shows
the experimental value Eq. (2.6). The difference between experimental result and displayed amplitudes
corresponds to required value of the NNLO contact term.

cutoff-dependence for cutoffs 400–600 MeV is not surprising since the typical soft scale in the pion
production is about 360 MeV, and therefore for cutoffs less than about 600 MeV, the separation of
scales becomes insufficient to get fully cutoff-independent result. In what follows we consider
cutoffs in the range 600–1000 MeV.

The next step is to consider the full leading-order result. In addition to the WT operator (and
its recoil correction), there is one more diagram at LO. This diagram is known as the direct pion
production operator (Fig. 1). Since this is a single-nucleon operator, which probes NN interaction at
shorter distances, it is natural to expect that the total LO amplitude might become more sensitive to
the short-range details of the NN model. On the other hand, the contribution of direct term is known
to be very small due to a destructive interference between the Born term and the contribution of the
initial state interaction (see e.g. Ref. [15] where this interference was shown for CCF and CDBonn
potentials). As a consequence, the direct term does not introduce any cutoff dependence, as shown
in the right panel of the Fig. 3. Full LO amplitudes lie close to each other for all phenomenological
potentials and reproduce reasonably well the experimental value in Eq. (2.6).

We are now in the position to consider the full NNLO amplitude based on the full NLO and
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NNLO pion-production operators, introduced in section 4. In Fig. 4 we show the pion production
amplitude up-to-and-including NNLO as a function of the cutoff. Note that the contribution of the
NNLO contact term (see last row in Fig. 1) is not included. Instead, the difference between the
displayed NNLO result and the experimental value of |M3P1| (shown as horizontal line) illustrates
the contribution of the NNLO contact term required to reproduce the data. One can see that the
required contribution of NNLO contact term is very small namely about 12–18% of the LO result,
and is fully consistent with the power counting. From the comparison of the LO result in Fig. 3
(right) and the NNLO result in Fig. 4, we conclude that the total contribution from all NLO3 and
NNLO operators is very small, what is also in full agreement with power counting. We also observe
that the results for all phenomenological NN models are in a good agreement with each other.

6. Convolution with chiral potentials

In this section we want to consider convolution of pion-production operators with NN wave
functions based on chiral potentials, rather than phenomenological ones. This is made possible due
to the recent progress in development of chiral NN potentials. In refs. [32, 33] the new generation
of chiral NN potentials were derived up to fifth order in Mπ/Λχ . These potentials are based on the
fundamental symmetries of QCD, preserve the correct analytic structure of the amplitude at low
energies, and have good description of deuteron properties and NN phase shifts even for energies
above pion production threshold. They are derived using a new regularization scheme, employing
coordinate-space cutoffs ranging from 0.8 to 1.2 fm, which in momentum space roughly correspond
to cutoffs of 500–330 MeV. Unfortunately, such cutoffs are comparable in size with threshold
momentum inherent in pion production reactions. As consequence of this insufficient separation of
scales, the large portion of the dynamical intermediate-range physics is transferred to the contact
term which is going to be enhanced. Anyway, we have calculated the pion-production amplitude
using the convolution of the operators from Sec. 4 with chiral NN wave functions and discuss our
findings below.

We first consider only the longest-range LO WT pion-production operator. The result of its
convolution with chiral wave functions is shown in Fig. 5 (left). As expected, the result is very
similar to the one obtained with phenomenological potentials (cf. Fig. 3 left).

We next consider the full LO operator. The inclusion of the LO direct pion production operator
yields the amplitude shown on the right panel of Fig. 5. We see that the contribution of the direct
operator is no longer small (compared to the calculation with phenomenological NN wave func-
tions), and it also depends on the details of NN potential. One can clearly see the pattern: chiral
potentials with larger (in momentum space) cutoffs produce result closer to experimental data. This
pattern is natural and confirms the argument given above: the smaller the momentum cut off is the
more intermediate range physics is cut. The result for the chiral potential with the cutoff R = 0.8
fm is already rather close to that of AV18, cf. left panels of Figs. 3 and 5. Finally, we note that the
result for the full NNLO amplitude is similar to the one at LO, i.e. the inclusion of all NNLO terms
does not change the pattern discussed above.

3Note that all loop diagrams at NLO were shown to cancel exactly in Ref. [15].
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Figure 5: Contribution to the full pp→ dπ+ amplitude |M3P1| from the Weinberg-Tomozawa operator
(left) and from full LO operator (right) as a function of cutoff for chiral wave functions. Solid, dotted, and
dashed orange lines correspond to results obtained using chiral wave functions constructed with coordinate-
space cutoffs 1.2 fm, 1.0 fm, and 0.8 fm respectively. Horizontal gray line shows the experimental value of
Eq. (2.6).

7. Conclusion

We have studied the s-wave pion production in pp→ dπ+ reaction at threshold within chiral
EFT. We have derived the full pion production operator up to and including NNLO in the MCS
power counting which takes into account the large transferred momentum relevant for the pion
production reaction. Based on the derived NN→ NNπ operators and a set of modern phenomeno-
logical and very latest chiral NN potentials, we have calculated observables in pp→ dπ+ channel
at threshold and compared them to the experimental data.

We observe that for the purpose of study NN→ NNπ reactions, the chiral potentials are gen-
erated with a cutoff, which tends to remove a part of the intermediate range physics relevant for
pion production. On the other hand, assuming a resonance saturation hypothesis and modelling
the short range NN interaction via heavy meson exchanges, as done in modern phenomenological
calculations, yields very consistent pion production amplitudes basically independent of the NN
model used. In this case the contribution of NN→ NNπ NNLO contact interaction appears to be
indeed small, in agreement with the power counting estimate.

The natural next step is to study the effects of NNLO pion production operators in pp→ ppπ0

channel, where they are expected to play a very important role. This work is in progress.
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