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1. Introduction

With the discovery of the Higgs boson [1, 2], the Standard Model (SM) is now complete. So
far, it has proven to be extremely successful in describing particle physics data. However, the SM
fails to explain several fundamental properties of the universe, like dark matter and the observed
matter-antimatter asymmetry. It hence cannot be a complete theory, but has to be augmented by
new physics (NP).

While there is no solid prediction for the mass scale of the new particles, the sensitivity of
the electroweak scale to quantum corrections strongly suggests it to be not much beyond the TeV
scale. Several promising models have been proposed in the past years, and the new particles are
extensively searched for at the LHC. These searches however have not yet been successful, and the
constraints on the masses of the new particles become more and more severe.

Direct searches for new particles in high energy collisions are however not the only opportunity
to discover NP. Indirect methods, which probe high scales through their quantum corrections to low
energy observables, offer alternative probes. Precision tests of the SM have the advantage that their
NP reach is not limited by the energy of the experiment, therefore scales much beyond the TeV
range can be probed. In order to achieve this, not only high experimental accuracy is required, but
also very precise SM predictions for the observables in question.

A particularly promising arena for indirect NP searches is flavour physics. Flavour changing
neutral current (FCNC) transitions are strongly suppressed in the SM, so that contributions from
much higher scales have a chance to compete. The study of FCNC processes in the quark sector,
however, is complicated by the fact that, due to QCD confinement, only rare decays of hadrons
are observable in nature. A crucial ingredient for their precise theoretical description is therefore
a good understanding of the involved hadronic effects. The latter, being goverened by low energy
strong QCD interactions, are inaccessible to perturbation theory, and non-perturbative methods
have to be used.

Among the most promising methods to tackle non-perturbative hadronic effects is their nu-
merical evaluation on a discrete space-time lattice, commonly called lattice QCD. Lattice QCD
results for the hadronic matrix elements entering rare meson decays have been relevant for flavour
physics for many years. With the development of new simulation algorithms and the availability of
increasing computer power, the accuracy of lattice results has seen impressive improvements, and
some important processes have become accessible to lattice QCD calculations only recently. The
importance of lattice QCD results for the phenomenology of quark flavour violation has therefore
significantly increased, and it is highly unlikely to reach its zenith anytime soon.

In this article I review the impact of recent lattice QCD calculations on the phenomenology
of flavour and CP violating meson decays. In section 2 I briefly recapitulate the basic ingredients
of flavour and CP violation in the SM. Then in section 3 I review the status of the determination
of the CKM mixing matrix from tree-level decays. Section 4 is devoted to some recent highlights
of flavour physics to which lattice QCD has made substantial contributions. First I discuss the
recent lattice QCD results for the hadronic parameters entering neutral Bd,s meson mixing and their
implications for the flavour structure of NP contributions to meson mixing observables. Then I
turn to the recent resurrection of direct CP violation in K→ ππ decays thanks to a first lattice QCD
result for the relevant hadronic matrix elements, leading to a SM value of ε ′/ε that is significantly
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below the data. Last but not least, I recapitulate the anomalies observed by the LHCb collaboration
in semileptonic b→ s transitions, where lattice QCD contributes to the determination of the B→
K(∗) form factors. In section 5 I give a short summary and outlook on future interesting directions
for lattice QCD calculations enterning flavour phenomenology.

2. Flavour physics in the SM

Flavour and CP violation in the SM is exclusively governed by the misalignment between the
up and down Yukawa coupling matrices, described by the 3×3 CKM matrix [3, 4]

VCKM =

Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb

 . (2.1)

While due to the unitarity of VCKM neutral current interactions mediated by gluons, the photon and
the Z boson, remain flavour conserving at the tree-level, charged current interactions induced by the
W± boson couplings are parametrised by the relevant elements of the CKM matrix and therefore
induce flavour violating transitions.

Flavour changing neutral current (FCNC) transitions in the SM are generated only through
loop processes, by means of virtual W± boson and – in the case of K and B meson decays – up-
type quark exchanges. Also in this case the unitarity of the CKM matrix leads to an effective
suppression of FCNC transitions, due to the cancellation of all contributions that are independent
of the quark masses running in the loop (GIM mechanism) [5].

Figure 1: Unitarity triangle.

The unitarity of the CKM matrix leads to several relations between its elements, among which

VudV ∗ub +VcdV ∗cb +VtdV ∗tb = 0 (2.2)

is the most popular one. Since all terms on the left hand side are of similar size, it can be con-
veniently displayed by a triangle in the complex plane, the so-called unitarity triangle shown in
figure 1. With the base of the triangle normalised to unity, the sides Rb and Rt are given by

Rb =

∣∣∣∣VudV ∗ub
VcdV ∗cb

∣∣∣∣= (1− λ 2

2

)
1
λ

|Vub|
|Vcb|

, (2.3)

Rt =

∣∣∣∣VtdV ∗tb
VcdV ∗cb

∣∣∣∣= 1
λ

|Vtd |
|Vcb|

, (2.4)

where λ = |Vus| is the Cabibbo angle.
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3. CKM elements from tree-level decays

The CKM matrix can be fully determined by the measurement of four independent parameters.
A convenient determination is from tree-level charged current decays only, which can be used to
find the mixing angles

|Vus| , |Vcb| , |Vub| (3.1)

and the CP violating angle γ of the unitarity triangle. The advantage of determining the CKM
matrix from tree-level decays lies in their insensitivity to NP contributions. The obtained measure-
ments therefore provide a model-independent determination of the CKM matrix, which is neces-
sary in order to disentangle potential NP contributions to FCNC observables. In particular a precise
knowledge of the element |Vcb| is a crucial input for the SM predictions of several flavour precision
observables like the CP violating parameter εK in neutral kaon mixing, and the branching ratios of
the very rare decays K→ πνν̄ and Bs→ µ+µ−.

The Cabibbo angle
|Vus|= 0.2248±0.0006 (3.2)

is precisely known from kaon decays [6], and the angle γ can be determined from the CP asymmetry
in B→ DK decays with practically no theoretical uncertainty [7]. The accuracy of the current
experimental determination by the LHCb collaboration [8]

γ = (72.2+6.8
−7.2)

◦ (3.3)

is limited mainly by statistics and will improve to ∼ 1◦ precision with future LHCb and Belle II
data.

The determinations of |Vcb| and |Vub| from semileptonic B meson decays are theoretically
more involved. Both mixing angles can be determined from inclusive decays, namely B→ Xc`ν

and B→ Xu`ν , respectively, with the results [6, 9]

|Vcb|incl = (42.00±0.65) ·10−3 , |Vub|incl = (4.41±0.15+0.15
−0.19) ·10−3 . (3.4)

The element |Vcb| can also be determined from the exclusive decays B→ D`ν and B→ D∗`ν .
The current most precise exclusive value of |Vcb|,

|Vcb|D∗`ν = (39.04±0.75) ·10−3 , (3.5)

is obtained from the latter decay, using a recent N f = 2+1 lattice calculation of the B→ D∗ form
factor at zero recoil [10]. Unfortunately at the moment only one unquenched lattice calculation is
available for the form factor in question. An independent cross-check of the above result is badly
needed, in particular in light of the apparent discrepancy with the inclusive determination of |Vcb|.

For the B→ D form factor at small recoil, on the other hand, results from several lattice col-
laborations using N f = 2+1 flavours are available [11, 12]. These can be extrapolated to the large
recoil region, where more precise experimental data are available, by using dispersion relations,
unitarity constraints, and input from heavy quark effective theory. A fit to the available experimen-
tal and lattice results for B→ D`ν yields [13]

|Vcb|D`ν = (40.49±0.97) ·10−3 . (3.6)

3



P
o
S
(
L
A
T
T
I
C
E
2
0
1
6
)
0
0
4

Impact of Lattice QCD on CKM Phenomenology Monika Blanke

Interestingly, this value lies in between the one determined from B → D∗`ν and the inclusive
measurement.

The most precise determination of |Vub| is obtained from the exclusive decay B→ π`ν . A
recent N f = 2+ 1 lattice QCD calculation of the B→ π form factors, combined with the model-
independent z-expansion to the full q2 range, yields the result [14] (see also [15, 16])

|Vub|π`ν = (3.72±0.16) ·10−3 . (3.7)

This result is significantly below the inclusive value in (3.4). Note also that the PDG [6] quotes an
even lowevr value: |Vub|π`ν = (3.28±0.29) ·10−3.

Last but not least, |Vub| and |Vcb| can also be determined from the baryonic decays Λb →
pµν and Λb → Λcµν . The relevant form factors have been calculated on the lattice with N f =

2+ 1 dynamical domain-wall fermion flavours [17]. Systematic uncertainties can be reduced by
measuring the ratio of both decay rates. LHCb obtained [18]∣∣∣∣Vub

Vcb

∣∣∣∣
Λb→p/Λcµν

= 0.083±0.04±0.04 . (3.8)

The present status of |Vub| and |Vcb| determinations is summarised in figure 2. As one can see,
the situation is quite unsatisfactory at present, with significant discrepancies in both the determina-
tions of |Vcb| and |Vub|. A major effort is therefore required on both the experimental and the theory
side in order to improve the various determinations and to figure out what are the true values of
these CKM elements.

38 39 40 41 42 43
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3.5

4.0

4.5
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3 |Vcb|

1
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3
|V

u
b
|

|Vub| incl.

B→πlν

|Vcb| incl.

B→Dlν

B→D
*lν

Λb→p/Λcμν

Figure 2: Status of the determination of the CKM elements |Vub| and |Vcb| from tree-level decays.

As mentioned above, the determination of CKM elements from tree-level decays is moti-
vated by the assumed absence of significant NP contributions. With the current situation however,
the question arises whether the origin of the observed tensions could actually be a non-negligible
NP contribution. For example, the presence of right-handed charged currents would lead to non-
universal results for |Vcb| and |Vub| determinations [19, 20, 21]. The observed deviations would
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follow the pattern

|Vcb|D`ν = |Vcb|(1+δ ) |Vub|π`ν = |Vub|(1− ε) (3.9)

|Vcb|D
∗`ν = |Vcb|(1−δ ) |Vub|B→τν = |Vub|(1+ ε) (3.10)

|Vcb|incl = |Vcb|+O(δ 2) |Vub|incl = |Vub|+O(ε2) (3.11)

where δ and ε parametrise the right-handed contributions which enter the various decay modes in
a non-universal manner. Unfortunately however, this pattern is not consistent with the observed
deviations, so that right-handed currents can be excluded as the origin of the tension. Indeed a
more general analysis including the effects from all possible dimension six operators lead to the
conclusion that NP cannot explain the observed discrepancies in |Vcb| and |Vub| determinations [22].
On the other hand, a recent analysis of various |Vcb| measurements considering muon and electron
channels separately showed that contributions from the tensor operator may indeed be the origin of
the tension in that case [23].

4. New physics in flavour observables

While the tree-level determination of CKM elements is expected to be insensitive to NP, sig-
nificant NP contributions can arise in FCNC observables. Thanks to their strong suppression within
the SM, they are sensitive to scales well beyond the energies of any present or planned high energy
collider experiment.

In order to gain the most insight from precision measurements of rare meson decay observ-
ables, a precise understanding of the SM contribution is mandatory. This requires not only accurate
values for the CKM elements, as discussed in the previous section, but also a good control over the
perturbative and non-perturbative contributions to the decay in question. For the latter, substantial
progress has been made in recent lattice QCD calculations.

In what follows, some highlights of recent developments in flavour physics are presented,
which all exhibit some tension between the data and the corresponding SM predictions. It is com-
mon to all cases that lattice QCD plays a substantial role, and future improved results will help to
clarify the situation.

4.1 Bs,d− B̄s,d mixing

Earlier this year, the Fermilab Lattice and MILC collaborations presented a new determination
of the hadronic matrix elements entering Bd− B̄d and Bs− B̄s mixing [24]. Their results

f 2
Bd

B̂Bd = (0.0518±0.004±0.0010)GeV2 , (4.1)

f 2
Bs

B̂Bs = (0.0754±0.0046±0.0015)GeV2 , (4.2)

ξ =
fBs

√
B̂Bs

fBd

√
B̂Bd

= 1.206±0.018±0.006 (4.3)

not only are more precise than previous lattice determinations [25], but it also turned out that with
the new input the SM predictions for the mass differences ∆Md and ∆Ms differ from the experi-
mental values by 1.8σ and 1.1σ , respectively. The ratio ∆Md/∆Ms, due to the smaller uncertainty
in the parameter ξ , is even 2.0σ below the data.
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At this stage, it is certainly too early to claim the presence of NP in Bs,d − B̄s,d mixing, and
an independent cross-check of the above results by a different lattice collaboration would be more
than welcome. However it is instructive to investigate what this tension, if eventually confirmed,
would imply for the flavour structure of the NP entering Bs,d− B̄s,d mixing observables.

The simplest extension of the SM, as far as flavour physics is concerned, are models with
Constrained Minimal Flavour Violation (CMFV) [26, 27, 28]. In this setup, it is assumed that
flavour and CP symmetries are, as in the SM, only violated by the Yukawa couplings Yd and Yd .
Consequently the CKM matrix parametrises all flavour and CP violating effects also in the NP
sector. In addition the effective operator structure describing flavour violating transitions is taken
to be the same as in the SM.1

CMFV is a phenomenologically appealing ansatz, because it provides an effective suppression
of TeV-scale NP contributions in FCNC observables. Furthermore, it is a very predictive frame-
work. Since all flavour violating interactions are proportional to the same CKM elements as in the
SM, the relative size of NP effects is flavour universal. Therefore CMFV contributions to FCNC
observables can be parametrised simply by replacing the SM loop functions by new real and flavour
universal functions. For instance, in the case of meson mixing (∆F = 2), S0(xt) is replaced by

S(v) = S0(xt)+∆S(v)≥ S0(xt) = 2.322 , (4.4)

where v collectively denotes the parameters of the NP sector. The NP contributions to ∆F = 2
observables in CMFV models can thus be described by a single real and flavour universal parameter
∆S(v). The lower bound ∆S(v)≥ 0 is a consequence of the ∆F = 2 amplitude structure in CMFV
models [30].

In CMFV models, the unitarity triangle can not only be determined from tree-level decays,
but also from FCNC observables that remain unaffected by CMFV. These are the time-dependent
CP asymmetry SψKS that measures the CP violating phase 2β of Bd − B̄d mixing, and the ratio
∆Md/∆Ms that determines the length of the side Rt . Together with |Vus| from tree-level decays, these
measurements leave us with the universal unitarity triangle (UUT) that holds within all CMFV
models [26]. Using the most recent lattice and other input parameters, one finds for the apex of the
UUT [31]

ρ̄UUT = 0.170±0.013 , η̄UUT = 0.333±0.011 , (4.5)

reaching a few percent precision. Consecutively, the determination of the angle γ yields

γUUT = (63.0±2.1)◦ , (4.6)

to be compared with the tree-level measurement in (3.3). From the length of the side Rb one obtains∣∣∣∣Vub

Vcb

∣∣∣∣
UUT

= 0.0864±0.0025 . (4.7)

As shown in the left panel of figure 3, this relation clearly disfavours the inclusive value for |Vub|.
In order to fully determine the CKM matrix, one additional input is needed to fix the value of

|Vcb| and to, in turn, make predictions for other observables. Within the ∆F = 2 sector there are two

1This latter assumption distinguishes CMFV models from the more general concept of Minimal Flavour Violation
derived from an effective field theory ansatz [29].
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Figure 3: Left: |Vub| versus |Vcb| in CMFV (green) compared with the tree-level exclusive (yellow) and
inclusive (violet) determinations summarised in section 3. The squares display the results in S1 (red) and S2

(blue). Right: |Vcb| versus the flavour-universal NP contribution ∆S(v) obtained in S1 (red) and S2 (blue).
The horizontal bands correspond to the tree-level measurements of |Vcb|. Figures taken from [31].

quantities that are well suited, as they are precisely known and strongly dependent on the value of
|Vcb|. These are the mass difference ∆Ms in the Bs system and the parameter εK that describes CP
violation in K0− K̄0 mixing. This defines the two strategies:

Strategy S1: The experimental value of ∆Ms is used to determine |Vcb| as a function of S(v).

Strategy S2: The experimental value of εK is used to fix |Vcb| as a function of S(v).

The result of this determination is shown in the right panel of figure 3. showing |Vcb| as a
function of the NP contribution ∆S(v)> 0. It is apparent that the determinations of |Vcb| from ∆Ms

and εK are inconsistent with each other, and that the tension is smallest within the SM, i. e. when
∆S(v) = 0 [31].

It then needs to be addressed how the tension in ∆F = 2 data, if eventually confirmed by future
lattice results, could be resolved by NP. As the CMFV framework, i. e. a flavour universal positive
NP contribution to ∆F = 2 observables, is not successful, two routes are in principle possible.
While difficult to achieve in concrete models, it is in principle possible to relax the lower bound
∆S(v)≥ 0 while keeping the function S(v) flavour universal. It is then possible to find a consistent
solution for |Vcb| from ∆Ms and εK , however the obtained value is then inconsistent with the tree-
level determination of that CKM parameter.

Abandoning the CMFV hypothesis and allowing for the presence of new sources of flavour and
CP violation, the flavour universality in ∆F = 2 observables is violated. In this case the NP con-
tributions can be parametrised by replacing the function S0(xt) by the flavour dependent complex
functions

Si = |Si|eiϕi , i = K,s,d . (4.8)

With six independent new parameters it is always possible to fit the available ∆F = 2 data, in agree-
ment with the tree-level determination of the CKM matrix. In concrete NP models, the correlations
between ∆F = 2 and ∆F = 1 observables can then be used to test a given model.

More predictive already within the ∆F = 2 sectot are models with a minimally broken U(2)3

flavour symmetry [32, 33, 34, 31]. In that case, K0− K̄0 mixing can only be enhanced with respect

7
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to the SM, and the contributions to Bd− B̄d and Bs− B̄s mixing are flavour universal:

SK = rKS0(xt) with rK ≥ 1 , Sd = Ss = rBS0(xt)eiϕB . (4.9)

With this structure it is possible to fit the currently available ∆F = 2 data. The scenario can however
be tested with tree-level and ∆F = 2 data alone, by using the triple correlation between the CP
asymmetry SψKS , the phase φs of Bs− B̄s mixing and the ratio |Vub/Vcb| [34]. Also the low value of
γ in (4.6), that also holds in U(2)3 models, may turn out to be problematic one day.

4.2 Direct CP violation in kaon decays

The description of direct CP violation in K → ππ decays, quantified by the parameter ε ′/ε ,
has been a long-standing open issue in the SM. While a precise experimental value [35, 36, 37],

Re(ε ′/ε)exp = (16.6±2.3) ·10−4 , (4.10)

existed since the early 2000s, until recently no solid SM prediction had been available. A major
step forward has been made with the first lattice calculation of the hadronic matrix elements

B(1/2)
6 = 0.57±0.19 , B(3/2)

8 = 0.76±0.05 (4.11)

by the RBC-UKQCD collaboration [38], hinting to a SM value for ε ′/ε that is significantly lower
than the measured value. While in the strict large Nc limit, B(1/2)

6 and B(3/2)
8 are equal to unity, a

recent analysis within the dual QCD approach resulted in the bound [39, 40]

B(1/2)
6 < B(3/2)

8 < 1 , (4.12)

supporting the RBC-UKQCD result (4.11). It is interesting to note that if future more precise
lattice calculations confirm the bound (4.12), the presence of NP in ε ′/ε will unambiguously be
confirmed. This result triggered a number of phenomenological analyses, both in and beyond the
SM.

Within the SM, a simple phenomenological expression can be derived [41, 42]

Re(ε ′/ε) =
Im(V ∗tsVtd)

1.4 ·10−4 ·10−4 ·
[(
−3.6+21.4B(1/2)

6

)
+
(

1.2−10.4B(3/2)
8

)]
. (4.13)

The first term in the square brackets represents the ∆I = 1/2 amplitude that is mainly generated
by QCD penguin contributions. The ∆I = 3/2 contribution, mainly due to electroweak penguins,
leads to the second term in the square brackets. The two contributions cancel each other to a large
extent, leading to a very small SM prediction.

Two independent analyses have evaluated the SM prediction at next-to-leading order, taking
into account the recent lattice result [38], with consistent results

Re(ε ′/ε)SM = (1.9±4.5) ·10−4 [42] , Re(ε ′/ε)SM = (1.06±5.07) ·10−4 [43] . (4.14)

These results exhibit a 2.9σ tension with the data. A complete next-to-next-to-leading order calcu-
lation is currently in progress [44].

8
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Having at hand a number of kaon decay observables that are theoretically well understood
and precisely measured, allows to construct the unitarity triangle from K physics only (K-unitarity
triangle) [45, 46, 47]. Apart from εK , which is already known to be an important player in global
unitarity triangle fits [48, 49], important imput will come from the branching ratios of the extremely
clean decays K+→ π+νν̄ and KL→ π0νν̄ . Last but not least, with future improved lattice deter-
minations of the hadronic matrix elements B(1/2)

6 and B(3/2)
8 , ε ′/ε will be crucial to overconstrain

the K-unitarity triangle. A mismatch in the K-unitarity triangle constraints as indicated in figure 4
would be a clear signal of NP present in the kaon sector.

Figure 4: K-unitarity triangle extracted from a scenario with present central values for K decay observables
(SM value for B(KL→ π0νν̄)) and uncertainties reduced to ±10%. Figure taken from [47].

Due to the strong suppression of ε ′/ε in the SM, NP effects can lead to large enhancements
of this observable. Following the recent lattice results, ε ′/ε has been analysed in a number of
NP models [50, 51, 52, 53, 54, 55, 56, 57]. In [51], the correlation between ε ′/ε , εK and K →
πνν̄ has been analysed in the context of simplified models with tree-level flavour changing Z or
Z′ couplings. If the latter couplings are purely left-handed, strong correlations between the four
observables in question can be found. The stringent constraint from the measured value of εK leads
to a correlation between the rare decays K+→ π+νν̄ and KL→ π0νν̄ , allowing for two branches
in the K → πνν̄ plane, see also [58]. This correlation is well knwon from other models with
only left-handed flavour violating interactions, and has been shown model-independently to be a
consequence of the effective operator structure in ∆S = 2 and ∆S = 1 transitions [59]. Both KL→
π0νν̄ and ε ′/ε are sensitive to the CP violating phase of the Z or Z′ coupling, however in the case
of purely left-handed interactions, the new contributions enter with a relative minus sign. Therefore
the enhancement of ε ′/ε needed to reconcile that observable with the data implies a suppression
of KL → π0νν̄ and will make the latter decay very challenging to observe experimentally. In
the case of both left- and right-handed flavour changing Z(′) couplings, however, a simultaneous
enhancement of the two observables is possible. Also the correlation between the two K → πνν̄

decays is lost.
Models with an S(3)c×SU(3)L×U(1) gauge symmetry provide concrete realisations of tree-

level flavour changing Z and Z′ couplings. An update of their predictions for FCNC observables
has been presented in [53, 54] in light of the ε ′/ε anomaly. In addition to the general conclusions

9
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from the simplified models discussed above, in these scenarios also predictions for rare B decays
can be derived, to be confronted with future data by LHCb, CMS and Belle II.

A prominent example of NP with only left-handed flavour violating interactions is the Littlest
Higgs model with T-parity (LHT), whose flavour phenomenology has been analysed extensively
over the past decade [60, 61, 62, 63, 64, 65]. Recently an update has been presented [50], taking into
account the constraints from direct new particle searches at the LHC as well as the experimental
and theoretical improvements in the flavour sector. Figure 5 shows the correlation of ε ′/ε with the
rare decays KL→ π0νν̄ and K+→ π+νν̄ , respectively. Again, due to the pure left-handedness of
FCNC processes, an enhancement of ε ′/ε governed by electroweak penguin contributions implies
a suppression of B(KL → π0νν̄). Furthermore, due to the correlation between the charged and
neutral K→ πνν̄ decay rates, NP in ε ′/ε implies a SM-like K+→ π+νν̄ branching ratio.

Figure 5: Correlation between the K→ πνν̄ branching ratios and Re(ε ′/ε) in the LHT model, setting the
NP scale f to 1TeV. The colours depict different choices for the hadronic matrix elements (B(1/2)

6 ,B(3/2)
8 ):

(1.0,1.0) (red), (0.76,0.76) (blue), (0.57,0.76) (green), (1.0,0.76) (magenta). The black dots show the
corresponding central SM values. Figures taken from [50].

The case of only SM operators contributing to rare kaon decay observables has been anal-
ysed in a model-independent way in [52]. A particularly interesting correlation emerges if NP
cures the ε ′/ε anomaly through new contributions to the QCD penguins: In that scenario the cor-
relation between KL→ π0νν̄ and K+→ π+νν̄ will be confined to a single branch parallel to the
Grossman-Nir bound [66], simultaneously enhancing KL → π0νν̄ and K+ → π+νν̄ . Moreover,
the NP contribution to ∆MK will turn out to be negative. If, on the other hand, NP cures the ε ′/ε

anomaly through electroweak penguin contributions, ∆MK will be enhanced. While at present,
possible NP effects in ∆MK having either sign are possible, due to the poorly known long-distance
contributions in the SM, future lattice calculations of the latter will be decisive on this aspect.

Last but not least, also in the MSSM it is possible to reconcile ε ′/ε with the data [55, 56].
Dangerously large contributions to indirect CP violation in kaon mixing, εK , can in this case be
avoided by choosing the mass ratio mg̃/MS ∼> 1.5, where MS = mQ̃ = mD̃ = µSUSY. The anomaly in
ε ′/ε can then be explained with squark masses in the multi-TeV regime, that are difficult to access
directly in high-pT searches [56].

4.3 b→ s penguin transitions

Another powerful test of the SM flavour sector is given by observables measuring b→ s pen-
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guin transitions. As B mesons can only decay via weak interactions and the decay rate is suppressed
by a factor of |Vcb|2, FCNC decays appear with significant branching ratios and are experimentally
relatively easy to access. Additionally, a large number of final states is accessible. Over the past
years, an appealing pattern of tensions with the SM predictions has emerged in the data on semilep-
tonic b→ s`+`− transitions.

Most striking in this context are a 3.4σ deviation of the angular observable P′5 of the decay
B→ K∗µ+µ− measured by LHCb [67] and confirmed, albeit with lower statistics, by Belle [68],
as well as a 2.6σ tension in the ratio [69]

RK =
B(B→ Kµ+µ−)

B(B→ Ke+e−)
, (4.15)

which provides a test of lepton flavour universality. Interestingly, a number of other data, like a
recent Belle measurement of P′5 in the B→ K∗µ+µ− and B→ K∗e+e− channels separately [70],
hint in the same direction, although the observed tension is not statistically significant.

From the theory point of view, b→ s`+`− transitions can be conveniently described by the
effective Hamiltonian [71]

Heff =−
4GF√

2
V ∗tbVts

e2

16π2 ∑
i
(CiOi +C′iO

′
i )+h.c. . (4.16)

In the SM, only the unprimed Wilson coefficients Ci, corresponding to left-handed FCNC tran-
sitions, are relevant, due to the left-handedness of the flavour violating weak interactions. NP
contributions, on the other hand, can have either chirality. The operators most sensitive to NP
are the dipole operators O

(′)
7 and the four fermion operators O

(′)
9 and O

(′)
10 that are not affected by

tree-level contributions in the SM.
Various collaborations [72, 73, 74] have performed global fits of the Wilson coefficients in

(4.16), with the concordant conclusion that the data on b→ sµ+µ− transitions exhibit a tension of
∼ 4σ with the SM, and that the tension can be explained with a NP contribution

δCNP
9 '−1 . (4.17)

If this NP contribution is assumed to affect only the muon channel, but not the electron channel,
then also the observed deviation in RK can be accounted for.

Unfortunately, many observables in the b→ s`+`− system are affected by non-perturbative
uncertainties that are difficult to control in the SM. On the one hand, the form factors describing the
B→ K∗ (or similar) transition are affected by long-distance QCD effects. At low K∗ recoil, these
form factors can be accessed by lattice QCD, while at large recoil currently other non-perturbative
methods, for example light-cone sum rules, are required. On both ends systematic improvements
are possible, and more accurate theoretical predictions for the form factors will significantly reduce
the theoretical uncertainties in observables like P′5.

An additional source of theoretical uncertainty are non-factorisable contributions that cannot
be captured by the form factors. They are attributed to low energy charm- and up-quark loops
that contribute mainly below the cc̄ threshold. Typically these contributions will affect the Wilson
coefficient C9, thus making it difficult to disentangle the NP effect in (4.17) from a possible non-
factorisable SM contribution that has so far been underestimated. Unfortunately for the time being,
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no solid theory prediction is available for the size of these sontributions. It remains to be seen
whether one day it will be possible to evaluate these non-factorisable effects on the lattice.

For the time being, the only way to disentangle a possible NP effect in C9 from non-factorisable
SM effects are more precise measurements. On the one hand, if a lepton flavour non-universal effect
is confirmed in RK and in further measurements comparing B→ K∗µ+µ− with B→ K∗e+e−, it
will be clear that QCD cannot account for the observed tension. On the other hand, if future global
fits show that the data cannot be explained by a q2-independent new contribution2 to the Wilson
coeffcient C9, then the interpretation in terms of non-factorisable effects will be favoured.

Last but not least, an important player in the b→ s`+`− system is the rare decay Bs→ µ+µ−.
The latter decay has been discovered by a joint effort of the LHCb and CMS collaborations, with
the result [75]

B(Bs→ µ
+

µ
−) =

(
2.8+0.7
−0.6

)
·10−9 . (4.18)

This measurement, while a bit on the low side, is consistent with the SM prediction at the 2σ level.
Significant improvements in the experimental accuracy can be expected over the coming years, as
the uncertainty is currently dominated by the low statistics.

Theoretically, the Bs → µ+µ− decay is rather clean. In contrast to the semileptonic decays
discussed above, this mode is not affected by form factor uncertainties, but all non-perturbative
effects can be summarised in the decay constant fBs , for which precise lattice calculations are
available [25] and further improvements can be expected. The main uncertainty currently lies in
the determination of the CKM element |Vcb|, as the Bs→ µ+µ− branching ratio is very sensitive to
that value. Further improvements of the accuracy of |Vcb| are therefore badly needed also from the
point of view of rare B decays.

5. Summary and outlook

Flavour physics has entered the precision era, and its story is far from being complete. Fur-
ther efforts are required to make this story a successful one, both on the experimental and on the
theoretical side. In particular, the tremendous progress made by lattice QCD provided substantial
input to the understanding of flavour violating processes, and further territories are waiting to be
explored.

Instead of giving an exhaustive review, this article aimed to highlight a few important direc-
tions where recent lattice QCD results have had a significant impact on the understanding of flavour
violating processes both in and beyond the SM. In the same spirit, let me close by collecting my
top 5 wishes to the lattice QCD community for the coming years.

• In order to obtain more precise values for the CKM elements measured in tree-level decays,
improved lattice QCD results for the form factors entering the determinations of |Vub| and
|Vcb| from semileptonic decays are necessary. Their values are a crucial ingredient to make
precise SM predictions for rare processes like εK , K→ πνν̄ and Bs,d → µ+µ− that are very
sensitive to NP contributions.

2Here q2 denotes the invariant mass squared of the final state lepton pair, so that a low q2 corresponds to a large
recoil of the final state meson and vice versa.
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• To fully exploit the NP discovery potential of present B physics experiments, precise lattice
QCD results for the Bd,s mixing parameters and decay constants are mandatory, in order to
maximise their NP sensitivity. Further improvements are particularly required in light of the
slight tension of the Bs,d mixing data with their most recent SM prediction, and in light of
the discovery of the decay Bs→ µ+µ− whose measurement will be improved quickly.

• The recent SM prediction of the ratio ε ′/ε , using the first lattice QCD results for the relevant
K → ππ amplitudes uncovered an intriguing discrepancy with the data. Improved lattice
calculations for the hadronic matrix elements in question, as well as an independent confir-
mation by a different lattice collaboration, are badly awaited in order to confirm (or resolve)
the current tension.

• The various tensions observed in semileptonic b→ s transitions received a lot of attention,
in particular since they follow a consistent pattern in terms of a possible NP explanation.
In order to disentangle NP effects from potentially underestimated non-perturbative QCD
effects, more precise theory predictions are needed. While at the moment lattice QCD con-
tributes here only to the understanding of the relevant hadronic form factors, it would be a
real break-through if one day one could also access the non-factorisable corrections on the
lattice.

• Lastly, it would be very desirable to one day obtain solid lattice QCD predictions for the
long-distance contributions entering neutral kaon and D meson mixing, measured by the
mass differences ∆MK and ∆MD, respectively. Potential NP effects in these observables are
currently obscured by the poor understanding of the SM long-distance dynamics. While
lattice calculations of the long-distance dynamics entering K0− K̄0 mixing are already under
way, it will probably take a long time and require a lot of conceptual progress to access the
long-distance dynamics of D0− D̄0 mixing on the lattice.
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