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The ε − p is calculated from lattice simulations of two dimensional N = (8, 8) SU(N) SYM
to test the gauge gravity duality. We employ the Sugino action with keeping two of sixteen
supercharges exactly on the lattice. The thermodynamics of this gauge theory is described by
the black 1-branes at low temperature. The internal energy density ε and the pressure p can be
analytically estimated in the gravitational theory. The lattice results in N = 12 show that ε − p
of the thermal SYM reproduces the prediction of the gravitational theory for the dimensionless
temperature Teff < 0.4. This clearly indicates that the duality is valid in this system.
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1. Introduction

2. SYM and the duality
We start with defining the supersymmetric Yang-Mills theory with sixteen supercharges in
two dimensions. This theory contains the gauge fields Aµ (µ = 0, 1) and the eight scalar fields
Xi (i = 2, 3, · · · , 9) which are supersymmetric partners of the fermions ψα (α = 1, 2. · · · , 16). We
assume that the gauge group is SU(N) and all fields are expanded by the group generators T a (a =
1, · · · N 2 − 1) such as Aµ (t, x) = Aaµ (t, x)T a where the spacetime coordinate is represented by (t, x).
The spacetime is compactified to a torus, and β and L are the sizes of time and space directions,
respectively.
The euclidean action is

Z
N
1 2
1
1
2
S=
d x tr
Fµν + (Dµ Xi )2 − [Xi , X j ]2
λ
4
2
4

1
i
1
+ ψα D0 ψα − ψα (γ1 )αβ D1 ψβ + ψα (γi )αβ [Xi , ψβ ] ,
(2.1)
2
2
2
where the matrices γ1 , · · · , γ9 satisfy the nine-dimensional Clifford algebra, {γi , γ j } = 2δi j . The
field tensor and the covariant derivative are defined as F01 = ∂0 A1 − ∂1 A0 + i[A0 , A1 ] and Dµ ϕ =
∂µ ϕ + i[Aµ , ϕ], respectively. If the periodic boundary condition is imposed on the fields for both
1
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The gauge/gravity duality is a theoretical conjecture that is originally motivated by AdS/CFT
[1], and are widely accepted and used to understand various phenomena in QCD, black holes, or
even in condensed matter physics. Such applications rely on the validity of the conjecture. We
have to show that it is true in order to establish the applications from fundamental perspective
and to develop further applications. The numerical verification of the duality has been done for
SYM with sixteen supercharges in several dimensions, [2]-[9], and some of them use the lattice
formulations with a few exact supersymmetries, [10, 11]. In this paper, we test the duality in twodimensional SU(N) supersymmetric Yang-Mills theory (SYM) with sixteen supercharges from the
lattice simulations with the Sugino action at finite temperature.
The description of the duality in this case is based on N D1-branes of type-IIB superstring
theory, which corresponds to the black 1-branes (black strings). In the gravitation theory, the black
string thermodynamics is analytically treated at low temperature (the large ’t Hooft coupling limit)
in the large N limit, and the free energy can be given as a function of temperature. On the other
hand, in this limit, the gauge theory becomes a strongly coupled one of which non-perturbative
methods are needed to clarify the physics. We use the lattice theory, particularly Sugino’s lattice
formulation of N = (8, 8) SYM with keeping two exact supersymmetries, in order to estimate
thermodynamical quantities in the gauge theory beyond the perturbation theory.
This paper is organized as follows: The continuum N = (8, 8) SYM is defined and the duality
is introduced in section 2. We will review Sugino’s formulation of N = (8, 8) SYM in section 3.
Then, we will see the lattice results of the difference between the internal energy density and the
pressure and compare them with the theoretical predictions of the gravitational theory to verify the
duality in section 4. The section 5 is devoted to a conclusion and discussion.
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space and time directions, the action (2.1) possesses supersymmetry with sixteen supercharges
since gauge, Yukawa and φ 4 -interactions appear in a specific relative weights with single ’t Hooft
coupling constant λ .
In finite temperature SYM theory, the boundary condition for the time direction on the bosonic
fields B(= Aµ , Xi ) and that on the fermionic fields ψ are different:
B(t + β , x) = B(t, x),

ψ(t + β , x) = −ψ(t, x),

(2.2)

with
H(r) = 1 + sinh2 γ
f (r) = 1 −

r06
,
r6

r06
,
r6

(2.4)
(2.5)

where r0 is the radius of event horizon of the black 1-branes, and γ is a variable corresponding
to the charge of the branes. (see [12] for more detailed definitions). As shown in [12], near zero
temperature, the mass (internal energy) and the entropy of the black 1-branes can be written as the
functions of temperature (in the λ = 1 unit):
2
E = c0 LN 2 T 3 ,
3

S = c0 LN 2 T 2 ,

(2.6)

where the numerical constant c0 = 24 π 5/2 /33 (= 10.366...). The pressure p is obtained through
E = T S − pV where the system volume V = L in the present case. The difference between the
energy density and the pressure is thus given by
ε−p=

c0 2 3
N T .
3

(2.7)

As seen in the section 4, this combination plays an essential role to test the duality in this paper.

3. Sugino’s formulation
We define the Sugino action for N = (8, 8) SYM on a two-dimensional lattice [11] with the
lattice spacing a. The lattice sites are labeled by integers: t = 1, · · · , Nt , x = 1, · · · , Nx in the lattice
spacing unit, where Nt and Nx are the temporal and spatial lattice sizes, respectively. The gauge
fields are expressed by gauge group-valued link fields Uµ (x) defined on the links and the other
fields are defined on the sites. Hereafter we set a = 1 for simplicity.
2
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with inverse temperature β = 1/T , while the same periodic boundary conditions with period L are
imposed for the space direction. Then, supersymmetry is broken by the thermal effects, and it is
naively expected to be restored in the zero temperature limit.
The system of N coincident D1-branes is the gravity dual of SYM with sixteen supercharges
in two dimensions. The black 1-branes (black strings) solution is given by the following metric,


ds2 = H 1/4 (r) H −1 (r)[ f (r)dt 2 + dx2 ] + f −1 (r)dr2 + r2 dΩ27 ,
(2.3)
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The Sugino lattice action of N = (8, 8) SYM is given by


2
N
1
+
tr −4iBi Fi3 − εi jk Bi B j Bk − ψ+µ ψ−µ − χ+i χ−i − η+ η− ,
S = Q+ Q−
2λ0 ∑
3
4
t,x

(3.1)

with
(3.2)
(3.3)
(3.4)

where
−1
∇+
µ ϕ(x) = Uµ (x)ϕ(x + µ̂)Uµ (x) − ϕ(x),

∇+
µ ϕ(x)

−1

= ϕ(x) −Uµ (x − µ̂) ϕ(x − µ̂)Uµ (x − µ̂),

(3.5)
(3.6)

are the forward and the backward covariant difference operators, respectively, and the lattice field
tensor F01 is defined as


1
i
†
†
(x) − tr(P01 (x) − P01
(x)) ,
(3.7)
P01 (x) − P01
F01 (x) = −
2
N
P01 (x) = U0 (x)U1 (x + 0̂)U0† (x + 1̂)U1† (x).

(3.8)

The lattice (infinitesimal) gauge transformations,
δω Uµ (x) = iω(x)Uµ (x) − iUµ (x)ω(x + µ̂),

δ ϕ(x) = −i[ϕ(x), ω(x)]

(3.9)

make the action (3.1) invariant since all fields in the integrand in it transform in the gauge covariant
way. In addition, all fields satisfy the boundary condition (2.2) and supersymmetry is explicitly
broken.
Seemingly, this lattice action (3.1) does not look like the continuum action (2.1) in the continuum limit: It is written in a Q± -exact form and the integrand is a function of Bi , ψ±µ , η± , χ±i
which are given by linear combinations of the original variables, Xi , ψα . The Q± are two of sixteen
supersymmetry transformations which satisfy Q2± = iδφ± and {Q+ , Q− } = −iδC where seven auxiliary fields are introduced to realize the off-shell nature. The new variables are useful to express
Q± -transformations as simple forms. The change of variables and the Q± -transformations are explicitly given in [6]. After performing Q± in (3.1) and getting back to the original variables, (3.1)
coincides with (2.1) in the continuum limit.
The lattice spacing effect of supersymmetry breaking vanishes in the classical continuum limit,
however some SUSY breaking operators can be radiatively generated and are relevant as the quantum theory in general. In the perturbation theory, two exact supersymmetires Q± forbid the SUSY
breaking operators and sixteen supersymmetries are restored even at the quantum level. In [6], the
numerical results of the SUSY Ward-Takahashi-relation suggest us that the SUSY restoration does
occur beyond the perturbation theory thanks to the two exact supersymmetries Q± .
3
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1
+
A3 + ∇+
F03
= (∇+
1 A2 ),
2 0
1
+
F13
= (∇−
A3 − ∇−
0 A2 ),
2 1
1
+
F23
= (i[A2 , A3 ] + F01 ),
2
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The simple F01 (3.7) which is used to define (3.1) causes the problem of the extra vacua as
mentioned in [13]. There are a few possible choices for F01 to avoid the problem: an admissibilitytype field tensor[13] or a tangent-type field tensor[14]. The lattice action with these field tensors are
theoretically well-supported in the sense that the extra vacua are completely forbidden. However
simulation codes become rather complicated ones for them, and we chose the simple one (3.7). As
shown in [6], this choice does not cause the problem in practice in the numerical simulations with
the Hybrid Monte-Carlo method since the extra vacuum configurations are not observed in many
parameters we are interested in.

Numerical simulations with the Sugino action are currently running. In this section, let us
see intermediate results, in particular, ones of ε − p, and compare them with the result (2.7) of the
gravitational theory.
We employ the Hybrid Monte-Carlo method. The integration of the fermions yields the pfaffian which is complex in general. We include the effect of the absolute value of the pfaffian in
the simulations by using the pseudo fermion method and the rational approximation of the relevant
operator (see [6] for details), while we simply ignore the phase effect. N is fixed at 12 and the
two lattice sizes (Nt , Nx ) = (8, 16), (8, 32) are employed in what follows. We take the dimensionless temperature Teff = T /λ 1/2 the values from 3 to 0.325, and perform the simulations at thirteen
different temperatures. In each simulation, the first 1000 molecular dynamics (MD) time of the Hybrid Monte-Carlo method is discarded for thermalization, and we use 3000 MD-time and choose
10 MD-time as the bin size to evaluate ε − p. As explained in the previous section, since we use
the simple plaquette (3.8) to define F01 (3.7), the extra vacua can be generated in general. However,
no configurations around the extra vacua are actually observed in all simulation parameters.
The combination ε − p can be easily estimated from the expectation value of the action itself:
ε−p=−

2
hSi,
βL

(4.1)

where S is the off-shell lattice action (3.1) with seven auxiliary fields which are introduced to define
the Q± -transformations. The duality implies that ε − p vanishes in the zero temperature limit, and
this is also realized in (4.1) since supersymmetry is restored in the limit and the expectation value
of the Q-exact action (3.1) disappears. To estimate the r.h.s. of (4.1) numerically, we just evaluate
the bosonic action associated with the gauge fields Uµ and the scalar fields Xi since the integration
of auxiliary fields and fermion fields can be analytically calculated, and they remain the number of
degrees of freedom.
Fig. 1 shows the results of ε − p. The x-axis denotes the dimensionless temperature Teff , while
the y-axis denotes the dimensionless ε − p normalized N 2 . The red circles and the blue squares
represent the results of (Nt , Nx) = (8, 16) and (8, 32), respectively. In the right figure, two results
are different at high temperature, but as temperature decreases, they approach each other. In the left
figure focused on the low temperature region, as clearly seen, the lattice results coincide with the
theoretical prediction of the gravitational theory (2.7) for Teff < 0.4. We thus find that the duality
holds in this system.
4
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4. Lattice results
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Figure 1: The energy density minus pressure normalized by N 2 . The left figure focuses on the low temperature region of the right figure.

However, we should note that this is actually the result within rather limited parameters: at
fixed lattice sizes and fixed N, without the effect of the complex phase of the pfaffian. Since the
deviation from the large N limit starts from the term of the order of 1/N 2 and we take N = 12, our
results are mostly saturated with respect to the large N extrapolation within a few percent statistical
errors. In addition, although the effect of the complex phase should be included in the result, it was
not serious in one dimensional case [2], [7], [9] and Fig. 1 could be actually considered to imply
that the duality is valid and the phase effect is negligible.
The most serious thing that changes the observation in this section is the effect of the finite
lattice spacing. At fixed physical temperature Teff , the (physical) lattice spacing is given by aλ 1/2 =
1/(Nt Teff ). For the temperature around Teff = 0.4 with Nt = 8, the lattice spacing could not be small
enough. We have to take the continuum limit from further lattice simulations by using different
lattice sizes to determine the final result.

5. Conclusion
In this paper, we have studied the duality between two dimensional N = (8, 8) SYM and the
black 1-branes solution in type IIB gravitational theory by comparing ε − p of both theories. We
have estimated it of the thermal SYM from the numerical simulations of the Sugino lattice action
with two exact supersymmetries. The obtained ε − p reproduces the theoretical prediction of the
gravitational theory and implies that the duality holds in this case.
This result is obtained for N = 12 and at fixed lattice sizes (Nt , Nx ) = (8, 16), (8, 32) without
including the phase effect of the pfaffian. These limitations should be taken into account when the
result is quoted. However, the large N extrapolation could not be serious since N = 12 is large
enough for ε − p with a few percent statistical errors. In addition, the effect of the phase could be
much smaller than that of the lattice spacing as was true in one dimensional case. The effect of the
finite lattice spacing becomes larger and larger as temperature decreases with fixed Nt . The lattice
simulations with different Nt are running and the final result after taking the continuum limit will
be presented in another paper.
5
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The verification of the AdS/CFT is the most important extension of this study. A few studies
have already been done with the fine-tuning of the SUSY breaking terms [5]. As another approach
without fine-tunings, it is known that the N = 4 SYM can be constructed from the Sugino action
for two-dimensional N = (8, 8) SYM via the fuzzy sphere background [15]. Such approach will
be used to understand the AdS/CFT and further progress will be expected in the near future.
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