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It is known that the sign problem emerges as a complex phase of the canonical partition function
in canonical approach. We confirmed that the origin of the complex phase is breaking of the
charge conjugation with a simple model. The main purpose of this study is suppressing the
complex phase even at low temperature. We realized it by increasing the number of gauge field
configurations. In particular, the complex phase was suppressed less than π /2 in 1σ for NB < 7
at T = 0.81Tc
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1. Introduction
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When we use the path integral representation of the grand canonical partition function and the
reweighting technique, we get an expression of the canonical partition function.
Zcan. (T ;V, N) =

∫ π

=

d

µ
T

∫

det D(iµ ) −i µ N
e T det D(0)e−Sg
det
D(0)
−π
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∫
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2π −π T det D(0)
µ =0

1
2π
⟨

DU

(1.3)
(1.4)

In the second line, we introduced a new symbol ⟨· · ·⟩µ =0 which means a gauge field average
with respect to zero chemical potential. We have to calculate det D(iµ )/ det D(0) for many times to
perform the Fourier transformation, and such calculation is heavy from the numerical point of view.
The winding number expansion method[2] gives us an easy expression of det D(iµ )/ det D(0).
)
(
(
)
n
µ
det D(µ )
κ
= eTr{log (1−κ Q)} = exp − ∑
Tr{Qn } = exp ∑ Wk e T k
(1.5)
det D(0)
n
n=1
k
Coefficients {Wk }k are defined throughout hopping terms Q defined in the eq.(1.6). Moreover,
we can show that the coefficients {Wk }k do not depend on the chemical potential. Thus, once we
get them we can evaluate det D(iµ )/ det D(0) without a direct computation of the determinant.
(
)
(+)
(−)
(+)
(−)
Q
+
Q
+ eµ Q4 + e−µ Q4
∑ i
i
3

Q =

i=1
(+)
Qν (x, y)
(−)
Qν (x, y)

:= (1 − γν )Uν (x)δx,y−ν̂
:= (1 + γν )Uν† (x − ν̂ )δx,y+ν̂ , ν = 1 · · · 4
1

(1.6)
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One of the main motivation of the finite density QCD is exploring the QCD phase diagram,
and confinement/deconfinement phase transition is a hot topic for both theory and experiment. The
biggest failure for the numerical simulation is the sign problem which is a series of problem accompanying the complex action at non-zero chemical potential. There are a lot of candidates which beat
the sign problem, complex Langevin method, Lefschetz thimble method, multi-parameter reweighting method and canonical approach. We chose the canonical approach in which we can perform
the Monte Carlo simulation.
It is well known that the sign problem emerges as a complex phase of the canonical partition
function. The canonical partition function should take a real value, however, it has a non-zero
complex phase for each configurations. The main motivation of this paper is studying about some
properties of the complex phase, the origin of the complex phase, temperature dependence and
baryon number dependence.
The canonical partition function is given by Fourier transformation of the grand canonical partition function as in eq.(1.1), and is equivalent to the fugacity expansion which is givin by eq.(1.2).
The canonical partition function is a basic quantity in the canonical approach[1].
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2. Lattice setup
We used the Iwasaki gauge action and 2-flavors Wilson Clover action. Our calculation was
done at two simulation points to discuss about a temperature dependence of the canonical partition function. Parameters are listed in the table below. We took the quark mass in heavy region
mπ /mρ ∼ 0.7, because the winding number expansion method (1.5) is equivalent to the hopping
parameter expansion. We performed the hopping parameter expansion to 480th order. Multiprecision calculation is needed to perform the Fourier transformation. This fact is suggested in [2][3].

κ
0.131
0.125

Csw
1.1
1.1

T /Tc
0.81
1.68

mπ /mρ
0.756(13)
0.714(15)

Lattice
83 × 4
83 × 4

Table 1: Parameters used in this study. We took two temperature, below Tc and above Tc , to discuss how the
complex phase depends on the temperature.

3. Origin of the complex phase
Let us discuss about the expression of the canonical partition function more carefully to find
what the origin of the complex phase is. The canonical partition function is given by following
expression.
⟩
⟨
∫
µ
3 π /3 µ det D(iµ )
Zcan. (T ;V, N) =
e−i T N ,
(3.1)
d
2π −π /3 T
det D(0) µ =0
where we used the Z3 center symmetry to rewrite the integration range of the Fourier transformation. We pay attention to two properties of this expression. The first one is that the determinant
of the Dirac operator ⟨det D(iµ )/ det D(0)⟩µ =0 takes a real value because the chemical potential is
pure imaginary. The second one is the integration range is symmetric. We can expect from these
facts that breaking of charge conjugation ⟨det D(iµ )/ det D(0)⟩µ =0 ̸= ⟨det D(−iµ )/ det D(0)⟩µ =0
makes the complex phase. To justify our claim, we introduced a model in which the grand canonical partition is given as follows.
µ 2

ZG.C. (T, iµ ;V ) = e−a( T )

+b( Tµ )

(3.2)

This model has two parameters, a means a gaussian slope and b means an asymmetricity with
respect to the chemical potential. Numerical results of the grand canonical partition function can
be reproduced in our integration range −π /3 < µ /T < π /3 as in figure 1, the red points shows
the numerical results and the green solid line shows our model. Moreover, the canonical partition
function can be written down as follows in our model.
Zcan. (T ;V, N) = (const.) e

(b−iN)2
4a

∫ π /3
−π /3

2

dx e−a(x−

b−iN 2
2a

)

(3.3)
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β
1.5
1.9
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We can say that the third factor of this expression is almost Gaussian integration and the second
factor mainly contributes to the complex phase. In reality, the contribution of the second factor is
larger than the third factor as shown in the figure 2. Therefore, the complex phase of the canonical
partition function can be approximated by
arg (Zcan. (T ;V, N)) ∼ −

b
N
2a

(3.4)

in this model. According to the winding number expansion method[2] the complex phase can be
evaluated
arg (Zcan. (T ;V, N)) ∼ −arg(W1 ) N ,

(3.5)

where the coefficient W1 is same as previous one. Both results tell us that the complex phase is
proportional to −N. We confirmed this property for one configuration in the figure 3 and 4. The
figure 3 shows the difference between log ZG.C. (iµ ) and log ZG.C. (−iµ ), thus, the asymmetricity.
The figure 4 shows the complex phase of the canonical partition function. We looked how the
breaking of the charge conjugation contributes to the complex phase in this section. We will discuss
about the temperature dependence of the complex phase by using this simple model.

4. Temperature dependence of the complex phase
It is known that the sign problem in other words behavior of the complex phase is getting
worse at low temperature. We checked the same property in the figure 5. The phase is consistent
with 0 and has small error bars, thus, the sign problem is under control at T = 1.68Tc . However,
the phase is beyond π /2 even for small baryon number at T = 0.81Tc . The figure 6 and 7 show
temperature dependence of the asymmetricity. We can see that the asymmetricity takes almost the
same order, but the fluctuation is slightly large at low temperature and the Gaussian slope has a
large dependence as shown in the figure 8 and 9. The Gaussian slope is smaller at low temperature.
We estimated the Gaussian slope, a ∼ 0.807 at T = 0.81Tc and a ∼ 22.7 at T = 1.68Tc by fitting
3
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Figure 1: We can fit the numerical data by the simple Figure 2: Evaluation of the complex phase. Red
model given in eq.(3.2). The numerical data is shown points shows the third factor of eq.(3.3) and green
as red points and the fit is shown as green line.
points shows the second factor of eq.(3.3).
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Figure 5: Temperature dependence of the complex phase. Left figure shows the numerical results at T =
0.81Tc and right figure shows at T = 1.68Tc .

Figure 6: Breaking of charge conjugation at T = Figure 7: Breaking of charge conjugation at T =
0.81Tc . Fluctuation is slightly larger than T = 1.68Tc . 1.68Tc .

4
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Figure 3: Evaluation of the asymmetricity. The pa- Figure 4: The complex phase has a positive slope.
rameter b takes negative value in terms of our simple This fact is consistent with our evaluation of the commodel.
plex phase (3.4).

Study of the sign problem in canonical approach

Asobu Suzuki

the numerical data. Since the phase can be approximated −bN/2a, we can say that the fluctuation
of the complex phase is amplified at low temperature and is suppressed at high temperature. We

can see that the numerical results of the complex phase are also proportional to the baryon number,
and such dependence can be explained by our model. Our model gave us some clues to understand
the properties of the complex phase, temperature dependence and baryon number dependence. In
the next section, we will try to suppress the complex phase even at low temperature from these
knowledge.

5. To suppress the complex phase
We checked in the above sections that the breaking of the charge conjugation makes the complex phase. Of course, such contribution does not emerge analytically. The grand canonical partition function is symmetric and the complex phase is 0. Since we cannot change the Gaussian slope
a, we must fight the complex phase at the asymmetricity b. Thus, the most naive expectation is that
the complex phase is suppressed by increasing the statistics. We checked that the distribution of the
gauge field become symmetric when we increase the number of the gauge field configurations in
the figure 10. Our model tells us that the complex phase will be suppressed with the decrease of

Figure 10: Configuration number dependence of the asymmetricity at T = 0.81Tc . We made the statistics 9
times and the fluctuation was suppressed.

5
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Figure 8: Estimation of the Gaussian slope at T = Figure 9: Estimation of the Gaussian slope at T =
1.68Tc . a ∼ 22.7 in this parameter.
0.81Tc . a ∼ 0.807 in this parameter.
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the asymmetricity b. Thus, we can expect that the complex phase itself will be improved by taking
900 configurations. The numerical results are shown in the figure 11. The complex phase is surely
suppressed with increasing the configurations. In particular, when we take 900 configurations the
complex phase is less than π /2 in 1σ for small baryon number NB < 7.

6. Conclusion
The sign problem emerges as the complex phase of the canonical partition function in the
canonical approach. At first, we discussed about the origin of the complex phase. The expression
of the canonical partition function tells us that the breaking of the charge conjugation makes the
complex phase. We introduced a simple model to justify our claim and it worked well to explain
some properties of the complex phase. We tried to suppress the complex phase for small baryon
number by increasing the number of configurations at the end of this study. However, we must
study the volume dependence of it to discuss the sign problem. It is a future work of our study.
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Figure 11: Configuration number dependence of the complex phase at T = 0.81Tc . It is suppressed less than
π /2 in 1σ for NB < 7

