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Thermodynamics of strongly-coupled lattice QCD in the chiral limit Hélvio Vairinhos

1. Introduction

Consider U(N) or SU(N) lattice QCD with a single staggered fermion flavour, at finite tem-
perature. At low temperatures, the chiral U(1) symmetry of the massless staggered fermion is spon-
taneously broken, to which a single massless Goldstone boson is associated: the pion.

The pion is interacting, but at sufficiently low temperatures the strength of the effective inter-
actions vanishes, i.e. T

Fπ
→ 0, and the pion is effectively free. In such a regime, the physics is that

of an ideal pion gas, whose energy density, ε , satisfies the Stefan-Boltzmann law (SB) for a single
bosonic degree of freedom:

ε(T ) = ε(0)+
π2

30
T 4 (1.1)

Here we summarize our numerical study of the thermal properties of U(3) and SU(3) lattice
QCD with a single staggered fermion, in the chiral limit, where we test the hypothesis of a (near)
ideal pion gas below the critical temperature of the chirally-restoring phase transition.

We choose to perform simulations in the strong coupling limit, β = 0, for there we have access
to Monte Carlo algorithms of the worm type, which are very efficient, even in the chiral limit and
at low temperatures. This allows us to determine the equation of state of lattice QCD with high
precision, at unprecedentedly low temperatures.

2. Thermodynamics of a free massless boson on the lattice

First, it is instructive to understand the behavior of an ideal gas of massless bosons on a lattice.
Lattice corrections to the ideal gas regime of a free massless boson, on a N3

s ×Nt lattice with
anisotropy ξ = a/at , have been studied in [1]. The energy density ε of such a gas is given by:

a4
ε(T ) =− ξ 3

N3
s Nt

∑
~ 6=~0

sin2 (π j0/Nt)

b2 +ξ 2 sin2 (π j0/Nt)
, b2 =

3

∑
i=1

sin2 (π ji/Ns) (2.1a)

a4
ε(0) =− ξ 3

N3
s

∑
~6=~0

(
b2 +ξ

2 +b
√

b2 +ξ 2
)−1

(2.1b)

where the lattice temperature is given by aT = ξ/Nt . Similar expressions can be obtained for the
pressure p. In particular, they imply that the trace anomaly vanishes on any finite lattice [1]:

∆ε−3∆p = 0 (2.2)

where ∆ε(T ) = ε(T )− ε(0), and ∆p(T ) = p(T )− p(0).
In this system, discretization effects are quite significant (see Fig. 1): from [1], we learn that

lattice corrections are small for Ns ≥ 2Nt and ξ ≥ 2. Actually, the ideal gas behavior is only exact
in the continuous time limit, ξ → ∞.

We keep this in mind when simulating lattice QCD in the regime where the U(1) chiral sym-
metry is spontaneously broken, and the pion is massless. Even though pions are not free (Fπ 6= 0),
their interactions should be negligible in the regime T � Fπ (or in the large N limit), and the picture
of an ideal pion gas should become a good approximation.
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Figure 1: Energy density of a free massless boson on the lattice: the finite-size effects induce very large
deviations from the Stefan-Boltzmann limit (dotted line), but are significantly suppressed (less than 10%)
when Ns & 3Nt for ξ = 1, or Ns & 2Nt for ξ ≥ 2.

3. Dimer representation of lattice QCD in the strong coupling limit

The partition function of SU(3) lattice QCD with N f = 1 staggered fermions, at β = 0, is:

Z =
∫

DUDψDψ̄ e2at mq ∑x ψ̄xψx+∑x,µ γ
δµ0 ηxµ(eat µq ψ̄xUxµ ψx+µ̂−e−at µq ψ̄x+µ̂U†

xµ ψx) (3.1)

where µq is the quark chemical potential, γ is the bare anisotropy, mq is the bare quark mass, at (a)
is the temporal (spatial) lattice spacing, and ηxµ =±1 are the staggered phases.

Analytic integration of the link variables, followed by the integration of the Grassmann vari-
ables, yields the partition sum of a system of monomers, dimers, and baryon loops [2]:

Z = ∑
{n,k,`}

σ(`)

3!|`|

(
∏

x

3!
nx!

)(
∏
x,µ

(3− kxµ)!
3!kxµ !

)
(2atmq)

NM γ
2NDt+3N`t e3Nt at µqw` (3.2)

where nx,kxµ ∈ {0,1,2,3} are occupation numbers of monomers and dimers, `xµ ∈ {0,±1} are
occupation numbers of oriented baryonic dimers, and NM,NDt ,N`t denote, respectively, the total
number of monomers, timelike dimers, and timelike baryonic links:

NM = ∑xnx, NDt = ∑xkx0, N`t = ∑x|`x0| (3.3)

w` counts the number of times baryon loops wrap around the thermal direction, and σ(`) =±1 is
a sign which depends on the shape of the baryon loops (and introduces a sign problem).

Due to the Grassmann integration, the configurations which contribute to the partition function
are constrained, on each site, to have either exactly 3 monomers and/or dimers, or be traversed by
a non-self-intersecting oriented baryon loop:

nx +∑±µ
kxµ

!
= 3, ∑±µ

`xµ

!
= 0, ∀x (3.4)

Such constrained configurations can be efficiently sampled using variants of the worm algo-
rithm: a “mesonic worm”, which updates the monomer-dimer sector [3], and a “baryonic worm”,
which updates the baryonic loops and the 3-dimer sector [4, 5].

The partition function for U(3) QCD is obtained from (3.2) by removing the baryons, i.e.
`xµ = 0,∀x,µ . In this case, only the mesonic worm is needed to simulate it.
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4. Thermodynamics of lattice QCD in the strong coupling and chiral limits

The energy density and pressure in SU(3) lattice QCD, in the strong coupling limit (β = 0)
and chiral limit (mq = 0), are related to the density of hadrons hopping in the time direction (i.e.
timelike dimers and timelike baryon links):

a3at ∆ε = µBρB−
a3at

V
∂ logZ
∂T−1

∣∣∣∣
V,µB

=
ξ

γ

dγ

dξ
〈2nDt +3n`t〉 (4.1a)

a3at ∆p = a3atT
∂ logZ

∂V

∣∣∣∣
T,µB

=
ξ

3γ

dγ

dξ
〈2nDt +3n`t〉 (4.1b)

where µB is the baryon chemical potential, ρB = 〈w`〉/N3
s is the baryon density, and ξ (γ) = a

at
is

the renormalized anisotropy, which parameterizes the physical anisotropy of the lattice. In order to
obtain the corresponding expressions in U(3) QCD, it suffices to take ρB = 0 and n`t = 0.

Eqs. (4.1a) and (4.1b) imply that the trace anomaly vanishes for any lattice spacing, cf. (2.2).

5. Anisotropy calibration

An accurate determination of the energy density (4.1a), or pressure (4.1b), requires a precise
knowledge of the renormalized anisotropy ξ as a function of the bare anisotropy γ , and also of its
running, dξ/dγ . For this purpose, we use the fluctuations of certain conserved charges, labelled by
spacetime directions, as probes for the calibration of the lattice anisotropy.

In the chiral limit, Grassmann constraints (3.4) imply the existence of conserved currents [6]:

jxµ = πx

(
kxµ −

3
2
|`xµ |−

3
8

)
⇒ ∑

±µ

jxµ = 0, ∀x (5.1)

where πx = (−1)∑µ xµ =±1 is the parity (bipartite color) of the site x. We can also define conserved
charges by integrating the currents along codim-1 hyperslices Sµ perpendicular to the direction µ̂:

Qµ = ∑
x∈Sµ

jxµ (5.2)

Due to parity symmetry,
〈
Qµ

〉
= 0, ∀µ . We consider lattices with the same size Ns in all spatial

directions, and thus compare variations of the timelike charge, Q2
t = Q2

0, and of the average of the
spacelike charges, Q2

s =
1
3 ∑

3
i=1 Q2

i .
Our non-perturbative renormalization criterion requires the fluctuations of the conserved charges

to be isotropic when the physical volume is hypercubic (in the thermodynamic limit):〈
Q2

t
〉
(γnp) =

〈
Q2

s
〉
(γnp) ⇒ aNs

atNt
= ξ (γnp)

Ns

Nt
= 1 (5.3)

where γnp is the nonperturbative, finely tuned value of the bare anisotropy for which fluctuations of
the conserved charges coincide. Using scaling arguments, it is also easy to relate the running of the
renormalized anisotropy to expectation values associated with these conserved charges:

ξ
dγ

dξ
=

〈
Q2
〉

γnp(
d
dγ

〈
Q2

t
〉
− d

dγ
〈Q2

s 〉
)∣∣∣

γnp

(5.4)

3



P
o
S
(
L
A
T
T
I
C
E
2
0
1
6
)
0
8
6

Thermodynamics of strongly-coupled lattice QCD in the chiral limit Hélvio Vairinhos

138.5

139.0

139.5

140.0

140.5

141.0

141.5

142.0

142.5

1.548 1.550 1.552 1.554 1.556 1.558 1.560 1.562 1.564 1.566

∂γ〈Qt

2
〉γnp

∂γ〈Qs
2
〉γnp

γnp

〈Q
2
〉γnp

〈Q
µ

2
〉

γ

U(3) on a 16
3
 x 32 lattice

timelike

spacelike

Figure 2: Fluctuations of the conserved charges in the timelike (purple) and spacelike (green) directions, as
a function of the bare anisotropy γ , in U(3) QCD. The intersection point corresponds to the critical value of
γ for which the physical box is hypercubic, while the lattice has an anisotropy ξ (γnp) =

Nt
Ns

= 2.
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Figure 3: Nonperturbative relation between the bare and renormalized anisotropy in U(3) QCD (left), and
its deviation from the mean field prediction (right).

where
〈
Q2
〉

γnp
is the variance at γ = γnp, and the denominator depends only on the difference of

their slopes at γ = γnp. We determine all these quantities by finding the intersection point of the
curves of Q2

t and Q2
s , which are constructed using multi-histogram reweighting (Fig. 2).

We determine γnp for several aspect ratios, Nt
Ns

= ξ ∈ {2,3,4,5,6}, and for different spatial
sizes, in U(3) and SU(3) QCD. In the thermodynamic limit, the functional dependence ξ (γ) ap-
pears to be quadratic for large γ (Fig. 3, left). Mean field arguments also predict a quadratic de-
pendence in the large γ limit: ξ (γ) = γ2 [7], but the non-perturbative prefactor differs from the
mean-field one by ≈ 25% (Fig. 3, right).

6. Energy density vs. temperature

Given the relation between the bare and renormalized anisotropies, and the corresponding
running (Fig. 3), the remaining ingredient for an accurate determination of the energy density (4.1a)
in U(3) QCD is a precise measurement of the density of timelike dimers, nDt .

In order to determine the dependence of the energy density ε on the temperature T , we first
need to accurately subtract from it the T = 0 contribution, ε0. We compute ε0 by taking the ther-
modynamic limit of the density of timelike dimers evaluated on a hypercubic lattice:

4
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Figure 4: Scaling of the energy density with the physical anisotropy, at T = 0 (left), and the subtracted
energy density (ε(T )−ε0) as a function of the temperature (right), both for U(3) QCD. There are significant
deviations to the equation of state of an ideal pion gas, for low temperatures and for temperatures near Tc.
Note that the lowest temperature reached is O(15 MeV).

a4
ε0(ξ ) = lim

Ns→∞

ξ 2

γ

dγ

dξ
〈2nDt〉

∣∣∣∣
Nt=ξ Ns

(6.1)

We observe that ε0 scales approximately linearly with ξ , for large ξ (Fig. 4, left), similarly to an
ideal gas of massless scalar bosons on the lattice [1], but with a different non-universal prefactor.

At finite temperature, we compute the energy density a4∆ε(Ns,Nt ,ξ ), with the ε0 contribution
subtracted, on N3

s ×Nt lattices, for fixed aT = ξ

Nt
, and for several spatial sizes. We then take the

thermodynamic limit of a4∆ε , assuming O(N−3
s ) corrections.1 We express both energy density and

temperature in units of the critical temperature of the chiral phase transition, which for U(3) is
aTc = 1.466 and for SU(3) is aTc = 1.089.2

The dependence of the energy density on the temperature, in U(3) QCD, is given in Fig. 4
(right). The data points seem to fall on an universal curve, which deviates from SB (dotted line) at
temperatures near Tc, and also at low temperatures. It is qualitatively consistent with the (analytical)
mean field prediction in the large N limit (solid line).3

The surprising deviation from SB at low temperatures may be due to finite size effects: the
data points at the lowest temperatures require large Nt , but are computed for possibly not large
enough values of Ns. Simulations with larger spatial volumes are required for a better control of the
thermodynamical limit. On the other hand, the deviation from SB at high temperatures may be due
to an UV cutoff effect, and simulations with larger values of ξ are required in order to increase Nt ,
at fixed temperature. At intermediate values of the temperature, the energy density is the closest to
SB, with a small discrepancy which may be due to a finite-ξ effect: SB scaling is only expected to
be exact in the ξ → ∞ (continuous time) limit.

1 Inspired by the lessons of the ideal gas of massless scalar bosons on the lattice (Section 2), we take the thermody-
namic limit, Ns→ ∞, by only using lattices for which Ns ≥ 2Nt , in order to minimize the finite-size corrections.

2 In the literature, the values of the critical temperature, namely aTc = 1.8843(1) for U(3) [5] and aTc = 1.402(2)
for SU(3) [8], are determined assuming the mean field relation between the bare and renormalized anisotropy couplings,
i.e. aTc = γ2atTc. Using our non-perturbative method for setting the anisotropy scale, the corresponding values for the
U(3) and SU(3) critical temperatures, aTc = ξ (γ)atTc, deviate from those in the literature by ≈ 25%.

3 In this mean field approach, the critical temperature is not easy to fix. For comparison with the U(3) and SU(3)
data, we set the critical temperature to the U(3) mean field value: aTc = 5/2 [7].
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Figure 5: Comparison of the energy densities in U(3) QCD (blue) and SU(3) QCD (red), as a function of
the temperature, in units of the critical temperatures of the respective chiral phase transitions. The large error
bars in SU(3) QCD, at low temperatures, are due to large fluctuations in the baryonic sign. The mean field
curves are computed analytically in the large N limit, and we set aTc,U(3) = 5/2 and aTc,SU(3) = 5/3 [7].

Using the same approach, we have also computed the energy density as a function of the
temperature in SU(3) lattice QCD. A comparison between the U(3) and SU(3) theories is shown
in Fig. 5. The difference between the two cases is the additional contribution of baryon loops to the
SU(3) theory, which also introduces a sign problem, thus increasing the statistical error, especially
for the large volumes required at low temperatures.

At high temperatures, up to Tc, the SU(3) energy density is consistent with SB, and consistently
higher than that for U(3), which we understand as being due to the thermal excitation of the extra
baryonic modes, which contribute to the total pressure (and energy density).

In conclusion, the ideal pion gas is a reasonably good approximation for the low T regime of
U(3) and SU(3) lattice QCD. Deviations from it, associated with pion interactions and with the
thermal excitation of massive hadrons, can be quantified and deserve further study. The study of
the equation of state can also be extended to the cases of non-zero quark mass and of non-zero
chemical potential.
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