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We present preliminary calculations towards radiative transitions in charmonium using
anisotropic N f = 2 + 1 dynamical ensembles generated by the Hadron Spectrum Collaboration.
With the use of newer technologies we aim to investigate transitions between states, including potential exotic charmonium states, lying higher in the spectrum than in previous studies. A crucial
ingredient in this work is the use of variationally optimised interpolating operators which allow
for a reliable determination of the three-point correlation functions needed. Using these operators,
we perform first calculations of relevant three-point correlation functions before discussing future
directions.
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1. Introduction

2. Techonology
We are interested in calculating quark-field vector current matrix elements between states m and
n of the form hm| j µ |ni where j µ is the standard vector current. These matrix elements encode, to
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Lattice calculations of hadronic spectra have long been the definitive way of testing the validity
of the theory of quantum chromodynamics in the non-perturbative regime. The comparison of
high-precision spectral calculations with up to date experimental data allows for a rigorous test of
the theory’s description of the strong interaction. The accurate description of the energies of low
lying states in the QCD spectrum has been an important benchmark of lattice studies for many
years. Recently newer technologies and increased computational power have allowed for studies
of higher-lying states and resonances. These studies allow for much more precise determinations
than ever before, as well as providing valuable insight into previously unstudied regions such as
hybrid or exotic states. In particular for charmonium and charmed mesons see Refs. [1, 2, 3].
Charmonium, frequently characterised as the “hydrogen atom” of meson spectroscopy due
to the fact that it is non-relativistic enough to be reasonably well described by certain potential
models, is the perfect testing ground for a comparison of theory with experiment. Over the last
decade there has been a renewed interest in spectral calculations due to the experimental discovery
of many unexpected states. Specifically in the case of charmonium, so-called X,Y, Z states highlight
the need for a more complete theoretical understanding of the hadronic spectrum, be they hybrid
mesons, tetra-quarks or some other hitherto unknown form of matter. Similarly, in the charm-light
sector, states such as the Ds0 (2317)± and Ds1 (2460)± have been found to have much narrower
widths than expected. For recent reviews of these topics see [4, 5].
To accurately understand the spectrum we must also investigate properties other than masses,
such as decay rates. In the charmonium system the lowest-lying states lie below the DD̄ threshold,
resulting in relatively narrow widths due to the absence of OZI allowed strong decays. This means
that radiative transitions, transitions from an initial state to final state via the emission of a photon,
can have significant experimentally accessible branching ratios, and lattice calculations of such
quantities can go a long way to provide valuable insight for experiment.
As an example, an investigation of these transition rates, through calculations of electromagnetic vector current matrix elements, gives access to a hadron’s photocoupling as well as it’s underlying quark and charge distributions. Calculations of this photocoupling, a measure of how strongly
the hadron couples to the photon, would be of particular interest to experimentalists as a test of the
expectation that the photoproduction rate of hybrid states is large.
In these proceedings we will discuss the technologies to be used to probe these transitions on
dynamical ensembles, first introduced in a recent calculation of radiative transitions in the light
sector in Ref. [6], with the ultimate aim of studying transitions between excited states in the charmonium spectrum. There have been some investigations into lower lying transitions, such as those
seen in references [7, 8, 9, 10]. However this will be the first dynamical calculation of excited
charmonium transitions using the Hadron Spectrum Collaboration’s approach. Previous studies of
radiative transitions in charmonium on quenched lattices can be seen in Ref. [11].
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Lattice Volume
203 × 128

Mπ (MeV)
391

Ncfgs
50

Ntsrcs
1

Nvecs
128

Table 1: Information on the lattice gauge field ensemble used in this preliminary analysis, where Mπ is the
pion mass, Ncfgs and Ntsrcs are the number of gauge field configurations and time-sources per configuration
and Nvecs is the number of eigenvectors used in the distillation framework.

hh0J 0 (λ 0 ,~p0 )| j µ |hJ (λ ,~p)i = ∑ Ki [h0J 0 (λ 0 ,~p0 ); hJ (λ ,~p)]Fi (Q2 ).
µ

(2.1)

i

If the initial and final state hadrons are the same we extract the radiative form-factors Fi (Q2 ), where
the photon’s virtuality, Q2 = −q2 = |~p0 −~p|2 − (Eh0 (~p0 ) − Eh (~p))2 , measures the extent to which the
photon is off shell. Transition form-factors are similarily extracted from matrix elements between
different initial and final states.
Technically, in the case of charmonium, we do not have radiative form-factors as hidden-charm
mesons are eigenstates of charge-conjugation. The physical interpretation of this is that the photon
couples equally to both the quark and anti-quark in the meson. In our analysis we choose to couple
only to the quark, allowing us to probe the vector current’s distribution as a function of virtuality
within the meson.
2.1 Optimised operators and spectroscopy
The key ingredient in any lattice spectroscopic calculation is the two-point function
Ci j (t) = h0|Oi (t)O†j (0)|0i.

(2.2)

Using the distillation framework [12], we compute correlation functions for a large basis of operators Oi , and diagonalize Ci j (t) by solving the generalized eigenvalue problem (GEVP),
Ci j (t)v(n) = λn (t,t0 )Ci j (t0 )v(n) ,

(2.3)

for a carefully chosen reference timeslice t0 . From this we extract the generalised eigenvalues λn
and the generalised eigenvectors v(n) , which are related to spectroscopic quantities of interest. In
the construction of these correlation functions all of the interpolators used are of the form
[J,P,|λ |]

OΛ,µ

(~p) =

∑

η̃,λ̂ JP,λ̂
SΛ,µ
O (~p).

(2.4)

λ̂ =±|λ |

These operators, with momentum ~p, have been subduced into the appropriate irreducible represenη̃,λ̂
tations, Λ, and row µ, of the lattice symmetry group using the subductions coefficients SΛ,µ
, where
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leading order in αem , the coupling of mesons and baryons to the photon. For our analysis we have
j µ = 23 c̄γ µ c, where 23 is the charm quark charge in units of e.
Due to constraints from Lorentz invariance, these matrix elements between a hadron h of spin
J and helicity λ along ~p, and a second hadron h0 with J 0 , λ 0 ,~p0 can be expanded as a sum over
multiple form factors and Lorentz kinematic factors Ki , as discussed in Ref. [6],
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Figure 1: emηc t /2mηc h0|O(t)O† (0)|0i plotted for the ηc at rest using the optimised ηc -like operator (shown
in red) and the standard ψ̄γ5 ψ operator (in black). The earlier plateau in the case of optimised operators can
be seen clearly.

η̃ ≡ P(−1)J . The helicity operators, OJ,λ , with continuum spin J, parity P and helicity λ are of
the form
(J)∗

OJ,λ (~p) = ∑ DMλ (R)O J,M (~p).

(2.5)

M

Here D is a Wigner-D matrix and R is the (active) transformation that rotates (0, 0, |~p|) to ~p. O J,M ∼
←
→ ←
→
CGs(m1 , m2 , m3 , ...) ∑~x ei~p·~x ψ̄(~x,t)Γm1 D m2 D m3 ...ψ(~x,t) is a fermion bilinear operator with spin J
and spin z-component M, formed by coupling together vector-like gamma matrices Γ and gauge←
→
covariant derivatives D with the appropriate Clebsch Gordan coefficients. ψ(~x,t) are the distillation smeared quark fields. For more information on these operator constructions, and a discussion
on the zero momentum case, see Refs. [13, 14].
In general, each of these operators will have some overlap with each state having the same
quantum numbers. It is known that some linear combination of operators in the basis will overlap
most strongly onto the desired eigenstates. It can be shown that the best estimates for the weights
of this linear combination (in a variational sense) come from solving the GEVP, [15], motivating
the formation of optimised operators as
[J,P,|λ |]†

Ωn,Λ,µ

(~p) =

p

(n)

[J,P,|λ |]†

2En e−Ent0 /2 ∑ vi Oi,Λ,µ

(~p),

(2.6)

i

with En being the energy of the nth eigenstate. For a demonstration of the feasability of using the
GEVP method to extract multiple excited states in the charmonium spectrum, see Ref. [2].
Correlators utilising these optimised operators show a plateau a number of timeslices earlier
than those using the unimproved equivalent, as seen in Figure 1. This allows for the reliable
extraction of spectral information at earlier times, which is of special importance for transitions
between excited states.
3
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Figure 2: Preliminary value for zero momentum transfer form factor on 50 configurations. Plotted are
the spatial (squares) and temporal (triangles) unrenormalised ηc form factor for different values of n2p =
L 2
( 2π
) |~p|2 , with the bands giving the statistical average and one sigma uncertainty.

2.2 Extracting form factors
To access matrix elements of interest in the extraction of radiative form-factors one must look at
three point correlation functions, with vector current insertion j µ
Ci j (∆t,t) = h0|Oi (∆t) j µ (t)O†j (0)|0i.
µ

(2.7)

Here Oi , O†j are from the basis of interpolating fields and j µ is inserted at time t such that ∆t > t > 0.
All operators used, as well as the vector current insertion are projected onto definite momentum.
As before, these interpolators will have some overlap with all states having the same quantum
numbers. The correlation functions can be expanded as
µ

1 1 −Em (∆t−t) −En t
e
e
h0|Oi (0)|mihm| j µ (0)|nihn|O†j (0)|0i.
2E
2E
m
n
m,n

Ci j (∆t,t) = ∑

(2.8)

This sum contains contamination from many excited states as well as the desired matrix element,
hm| j µ (0)|ni. Using improved interpolators which project onto the states m and n, and a normalization where hn|Ω†n |0i = 2En (due to Eqn. 2.6), the three point function simplifies to
µ
Cmn
(∆t,t) = h0|Ωm (∆t) j µ (t)Ω†n (0)|0i = e−Em (∆t−t) e−Ent hm| j µ (0)|ni + ...

(2.9)

The ellipsis represents left-over contamination from higher excited states that is suppressed with the
use of appropriately chosen t and ∆t. The desired matrix elements are then extracted by dividing
out the euclidean time dependence from the three point functions. For more information on the
distillation method and the use of generalised perambulators in the computation of three point
functions see Ref. [6].
2.3 Renomalisation and improvement of the vector current
The local vector current ψ̄γ µ ψ, is not conserved on the lattice, and must be multiplicatively renormalised by a factor ZV . This factor can be different for the spatial and temporal currents, ZVs and ZVt
4
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respectively, due to the anisotropic lattice. We choose to extract ZV from the pseudoscalar charge
form-factor, Fηlat
, which appears in the decomposition of correlation functions with improved ηc
c
interpolators at the source and sink for zero momentum transfer. We insist that this should take its
continuum value of unity, such that
ZV =

Fηcont.
(0)
c
Fηlat.
(0)
c

=

1
Fηlat.
(0)
c

.

(2.10)

Using improved ηc operators in the definition above we find
µ

(2.11)

up to some small pollution from higher lying states which should be minimal. This can be checked
to be insignificant by varying ∆t. In the case of the ηc , the decomposition of the matrix element
into form factors is given as
hηc | j µ |ηc i = (p + p0 )µ Fηc (Q2 ).

(2.12)

As an illustrative example, when both source and sink particles have the same momenta we find,
where there is no sum over µ,
1
1
µ
hηc | j µ |ηc i = µ eEηc ∆t Cηc ηc (∆t,t).
(2.13)
2pµ
2p
Figure 2 shows a preliminary extraction for one timesource on 50 of the available configurations of
the unrenormalised zero momentum transfer ηc form factor. The difference between the temporal
and spatial values extracted for Fηc highlights the need for a different renormalisation factor ZV for
the temporal and spatial directions.
Fηc (0) =

3. Future directions
A possible enhancement would be to use an improved current in future calculations. The anisotropic
discretisation introduces a tree level O(a) improvement term which amounts to replacing the Euclidean current jµ = ψ̄γµ ψ with
1 νs
(1 − ξ )as ∂ j (ψ̄σ0 j ψ))
4ξ
1
jk = ZVs (ψ̄γk ψ + (1 − ξ )at ∂0 (ψ̄σ0k ψ)),
(3.1)
4
where ξ = as /at is the anisotropy and νs is a parameter appearing in the anisotropic fermion action. Note that a mass-dependent term has been absorbed into our renormalisation factors. As
σµν = 2i [γµ , γν ], improving the current amounts to in addition calculating correlators of the form
h...|ψ̄γ0 γi ψ|...i
In summary, we have introduced the technology needed to compute radiative transition formfactors for transitions involving excited states in the charmonium spectrum. The introduction of
optimised operators which overlap strongly with a single state in the spectrum was motivated by the
need to study transitions between higher excited states in the spectrum, which have been relatively
unstudied up until now and will encompass the next stage of this work.
j0 = ZVt (ψ̄γ0 ψ +
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