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Our results of charm physics in N f = 2 + 1 lattice QCD are presented. The calculation is performed on configurations generated using Iwasaki gauge and six stout smeared O(a)-improved
Wilson quark actions with the smearing parameter ρ = 0.1 on a 964 lattice at β = 1.82 (a−1 =
2.3 GeV) with the spatial extent L = 8.1 fm. The pion mass at the simulation point is almost
physical, mπ = 146 MeV, extrapolated to the physical point by use of reweighting. The relativistic heavy quark action is utilized for the charm quark. We exhibit the charmed spectrum and the
charm quark mass, focusing on stout smearing influence.
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1. Introduction

2. Simulation parameters
Measurement of the charm quantities is carried out with the relativistic heavy quark action of
Ref. [2] on the 2+1 flavor lattice QCD configurations generated by the PACS Collaboration [5].
The nonperturbatively O(a)-improved Wilson quark action with cNP
SW = 1.11 is employed using six
stout smearing with the smearing parameter ρ = 0.1 [6, 7]. The gauge action is Iwasaki type [8].
The lattice size is 963 × 96 with the lattice spacing of a−1 = 2.33(2) GeV at β = 1.82. The dynamical up-down and strange quark masses at the simulation point are close to their physical values,
corresponding to the pion mass mπ = 146 MeV. A short chiral extrapolation is performed adopting a reweighting technique for production of data around the simulation point. The value at the
physical point is obtained by fitting these reweighted data. The number of configurations is 200,
corresponding to 2000 MD time. Our statistical errors are analyzed by the Jackknife procedure
with a bin size of 50 traj.
The relativistic heavy quark action is given by
SQ = ∑ Qx Dx,y Qy ,
x,y

1

(2.1)
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Lattice QCD is a robust tool for charm physics. A number of simulations are performed to
investigate the charm quark system non-perturbatively. Recent results by lattice QCD are summarized by FLAG Working Group [1]. A lattice calculation for the charm quark needs control of
large cutoff errors due to the charm quark mass, which is mcharm a ∼ 0.4 at a typical lattice spacing of a−1 = 2 GeV. Conventional lattice quark actions as well as heavy quark improved actions
are adopted for a charm quark on the lattice. Our choice is the relativistic heavy quark action of
Ref. [2]. This action is formulated to reduce heavy quark mass corrections of O((mQ a)n ) with arbitrary order n to O( f (mQ a)(aΛQCD )2 ), where f (mQ a) is an analytic function around the massless
point mQ a = 0.
In our previous works [3, 4], simulations of the charm quark system are accomplished on
the physical point. Uncertainty from the chiral extrapolation is completely removed. There are,
however, still two remaining major sources of systematic errors. One is the discretization error.
It is reduced by the improved action, and shall vanish in the continuum limit. We are generating
gauge configurations with lattice spacings down to 3 GeV to complete a continuum extrapolation.
The other is the finite size effect. Although it is small for charmed hadrons due to a large mass
of the charm quark, an indirect finite size effect can appear through determination of the physical
point. The physical point is defined by masses of π , K mesons and Ω baryon. Finite size effects to
these masses shift an estimated value of the physical point.
PACS Collaboration performs a large spatial volume simulation on a 964 lattice near the physical point with the pion mass mπ = 146 MeV [5]. The spatial size is L = 8.1 fm, mπ L = 6, in which
the finite size effect is suppressed enormously. Our results for charm physics on this lattice are
reported.
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"
#

−κh cB ∑ Fi j (x)σi j + cE ∑ Fi4 (x)σi4 ,
i, j

i

(2.2)

i

3. Result
Charmonium masses are extracted by fitting the correlators with a hyperbolic cosine function.
The fitting range is [tmin ,tmax ] = [30, 35] for pseudoscalar and vector mesons, and [tmin ,tmax ] =
[20, 25] for others channels. Data in a large t region are not used for our analysis, where rounding
errors can be sizable in comparison with the statistical errors.
Measured masses of charmonium are extrapolated to the physical point by a linear function of
the up-down and the strange quark masses normalized by Ω baryon mass, which defines the lattice
spacing,
exp
phys
(m/mΩ )MΩ = A + B(mud − mud ) +C(ms − mphys
),
(3.1)
s
2
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where κh is a hopping parameter of the heavy quark Q. The four parameters ν , rs , cB , cE are
calibrated in a mass dependent way. The one-loop perturbative values are used for rs , cB and cE [9].
In contrast to our previous works [3, 4], no tadpole improvement is adopted. Our plaquette value is
close to one, plaq=0.97, which suggests the tadpole contribution is almost eliminated by the stout
smearing of the gauge link. For the clover coefficients cB and cE the nonperturbative contributions
NP
are included in part by cB,E = (cB,E (mQ a) − cB,E (0))PT + cNP
SW , where cSW = 1.11 is the value at the
massless limit. The parameter ν is nonperturbatively determined from the dispersion relation for
the spin-averaged 1S state of the charmonium, E(~p)2 = E(~0)2 + c2eff |~p|2 . ν is adjusted such that the
effective speed of light ceff becomes unity.
Figure 1 represents the dispersion relation and the effective speed of light. The large spatial
volume 963 provides fine resolution for momentum. The effective speed of light can be determined
with high precision. The effective speed of light with a perturbative choice of ν is close to one by
the heavy quark action improvement, but slightly underestimated by 4%. Non-perturbative tuning
of ν realizes c1S
eff = 1, as plotted in Fig.2.
Charmonium masses are calculated using standard operators defined by MΓ (x) = Q̄(x)ΓQ(x),
where Γ = I, γ5 , γµ , iγµ γ5 , i[γµ , γν ]/2. Point and wall sources as well as a local sink are utilized for
them. The number of source points is four, and polarizations are averaged to lessen the statistical
fluctuations. The physical point of the charm quark is identified by the condition that the mass
exp
+ 3MJ/
of the spin-averaged 1S state reproduces the experimental value, M exp (1S) = (Mηexp
c
ψ )/4 =
3.0685(1) GeV [11]. Two values of κh are chosen to interpose the physical charm quark mass, as
compiled in Table 1.
It is noted the stopping condition ε > |Dx − b|/|b| must be strict for a calculation of the charm
quark propagator [10]. A result with a loose stopping condition deviates from the strict value,
where the correlation function has a tiny value comparable with the stopping condition squared. In
this work, ε = 10−14 is set for inversions of the charm quark matrix.
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Table 1: Simulation parameters. (κud , κs ) = (0.126117, 0.124790) is the simulation point, while the others
are reweighted points.

0.020

κs
0.124790
0.124812
0.124824
0.124834
0.124768
0.124790
0.124812

κh
0.098405, 0.099017
0.098405, 0.099017
0.098405, 0.099017
0.098405, 0.099017
0.098405, 0.099017
0.098405, 0.099017
0.098405, 0.099017
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κud
0.126111
0.126111
0.126111
0.126111
0.126117
0.126117
0.126117
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96 ×96, Nstout = 6, β = 1.82, CSW = 1.11
κud = 0.126117, κs = 0.124790
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Figure 1: Dispersion relation of a charmonium in pseudoscalar and vector channels.

exp

where A, B,C are fitting parameters, and MΩ = 1.6725(3) GeV [11]. Since our simulation is perphys
phys
formed near the physical point, max |mud − mud | = 1 MeV and max |ms − ms | = 10 MeV, higher
order corrections are expected to be diminutive. In fact, little dynamical quark mass dependence
is observed for the charmonium spectrum within the range of our quark masses. Fig. 3 exhibits
our results for the charmonium mass spectrum. They are consistent with the experimental values
within the error, except for the hyperfine splitting.
Figure 4 focuses on the hyperfine splitting mJ/ψ − mηc . The extrapolated result shows a 14%
deficit from the experimental value. Gauge link smearing does not shrink the difference between
our lattice result and the experimental value of the hyperfine splitting. The main source of the
discrepancy must be a discretization effect. The continuum limit is needed to draw a definitive
estimation.
D
E
mPS
The charm quark mass is obtained by the axial Ward-Takahashi identity, mAWI
charm = 2
imp
A4

0|Aimp
4 |PS
h0|P|PSi

where P is the pseudoscalar meson operator, and
is the improved axial vector current defined

imp
+
Q̄(x)
Q(x)
.
A
perturbative
value is set for the improvement co∂
γ
by A4 = Q̄(x)γ4 γ5 Q(x)+c+
5
A4 4
+
efficient of the axial vector current cA4 [12]. In contrast to CSW case, non-perturbative contribution
at the massless limit is not included for c+
A4 , as is found to be consistent with zero. The renormal3

,
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Figure 2: Effective speed of light for the spin-averaged 1S state of the charmonium with a perturbative and
nonperturbative choice of the action parameter ν .
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Figure 3: Charmonium spectrum.

AWI
ized charm quark mass in the MS scheme is given by mMS
charm (µ ) = Zm (µ )mcharm . The renormalization factor consists of a perturbative estimate [12], combined with the non-perturbative value
NP (µ = 2GeV) =
at the massless point, Zm (µ ) = (Zm (µ , mQ a) − Zm (µ , 0))PT + Zm (µ )NP , where Zm
0.995(14) [13]. It is noticed that the stout smearing is efficient in reducing uncertainty of the renormalization factor, which is a major source of the systematic errors of the charm quark mass. The
renormalized charm quark mass is evolved to µ = mMS
charm by four-loop beta function [14]. Fig. 5
collates the results of the charm quark. As in the case of light quark masses [5], our result has a
smaller value than the FLAG average [1]. A finite lattice spacing seems to cause the discrepancy.
The right panel of Fig. 5 explains the charm quark mass normalized by the strange quark mass.
The discretization error is reduced in a ratio of quark masses. The deviation from the FLAG value
decreases.

4. Conclusion
Our results of charmed quantities are reported. The measurement is executed near the physical
4
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96 ×96, Nstout = 6, β = 1.82, CSW = 1.11
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Figure 4: Hyperfine splitting of the charmonium as a function of mAWI
ud . A vertical dotted line denotes the
physical point.
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Figure 5: Charm quark mass (left panel), and mass ratio of the charm quark to the strange quark (right
panel).

point at a−1 = 2.3 GeV with a spatial extent L = 8.1 fm, mπ L = 6, using six stout smeared O(a)improved Wilson quark action with the smearing parameter ρ = 0.1 and Iwasaki gauge action in
N f = 2 + 1 QCD. The relativistic heavy quark action of Ref. [2] is applied to the charm quark. The
large spatial volume yields insignificant finite size effects to not only charmed hadrons but also
light hadrons which define the physical point.
The charmonium spectrum obtained in our calculation agrees with experiments, except for
the hyperfine splitting. Our hyperfine splitting underestimated the experimental value, as in our
previous work at a−1 = 2.2 GeV with no stout smearing [3]. It indicates the stout smearing is not
profitable to reduce a lattice artifact in the hyperfine splitting. For comprehensive evaluation of the
stout smearing, other measurements such as the heavy-light system, form factors are performed. In
contrast, the stout smearing shows an advantage in a computation of the charm quark mass. The
uncertainty of the renormalization factor is reduced. Our result of the charm quark mass deviates
from the FLAG average, but the difference decreases significantly in the quark mass ratio. It
suggests the deviation is caused by a finite lattice spacing. The remaining task is the continuum
5
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extrapolation. The continuum limit will be achieved employing gauge configurations at finer lattice
spacings, which are under generation.
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