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We consider a field theoretical model where a SU(2) fermion doublet, subjected to non-Abelian
gauge interactions, is also coupled to a complex scalar field doublet via a Yukawa and an irrelevant
Wilson-like term. Despite the presence of these two chiral breaking operators in the Lagrangian,
an exact symmetry acting on fermions and scalars prevents perturbative mass corrections. In
the phase where fermions are massless (Wigner phase) the Yukawa coupling can be tuned to a
critical value at which chiral transformations acting on fermions only become a symmetry of the
theory (up to cutoff effects). In the Nambu-Goldstone phase of the critical theory a fermion mass
term of dynamical origin is expected to arise in the Ward identities of the purely fermionic chiral
transformations. Such a non-perturbative mechanism of dynamical mass generation can provide a
“natural” (a la "t Hooft) alternative to the Higgs mechanism adopted in the Standard Model. Here
we lay down the theoretical framework necessary to demonstrate the existence of this mechanism
by means of lattice simulations.
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1. The mechanism in a simple model

In [1] a new non-perturbative (NP) mechanism for the elementary particle mass generation was
conjectured. Existence and viability of this phenomenon can be tested in the toy model described

by the Lagrangian
ZOy(QuA)CD) = ﬁ(ln(QaAch) + V(CI)) + gWil(QvAa CI)) + agYuk(Qa CI)) ’ (ll)
1 _ i 1 .
ZLiin(Q,A,®) = Z(F F)+ 01901+ 0r? Or+ Etr [8u<1>‘ 8“<I>] (1.2)
¥ (D) — 1 ¥ Ao tp] )2
(@) = 5 r[@T0] + - (tr [0 (1.3)
»: _ .
Lya(QA,P) = p (0.7 @20k + 0r 7y @ 2,01) (1.4)
Zru(Q,®) = 1 (0L POr+ 0rP Q1) (1.5)

where b~! = Ayy is the UV-cutoff. The Lagrangian (1.1) describes a non-Abelian gauge model
where an SU(2) doublet of strongly interacting fermions is coupled to a complex scalar field via
Wilson-like (eq. (1.4)) and Yukawa (eq. (1.5)) terms. For short we have used a compact SU(2)-like
notation where Q; = (uy dz)” and Qg = (ug dg)” are fermion iso-doublets and @ is a 2 x 2 matrix
with @ = (¢, —it?¢*) and ¢ an iso-doublet of complex scalar fields.

The term 7' (®) in eq. (1.3) is the standard quartic scalar potential where the (bare) parameters Ay
and ,ug control the self-interaction and the mass of the scalar field. In the equations above we have
introduced the covariant derivatives

Dy = Oy —igAAL, Ty=9 y+igAAY, (1.6)

where AZ is the gluon field (a = 1,2,... 7NC2 — 1) with field strength Flfv. A crucial r6le in the
model is played by the d = 4 Yukawa term %%, and the Wilson-like d = 6 operator .%jy;;. For
dimensional reasons the latter enters the Lagrangian multiplied by b

Besides Lorentz, gauge and C, P, T, CPF, symmetries (see Appendix B of [1]), £,y is invari-
ant under the following (global) transformations ) and xr

o KR (D— QD) xR HRD (P — Q) (1.7)
Or/r = Qr/ROL/R

Ar:q i Qr/r € SU(2)/r (1.8)
Or/r — QL/R'QZ/R

The model (1.1) is power-counting renormalizable (as LQCD is) with counter-terms constrained

by the exact symmetries of the Lagrangian. In particular, owing to the presence of the scalar field
and the related exact y;, ® xr symmetry, no power divergent fermion mass terms can be generated.

1.1 Fermionic chiral symmetry enhancement

For generic values of the parameters (p,n) # (0,0) , Zoy is not invariant under the chiral
transformations j¥; and Jr (eq. (1.8)). We are interested in the case where fermionic chiral sym-
metries are not exact as the breaking terms can polarize the vacuum under dynamical symmetry
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breaking due to strong interactions. To study possible enhancement of ¥; symmetry (by parity the
same will hold also for Jz) we consider the (bare) jy; WTIs, v.i.z.

9u<fﬁi(X)5’(0)>=(~i5°(0)>5() <(QL d>QR—QR<I>T QL)() 0(0))+
2
200705 7,0 - 027 @' %QL)() 6(0)), (1.9)

where AL ©(0) is the variations of &'(0) under ¥, and the non-conserved currents associated are

§ i b2
Tt =0 20— 20 (0. 502,00 - 07,97 201, (1.10)

Under renormalization the d = 6 operator OL' = Ip {QLgﬂ%id)@”QR — h.c.] mixes with two

d = 4 operators, plus a set of six-dimensional ones that we globally denote by [0%"]”,;, I viz.

oLi — [Og’} o+ ZJTzlaufﬁi [QL <I>QR he. ] (1.11)
where Z; and 1 are functions of the dimensionless bare parameters entering (1.1) and hence de-
pend on the subtracted scalar squared mass ,ufub = ,ug — b?1 through the combination b? uszub that is
a negligible O(b*) quantity [1]. Thus we write Z; = Z;(n;82,p,A0) and 1 = 71(n;&2,P,X). El-
lipses in the r.h.s. of eqs. (1.11) denote possible NP contributions to operator mixing, the possible
occurrence of which will be discussed below. Plugging (1.11) in to (1.10) we get

I ZTi" (x) 6(0)) = (AL.6(0))8(x) — (N —T) (Oy(x) €(0)) + ... +-O(2?). (1.12)

Setting 1 = Nc+(g3, P, Ao) such that n.,(g7,p,A0) — 7 (Ner: 85, P> Ao) = 0 the WTI become

Iu(ZiT (x) 6(0)) = (AL 6(0))8(x) +...+O(b?), (1.13)
implying restoration of the fermionic ¥, ® ¥ symmetries up to O(b%) UV cutoff effects.

1.2 Mass generation mechanism in the critical model

The physics of the model (1.1) at the critical value 7, crucially depends on whether the pa-
rameter ug is such that #'(®) has a unique minimum (Wigner phase of the y; symmetry, uszuh > 0)
or whether ¥ (®) develops the typical “mexican hat” shape (Nambu—Goldstone phase tuszub <0). In
the Wigner phase no NP terms (i.e. ellipses) are expected to occur in the mixing pattern of eq. (1.11)
and the transformations j leads to eq. (1.13) without the ellipses.

In the Nambu-Goldstone phase a non-perturbative term is expected/conjectured[1] to appear
in the mixing pattern of eqgs. (1.11) leading to a WTI of the form

A ~: A

Ou(ZITE(5) 0(0))n, = (B,0(0))0, 6()+ (CIAQL S Qe +he]6(0) +O()  (1.14)

'We do not need to resolve the mixing among the different d = 6 operators as they only yield negligible O(b?)
effects. To simplify the mixing pattern (1.11) we have used B,JJ“ =0, where Jﬂ is the Noether current associated with
the exact symmetry yy, (sec. 1)
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where
@ v+o+iTT

U = = .

Voie /(v+o)l2+TT
% is a dimensionless non-analytic function of @ that has the same transformation properties as the
latter under Y, x xg and is well defined only if (®) = v # 0. In the local effective action F%f of

the theory the term CyA[Q; % Qg + hc] plays the role of a mass term. It does not stem from the
Yukawa term and, interestingly, can give a natural understanding of the fermion mass hierarchy

(1.15)

problem (see discussion in [1]).

An idea of how the mechanism works can be obtained from a perturbative expansion where
Feynman diagrams are evaluated with the Lagrangian (1.1) augmented by few extra term repre-
senting the expected O(bh*) NP effective vertices [1], as those shown in fig. 1 These vertices can be
inserted together with O(h?) vertices coming from the term (1.4) in diagrams like the ones depicted
in fig. 2, giving rise to finite self-energy contributions.

It is worth noticing that if the mechanism we have conjectured really exist it will generate a NP
mass therm for the fermions even in the quenched approximation where the vertices (b) and(c) of
fig. 1, and thus the two rightmost diagrams of fig. 2, are still present.

"“‘@""“ L/R . L/R L/R L/R

(@) (b) ()

Figure 1: Some of the NP O(bzAsocsz) effective vertices that are conjectured to arise [1] in the
Nambu-Goldstone phase of the model.

Figure 2: Typical lowest order self-energy "diagrams" giving rise to dynamically generated quark
mass terms. The grey box represents the insertion of the Wilson-like vertex stemming from Zyi;.
The dotted line represents the propagation of a scalar particle. The b~* loop divergency is cancelled
by the two vertices O(b?) giving rise to a finite result.

2. Lattice quenched study of .Z},,: regularization and renormalization

Numerical simulations of lattice models with gauge, fermions and scalars are not common and
technically challenging?. In this first numerical study of the model (1.1) we can limit ourselves to

2To our knowledge this is the first numerical study of a model with fermions, scalars and non-Abelian gauge fields
in strong interaction regime.
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a quenched-fermion simulation of the lattice regularized action

Siw =" L {2 U]+ 2050 (@) + ¥ (@) +¥Da[U, 2]} @
ZLEMU] : SU(3) plaquette action (2.2)
L)+ ¥ (D) = %tr (@7 (—0;;0,)®] + % tr[dTd] + % (tr [@' D] )2, (2.3)

where we have set ® = @yl + ip;7/
~ 1 ~ -
(DialU, @) W¥)(x) = 3V, B(2) + 1F () B(x) — b 3 F () VY, () (2.4)

2 [(0uF) (U ()T B+ 1)+ (F) (U (x— )V (x— )], 2.5)

with F(x) = [@o1l +iy57/ @;](x) and the lattice derivatives defined as

Vufx) = %(UH(X)f(erﬂ)—f(X)) Vif(x) = l(f(X)—U[L(x—ﬂ)f(x—ﬁ)) (2.6)

V() = 5 (Vu +Vi)F () @)
The Lagrangian (2.1) describes 2 flavours W7 = (u,d) x 16 doublers even in the b — 0 limit. In
fact, the Wilson-like term does not remove the doublers because it has dimension six. This makes
no harm in this quenched study aimed at testing whether the mass generation mechanism occurs at
all. For further unquenched studies domain-wall [3] or overlap fermion [4] will be required.

One can check that the action (2.1) is invariant under global y; ® xr transformations (see
eq.(1.7)) and the lattice version of the discrete P, T, C and CPF, symmetries. The discretization of
the covariant derivatives in the Wilson-like terms of Dy, (the ones with coefficient p) is chosen so
that the lattice action Sj,, is exactly invariant under the "spectrum doubling symmetry" [5].

Px) > W (x) =e "My (x)  P(x) = P (x) = Plo)M], e (2.8)

where H is an ordered set of four-vector indices H = {1, ...}, (U1 < o < ... < ). For
0 < h < 4 there are 16 four-vector 7y with 7y , = 7 if 4 € H otherwise 7y ;, = 0 and 16 matrices
My = (i%sYy )---(iY5Y,). The fact that only symmetric derivatives % appear in the Wilson-like ac-
tions terms and the consequent "spectrum doubling symmetry" guarantee that

a) at tree level the Wilson-like terms contribute only O(b?) effects as it is clear by noting e.g.

*bzzeimvuvuq]( X)| p=(0,6-17+£,0,0)=p = Si0 2(m+be)¥(p)lp—p = (b** + O(b*e*)) P (p),

2.9)
ZelpyYuVu‘P()’)|p:(o7b71n+s,0,0) = —ib~ yusin(bpy)¥(p)lp=p = in(e + O(b*€*)) P (p) ;
3
(2.10)

b) beyond tree level, as far as removal of UV divergencies is concerned, the situation is like it
would be in the p = 0 case: only renormalization of the fermion kinetic term (‘PY~7‘P) and Yukawa
coupling (1) is needed, besides the usual renormalization of gauge and scalar fields and parameters.

This implies in particular that 7,,, the critical value of 7, is well defined (even in the presence
of fermion doubling) and independent from the subtracted scalar squared mass uszub (thus equal for
the Wigner phase and the Nambu-Goldstone phase).
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3. Lattice procedure and correlators

In order to confirm (or falsify) the mass generation mechanism we need to study the renormal-
ized J;—WTIs (eq. (1.12)) and hence to evaluate at least two-point correlators of the form

du(i'(¥)0'(2)) and  (Byy(x)0'(2)) x#z, 3.1

where B%k stands for the variation of the Yukawa term under j};, (see eq. (3.5)) and fﬁ’ is the lattice
version of the current (1.10) given the action (2.1). The local operator &" is taken conveniently so
as to avoid vanishing correlators.

Our procedure starts in the Wigner phase by choosing reasonable values of g2 (hence bAy), p
and Ay and looking for the (critical) value of 11 where

(Oui' (X)), =0, Wiy >0 (3.2)

Ner

As next step we move to the Nambu—Goldstone phase keeping 7 fixed at its critical value, 1., =
Ner(82,0, %) and we check whether

(Ol (1) 0" (2)
(B ()6(2))

In the context of the mechanism under study, the dimensionless coefficient C; should become

T — O(C1Ay)#0, w2, <0. (3.3)
Ner

independent of the scalar vev v ~ |u22,| when A < v? < b~2. Finally one has to check the result
for C; as the continuum limit (b — 0) is taken at some fixed renormalization condition.

Since fermions are quenched, scalar and gauge field configurations can be generated indepen-
L,i

Yok and in order to reduce statistical errors

dently from each other. As customary, we choose &' = B
we study the ratio of zero three-momentum correlators

_ Le0u (" (3.0 By (B 20))

Ry (xo) Ii - Li —
Zf(BYZk(xvxo)BY;tlk(ZazO»

X0 # 20. (3.4)

3.1 Technical remarks

In a numerical simulation on a finite lattice the scalar v.e.v. is always zero, even if [.Lszub < 0.
Hence an ‘axial fixing” of the global ) x xg symmetry [6] is carried out in order to get (®) =v >0
in the Nambu-Goldstone phase. In this phase an IR cut-off to correlators (and a non-zero lowest
eigenvalue for the Dirac matrices to be inverted) will be provided by the scalar v.e.v. if  # 1., and
possibly (even at 11 = 1) by the non-perturbatively generated fermion mass. In the Wigner phase
however (we have checked that) this is not the case and an external IR cutoff must be introduced
in the computations to determine 7., >. One simple way out is to compute all correlators by
approximating Dl;} with DLI (Dla,DlTat + Mg)_1 for a number of small values of Mg and then take
the limit Mg — 0 in the ratio (3.4), which allows to determine 1., and is hopefully smoothly
depending on M}. Another possible approach is to add a term ¥, ¥ (x)m¥(x) to the action (2.1),
which provides the desired IR cut-off (since (Dj4 + m)_1 now enters in correlators) while breaking

only in a soft way the otherwise exact y; ® xr symmetry of the model and not affecting 7.

3This is even more necessary in the quenched approximation, when obviously there is no fermion determinant
suppression for "gauge-scalar” configurations supporting zero modes of D;, [U,®P)].
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3.2 First evidence of a signal

We have started a first exploration of the signal for the correlators entering (3.4) in the Wigner
phase. We choose bare parameters such that bA; ~ 0.1 (8 = 6/g3 = 5.85), b?u?, ~ 0.072, A9 ~
0.592, p = 1 and = 0.2 on a lattice with 163 x 32 sites. To have an IR-cutoff in place we set
b2M?3 = 0.0005 (to be varied later). As shown in fig. 3, we evaluate the correlators Cpp: (t —t9) =
Y (Bruk (X,1) B} (x0,10)) and Cpi (t —10) = Lo (X,1) B}, (x0,10)), where

i

Byu(x,1) = @(X,t)%cb(x,t) ( ! —;}/5> Y(x,1) —@(x,t)dﬂ(x,t)g ( ! —2}/5> Y(x,7) (3.5

as functions of the Euclidean time separation ¢ — ¢y and get a signal while the correlator magni-
tude varies by more than 10 orders of magnitude. Note that in this hyper-preliminary example our
statistics is very limited: just 8 different scalar configurations times 9 gauge configurations (well
decorrelated from each other). In order to improve the signal the action (2.1) is modified by re-
placing (only) in the term ¥, W(x)D;,[U,®]¥(x) the scalar field ®(x) with its average over the
d-—values at the sites corresponding to the 16 vertices of the hypercube of side 25 centered in x.
Moreover, we also carry out a spatial smearing of the resulting ® field entering in By.
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Figure 3: Time dependence of Cypt and Cygt on 16 x32 lattice: reliable errorbars not yet available.
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