T.A. DeGrand,a D. Hackett,a W.I. Jay∗,a E.T. Neil,ab Y. Shamir,c B. Svetitsky,c
a

Department of Physics, University of Colorado, Boulder, CO 80309, USA
RIKEN-BNL Research Center, Brookhaven National Laboratory, Upton, NY 11973, USA
c Raymond and Beverly Sackler School of Physics and Astronomy, Tel Aviv University, 69978 Tel
Aviv, Israel

b

We describe our recent lattice study of SU(4) gauge theory with fermions in the fundamental and
sextet representations. In this theory, a new type of baryon consists of quarks in both representations. The spectrum of these “chimera baryons” has a straightforward interpretation in terms of
a non-relativistic quark model based on SU(4). Our results are particularly relevant to composite
Higgs models in which the top quark is partially composite.

34th annual International Symposium on Lattice Field Theory
24-30 July 2016
University of Southampton, UK
∗ Speaker.

c Copyright owned by the author(s) under the terms of the Creative Commons
Attribution-NonCommercial-NoDerivatives 4.0 International License (CC BY-NC-ND 4.0).

http://pos.sissa.it/

PoS(LATTICE2016)219

Towards Partial Compositeness on the Lattice:
Baryons with Fermions in Multiple Representations

W.I. Jay

Baryons with Fermions in Multiple Representations

1. Introduction

2. SU(4) gauge theory with fermions in multiple representations
Regardless of the fermion representation, gauge invariance prescribes the coupling between
fermions and the gauge field. In the fundamental representation, the Dirac term contains the welli
known quark-gluon coupling of the form q̄a A/ (Ti )ba qb , where Ti are generators of the fundamental
representation of the gauge group, in our case SU(4). For the sextet—or two-index antisymmetric representation—of SU(4) we can immediately write an analogous expression in terms of the
ab /i
cd
sextet generators (ti )cd
ab : Q̄ A (ti )ab Qcd . The sextet generators are related to the usual generators
through [5]:
(ti )cd
ab =

i
1h
(Ti )ca δbd − (Ti )cb δad + δac (Ti )db − δbc (Ti )da .
2

(2.1)

A notable feature of the sextet representation of SU(4) is that it is a real representation. In
fact, sextet SU(4) is isomorphic to the fundamental representation of SO(6). In physical terms,
quarks and antiquarks are the same in real representations, and so no distinction exists between
sextet mesons and diquarks [6]. Details related to our lattice implementation of this theory are
given below in Sec. 3.
In this SU(4) theory, chimera baryons have the schematic form Qqq, where Q is a sextet and
q is a fundamental fermion. As always, the Pauli principle must be satisfied for physical states.
For chimera baryons this condition implies that the overall wavefunction must be antisymmetric
under exchange of the fundamental quarks q. We contract the gauge quantum numbers against the
Levi-Civita tensor of SU(4) in order construct a singlet: ε abcd Qab qc qd . The remaining quantum
numbers for the two fundamental fermions are flavor SU(2) and Dirac spin. With the assumption
that the spatial wavefunction is exchange symmetric, the situation is then analogous to the S = −1
hyperons, with the sextet fermion Q playing the role of the strange quark. For this reason, we
simply refer to the three possible chimera states using the names of their QCD counterparts: Σ∗ , Σ,
and Λ. Recall that the Σ∗ is a spin-3/2 isotriplet (I = 1), the Σ is a spin-1/2 isotriplet (I = 1), and
1
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We report results of an exploratory lattice study of the spectrum of SU(4) gauge theory with
fermions in two different representations (or “mixed-rep theories” for short). Mixed-rep theories
are interesting from several perspectives. First, for many years people have speculated about the
phase diagram of mixed-rep theories. For example, a mixed-rep system might restore chiral symmetry at a different scale from the deconfinement transition. Another possibility is that chiral
symmetries associated with each representation might break at different scales.
Second, mixed-rep theories have appeared in recent models of physics beyond the Standard
Model (BSM) in which the Higgs particle arises as a pseudo Nambu-Goldstone boson in a new
strongly coupled sector [1–3]. A new and generic feature of mixed-rep theories is the presence
of baryons containing fermions in multiple representations—states we christen “chimera baryons.”
While their novelty makes chimera baryons interesting in their own right, their chief value for
phenomenology lies in composite Higgs models where they appear as top partners—that is, as
composite states that mix linearly with the top quark, an idea originally due to Kaplan [4].
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The masses mq and mQ above are constituent quark masses of the quark model and account for the
bulk of the masses of the baryons. In the quark model, a “color hyperfine interaction” produces
the small splittings above. As with the familiar hyperfine interaction of atomic physics, the color
hyperfine interaction goes as the square of the dipole moments, which accounts for the overall 1/m2q
scaling of the splittings.
The different coefficients for mq /mQ in Eq. (2.3) (for QCD with fundamental fermions) and
Eq. (2.4) (for mixed-rep SU(4)) arise physically because the sextet quark has two color indices and
so feels the color force twice as keenly. More formally, the factors of two come from the ratio of
quadratic Casimirs in the sextet and fundamental representations of SU(4).

3. Lattice details
3.1 Simulation details
Since this work is an exploratory study, we used existing gauge configurations from a previous
lattice investigation of SU(4) [7]. The configurations from that study were generated with two
flavors of dynamical Wilson-clover fermions in the fundamental representation.
For this study, the necessary valence sextet propagators were cast upon configurations with a
volume of V = 163 × 32, a gauge coupling β = 10.2, and a hopping parameter for the fundamental
fermions κ4 = 0.1265.1 This ensemble has fairly heavy quarks, with a pseudoscalar-to-vector mass
ratio of mPS /mV = 0.337(1)/0.529(3) = 0.637. The critical value of κ4 is κ4,c = 0.1280 [7]. Since
the sextet fermions were not included in the sea of our configurations, the sextet sector of our theory
is quenched.
3.2 Correlation functions for chimera baryons
The computational building blocks for this study are hadronic two-point correlation functions.
Since construction of fundamental baryonic correlators is standard and since purely sextet baryons
have been discussed in a recent paper [6], we mention only the necessary details for the discussion of the chimera baryons which follows. Fundamental baryons in SU(4) are bosonic bound
1 The

fundamental representation of SU(4) is 4-dimensional, hence the subscript.

2
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the Λ is a spin-1/2 isosinglet (I = 0). The quark model predicts the following mass spectrum for
these hyperons:


mq ~
const. ~ ~
~
~
S1 · S2 +
(2.2)
SQ · (S1 + S2 )
mB = mQ + 2mq +
m2q
mQ

m

+ 14 + 2mqQ , for Σ∗


const.
QCD
m
= mQ + 2mq +
(2.3)
+ 41 − mQq , for Σ
m2q 

 3
− 4 , for Λ,

m

+ 41 + mQq , for Σ∗ analog


const.
SU(4)
m
= mQ + 2mq +
(2.4)
+ 41 − 2 mQq , for Σ analog
m2q 

 3
− 4 , for Λ analog.
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where m and n are points on the lattice. A similar expression holds for the sextet propagator D−1
Q .
The color indices a and b are as above, while α and β are “non-relativistic” spin indices running
from 0 (spin-up) to 1 (spin-down). We then consider a two-point function between the points m
and n on the lattice:
E
D
ζ
ab,e f
OBλ (m)O B (n) = εabcd εe f ghCαγδ λ Cεφ ηζ D−1
Q (m|n)α,ε
h
i
(3.2)
c,g −1
d,g
d,h
c,h −1
−1
× D−1
(m|n)
D
(m|n)
−
D
(m|n)
D
(m|n)
γ,η
q
q
q
γ,φ q
δ ,h
δ ,φ
Note that the expression in square brackets above includes both a direct and an exchange term. This
treatment is valid for states like the charged Σ or Σ∗ in QCD which consist of a single light flavor
u or d. States like the Λ, Σ0 , or Σ∗0 inherently contain light quarks of two different flavors u and d.
Since a u cannot be contracted with a d, these states have no exchange term. For the Σ and Σ∗ , we
consider states with Iz = 1 where both the direct and exchange term are present.
The spin projectors Cαβ γλ are responsible for isolating the correct spin states for the initial
and final baryons. In our non-relativistic setting, it is most transparent to regard the spin projectors
as encoding Clebsch-Gordan coefficients which couple the spins.
3.3 Qualitative expectations
D
E
ζ
Eq. (3.2) contains the final form of the chimera 2-point function OBλ (m)O B (n) , neatly packaged in a convenient form for direct numerical implementation. To construct correlation functions
C(t) as functions of time only, we sum over spatial slices at fixed values of t and trace over the
free spin indices. One anticipates the ground state to dominate C(t), with exponentially small corrections from excited states. As t approaches the temporal size of the lattice Nt , the correlation
function becomes sensitive to the lattice size, and C(t) experiences an exponential rise from a state
“propagating backward in time.” As in QCD studies of baryons, the forward and backward propagating states have different masses, and so the correlation functions are asymmetric [8]. Physically,
this asymmetry amounts to the well-observed fact that the spectrum of a theory with broken chiral
symmetry does not exhibit parity doubling.
3
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states of four fermions qqqq ≡ q4 , while sextet baryons are bosonic bound states of six fermions
QQQQQQ ≡ Q6 . While QQ and QQQQ states do exist, the fact that sextet SU(4) is a real representation forces them to coincide with the mesonic QQ and (QQ)2 states. We restrict our discussion
below to the Q6 states.
c d αγδ ε where latin indices indicate
A chimera baryon interpolating field is OBε = εabcd Qab
α qγ qδ C
SU(4) color and greek indices indicate spin. For brevity we suppress flavor SU(2) indices. Both
fermions are 4-component, fully-relativistic Dirac spinors, and C is some combination of gamma
matrices that projects onto the spin state of the desired baryon. Since OBε couples to a fermion,
it carries a free spin index. In our treatment of the problem, we find it useful to work with nonrelativistic fermions by projecting onto eigenstates of P± = 21 (1 ± γ4 ). This projection results in
spinor objects with two components which we identify with the familiar spin-up and spin-down
states of a non-relativistic fermion.
The numerical building blocks of our correlation functions are propagators of the form:
D
E
a,b
a
b
D−1
(m|n)
≡
q(m)
q̄(n)
(3.1)
q
α
β ,
α,β
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4. Results
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Figure 1: Correlation functions C(t) for the chimera states Σ∗ , Σ, and Λ, taken from 50 configurations. Note
the anticipated asymmetric shape.

In order to construct the right panel of Figure 2, it was necessary to estimate the constituent
quark masses mQ and mq . The full spectrum furnishes such estimates for us as follows. Figure 3
shows the entire low-lying baryon spectrum of the theory, with fundamental q4 , sextet Q6 , and
chimera Qqq states. The single-representation objects display rotor splittings consistent with the
quark model (and large-N) and analyzed quantitatively in a previous study [6]. Because of the J(J +
1) splittings present in the rotor formula, the color hyperfine interaction vanishes for the lightest
(J = 0) states in the single-representation multiplets. Therefore we can estimate the constituent
quark mass mQ (mq ) as 1/6 (1/4) the mass of the lightest state in the Q6 (q4 ) multiplet.
Finally, Figure 3 reveals that at large values of κ6 —corresponding to light sextet fermions—the
chimera baryons are the lightest baryons in the spectrum.
4
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As discussed in Sec. 3.1, we report results from a theory with two dynamical flavors of fundamental fermions in the sea and a single quenched valence sextet fermion. We hold the hopping
parameter of the fundamental fermions fixed at κ4 = 0.1265 (for both the sea and the valence sectors) so that the lattice spacing is unchanged. We explore the effect of varying the (valence) sextet
hopping parameter κ6 .
Figure 1 shows correlation functions C(t) for the chimera baryons averaged over 50 configurations. These correlators exhibit the advertised asymmetry of Sec. 3.3. The left panel of Figure 2
shows the spectrum of chimera baryons as the valence sextet hopping parameter κ6 is varied, revealing a crossing between the Σ and Λ states. At large values of κ6 —corresponding to small values
of the sextet quark mass—the isotriplet Σ is the lightest chimera state, in agreement with the quark
model prediction of Eq. (2.4) and different from QCD (where the strange quark has a fixed heavy
mass). The right panel of Figure 2 shows the behavior of the (Λ − Σ) mass splitting as a function
of mq /mQ , revealing a crossing very close to the predicted value of 1/2 from Eq. (2.4).

W.I. Jay

Baryons with Fermions in Multiple Representations

Chimera baryon masses
Chimera Σ ∗
Chimera Σ
Chimera Λ

1.3

1.2

amΛ − amΣ

0.030
0.025
0.020

1.0

0.9

0.015
0.010
0.005
0.000

0.8
0.005
0.7
0.116

0.118

0.120

0.122

0.124

0.126

0.010
0.4

0.128

0.5

0.6

0.7

0.8

0.9

mq /mQ

6

Figure 2: Left panel: the mass spectrum of chimera states in lattice units as κ6 is varied with κ4 held fixed.
Note that the isotriplet Σ state becomes the lightest state at large κ6 , corresponding to light sextet quark
mass. Right panel: the mass splitting between the Λ and Σ states versus the ratio of constituent quark masses
mq /mQ . A positive splitting signals an “inverted multiplet” where the Σ is the lightest state. Note that the
crossing occurs around mq /mQ = 1/2, as predicted by the quark model.
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Figure 3: The full spectrum of fundamental, sextet, and chimera baryons in lattice units. Note that at large
values of κ6 —corresponding to light sextet quarks—the chimera baryons are the lightest baryons in the
spectrum. Since κ4 is held constant, the fundamental baryons have fixed masses.
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5. Conclusions
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We have conducted an exploratory study of the spectrum of SU(4) gauge theory coupled to
fermions in two different representations. New fermionic baryons—which we have named chimera
baryons—exist in such theories and contain fermions in both representations. We have shown that
the baryon spectrum in this theory is qualitatively consistent with expectations from a nonrelativistic quark model based on SU(4), at least in the quenched sextet scenario we considered.
Interestingly for phenomenologists, the chimera states can be the lightest states in the baryon
sector, a potentially useful feature for model-builders trying to arrange for a light partner for the top
quark. Of course, whether chimera baryons are viable top partners in realistic models also depends
on many other questions, such as their location within the full SU(4) spectrum and especially in
relation to the Goldstone multiplet(s). We defer further discussion of such points to future work.
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