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1. Introduction
Vacuum expectation value of the scalar operator Σ = −hq̄qi plays a role of an order parameter
of spontaneous chiral symmetry breaking in QCD. It is related to the the eigenvalue density (or
spectral function) of the Dirac operator
ρ(λ ) =

1
h δ (λ − λi )i
V ∑
i

(1.1)

2. Eigenvalue filtering technique
Explicit calculation of individual low-lying Dirac eigenvalues becomes increasingly more
costly on larger volume lattices, since the number of eigenvalues needed to be calculated scales
as the four-dimensional volume V . The corresponding computational cost thus grows as V 2 . Instead, we utilize a stochastic method to estimate the number of eigenvalues in a given interval. The
filtering function to achieve this can be constructed using a Chebyshev polynomial. The computational cost increases only as V , albeit some (controlled) approximation is introduced.
A similar method was first implemented in [12], where the number of eigenvalues below some
threshold was calculated using a filtering function constructed with the Chebyshev polynomial and
a rational function. The method introduced in our work is more flexible in a sense that the interval
of eigenvalues can be arbitrarily chosen after the main calculation is done, and the spectrum in the
whole range is obtained at once. A similar method has also been used in [14].
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through the Banks-Casher relation ρ(0) = Σ/π [1], which is valid in the thermodynamic limit, i.e.
massless quark limit after taking the infinite volume limit. In our previous work using the overlap
fermion formulation [2, 3] we calculated the low-lying eigenvalues of the Dirac operator on lattice
ensembles at several quark masses. Analyzing the lattice data using the analytic formulae calculated within one-loop chiral perturbation theory in the p-regime and ε-regime [4], we extracted the
chiral condensate, though the uncertainty due to finite lattice spacing and finite lattice volume was
yet unexplored.
In this work we improve our previous calculation in several ways. By employing the Möbius
domain-wall fermion instead of the overlap fermion, we are able to reduce the numerical cost and
thus to extend the range of lattice parameters. In total, we analyze 15 lattice ensembles, with which
the lattice cutoff covers 2.45, 3.61 and 4.50 GeV while keeping the physical lattice extent of 2.7 fm.
(Lattice sizes in actual simulation are 323 × 64, 483 × 96 and 643 × 128.) Quark masses correspond
to pion masses of 500, 400, 300 and 230 MeV. With the Möbius domain-wall fermion of finite
fifth direction, the chiral symmetry is slightly violated and a small residual quark mass emerges.
The size of residual mass observed in this work is order of 1 MeV at most and much smaller
on fine lattices. In this analysis such a small violation can be safely neglected. Each ensemble
has sufficiently large statistics with 5,000 molecular dynamics time units. Details of the lattice
parameters are in [5], where a full description of this work is available. The same set of lattice
ensembles is also used for calculations of other physical quantities such as the η 0 meson mass [6],
charm quark mass [7], short-distance current correlator [8, 9], as well as heavy-light meson decay
constants [10] and semileptonic decay form factors [11].
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The method of stochastic counting of the eigenvalues can be summarized as follows. One tries
to evaluate the number of eigenvalues of a hermitian matrix A falling in an interval [a, b] using Nv
(normalized) Gaussian random vectors ξk :
n[a, b] =

1 Nv †
∑ ξk h(A)ξk .
Nv k=1

(2.1)

Here, h(A) is the filtering function that gives 1 in the range [a, b] and 0 elsewhere. One can use the
Chebyshev polynomial T j (x) to approximate h(x):

∑ g pj γ j Tj (x).

(2.2)

j=0

The coefficients γ j and g pj are uniquely determined for a given [a, b] within [−1, +1] [13]. The
conventional Chebyshev minmax approximation is obtained with γ j , while the Jackson stabilization
factor g pj is introduced to suppress the oscillation typical in the Chebyshev expansion [13]. The
Chebyshev polynomial T j (x) can be constructed using the recurrence formula
T0 (x) = 1, T1 (x) = x, T j (x) = 2xT j−1 (x) − T j−2 (x).

(2.3)

Larger the order of polynomial p, the approximation is better. In our calculation we typically take
p = O(10, 000), and the systematic error due to the approximation is about 1% for the smallest
interval of the eigenvalues we analyze.
Therefore the recipe is as simple as follows.
1. Generate the Gaussian random noise vectors ξk .
2. Recursively calculate T j (A)ξk for j = 1, ..., p.
3. Calculate inner-products ξk† T j (A)ξk and store them.
Then, the remaining analysis is off-line. One may first choose the interval [a, b] and generate the
corresponding coefficients g pj γ j . The estimate of the mode number is given by
1 Nv
n̄[a, b] =
∑
Nv k=1

"

p

#

∑ g pj γ j hξk† Tj (A)ξk i

(2.4)

j=0

after an ensemble average. Details of the method are found in [13].
For the Möbius domain-wall fermion, we calculate the eigenvalue density of the four-dimensional
effective operator, which is constructed as
D(4) = [P−1 (D(5) (m = 1))−1 D(5) (m = 0)P]11 ,

(2.5)

where D(5) (m) represents the five-dimensional (5D) Möbius domain-wall operator with mass m. It
is combined with the Pauli-Villas operator (m = 1) and the 4D surface (represented by the subscript
“11”) is taken after appropriate projection P to define the 4D effective operator. (See, for instance,
[15] for more details.) This 4D effective operator satisfies the Ginsparg-Wilson relation D(4) γ5 +
3
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p

h(x) =
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Figure 1: Spectral function in a logarithmic scale. The lattice data at β = 4.17 (1/a ∼ 2.45 GeV) on 323 × 64
lattices are plotted for four values of up and down quark masses.

γ5 D(4) = 2aD(4) γ5 D(4) to a good approximation. The eigenvalues of a hermitian operator D(4)† D(4)
are in the range [0, 1]. The eigenvalues of D(4) and those of D(4)† D(4) have an one-to-one mapping
(up to a sign), and we can convert the spectrum of D(4)† D(4) to that of D(4) . We then project the
eigenvalue of D(4) to the imaginary axis.
An example of the entire spectrum thus obtained is shown in Figure 1, where the lattice data
for the spectrum ρ(λ ) are plotted in a logarithmic scale. One can see that the spectrum increases
rapidly toward higher eigenvalues, as expected. For near-zero eigenvalues aλ ∼ 0, one can see
some difference among different values of sea quark mass amud = 0.0035–0.019, while the high
modes are nearly identical.

3. Lattice results and chiral fits
We calculate the spectral function on all ensembles available, with three lattice spacings and
several sea quark masses of 2+1 flavors.
We mainly analyze the lattice data near λ ≈ 0 using the chiral perturbation theory formula
calculated at the next-to-leading order [4]. That is written as
"
!#
Σ
1
2
2
ρ(λ ) =
1 − 2 ∑ Re∆(0, Mvi2 ) − ReG(0, Mvv
, Mvv
) − 16L6 ∑ Mii2
.
(3.1)
π
F
i
i
mv =iλ

The leading order low-energy constants, chiral condensate Σ and pion decay constant F, are defined
in the chiral limit. One of the low-energy constants, L6 , also appears at this order. The functions
∆(0, M 2 ) and G(0, M 2 , M 2 ) are
M2
M2
ln
+ g1 (M 2 ),
2
16π 2 µsub

1
G(0, M 2 , M 2 ) =
∆(0, M 2 ) + (M 2 − Mπ2 )∂M2 ∆(0, M 2 ) .
2
∆(0, M 2 ) =

(3.2)
(3.3)

They are evaluated at a “pion mass” as determined by the GMOR relation Mi2j = (mi + m j )Σ/F 2 ,
where the indices i and j label the sea quark mass or a fictitious valence quark mass v taken at an
4
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Figure 2: An example of the lattice data for ρ(λ ) plotted as a function of λ in the physical unit (GeV).
Histograms are the lattice data at β = 4.35 (1/a ' 3.61 GeV) with three different values of sea quark mass.
The results of the chiral and continuum fit (3.4) are also shown by lines.

imaginary value mv = iλ . The last term in (3.2), i.e. g1 (M 2 ), represents the finite volume effect, but
it turned out to be negligible in our analysis. The scale parameter µsub denotes the renormalization
scale taken at the ρ meson mass.
We also introduce the terms that represent the discretization effect of O(a2 ) and the dependence on the strange quark mass ms . They are assumed to be independent of other parameters and
their effect is multiplied to ρ(λ ) as an overall factor:


(phys)2
2
1 + ca a2 1 + cs (Mss
− Mss
) × ρ(λ ).
(3.4)
The dependence on the strange quark mass is represented by that on the (fictitious) pseudo-scalar
meson mass Mss , and its physical value is taken with the GMOR relation from the experimental
data.
Figure 2 shows an example of the lattice data for the ensembles of the middle lattice spacing
(1/a ' 3.61 GeV). The spectral density observed on the lattice are multiplied by the renormalization factor ZS (2 GeV) to convert the results to those definition in the MS scheme. The renormalization factors are independently calculated in [8].
In Figure 2 one can clearly observe an increase of the spectrum toward λ = 0, which is consistent with the behavior predicted by chiral perturbation theory. We emphasize that this increase
is a parameter-free prediction as one can see from (3.1), where there is no free parameter to control
the λ dependence and that is given by the functions ∆(0, M 2 ) and G(0, M 2 , M 2 ). It means that the
spectral function reflects the effect of dynamical quarks in a way that the chiral effective theory
predicts.
We also observe a quark mass dependence of the low-mode spectrum. We fit the lattice data
using the formula (3.1), and the quark mass dependence determines the low-energy constant L6 .
We find that the results are nearly independent of the lattice spacing. In fact the fit yields the
relevant parameter being zero: ca = 0.00(15) GeV2 .
Finite volume effect is also invisible. Figure 3 shows the lattice data obtained at the same
parameters other than the lattice volume, 323 × 64 and 483 × 96. The physical size of these lattices
5
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Figure 3: Spectral function calculated on two different volumes, 323 × 64 and 483 × 96. Data at β = 4.17
(1/a ' 2.45 GeV) and pion mass about 230 MeV.
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Figure 4: Chiral extrapolation of the partially integrated spectral function ρ[0, δ ] with δ = 15 MeV. The
one-loop χPT curve at N f = 2 is shown together with the lattice data (open symbols) at different lattice
spacings and strange quark masses.

is about 2.6 fm and 3.9 fm, respectively. The data are consistent with each other within the statistical
error. The statistical error is smaller on the larger volume lattice because the number of eigenvalues
in each bin is proportional to the volume.
Our fit result is
Σ1/3 (2 GeV) = 270.0(1.3)(1.3)(4.6) MeV,
(3.5)
where the uncertainties are those of statistical error, the renormalization constant and the lattice
scale. Adding in quadrature, the total error is 4.9 MeV, which is 1.8%. The low-energy constant L6
is also determined as L6 = 0.00016(6).

4. Summary
To summarize, the Chebyshev filtering technique allows precise evaluation of the eigenvalue
density. The method is simple and flexible at the same time.
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The lattice data for the Dirac spectrum obtained on the ensembles generated with the Möbius
domain-wall fermion at three lattice spacings are analyzed using the one-loop chiral perturbation
theory formula. The lattice data are fully compatible with the effective theory and yield a precise
determination of the chiral condensate, one of the most fundamental quantities to characterize the
QCD vacuum.
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