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β Name L3×T/a4 a−1[GeV] L [fm] mπ [MeV] mπL Nconf Nmeas

2.13 C0 483×96 1.7295(38) 5.4760(24) 139 3.863(05) 88 4224
2.13 C1 243×64 1.7848(50) 2.6532(15) 340 4.570(10) 100 3200
2.13 C2 243×64 1.7848(50) 2.6532(15) 430 5.790(10) 101 3232
2.25 M0 643×128 2.3586(70) 5.3539(31) 139 3.781(05) 80 2560
2.25 M1 323×64 2.3833(86) 2.6492(19) 300 4.072(11) 83 2656
2.25 M2 323×64 2.3833(86) 2.6492(19) 360 4.854(12) 76 1216
2.31 F1 483×96 2.774(10) 3.4141(24) 235 4.053(06) 82 3936

Table 1: This table summarises the main parameters of the used ensembles. All of these use the Iwasaki
gauge action with 2+1 flavours of domain wall fermions in the sea. Nconf and Nmeas refer to the number of
(decorrelated) configurations used and the number of total measurements, respectively.

1. Introduction

In this work we present preliminary results of RBC/UKQCD’s D and Ds mesons decay con-
stant studies using N f = 2+1 flavour gauge field ensembles with domain wall fermions, updating
refs [1, 2]. We aim to predict the D and Ds decay constants with a fully controlled systematic error
budget. The decay constant fDq of the D(s) meson is defined as〈

0
∣∣Aµ

cq

∣∣Dq(p)
〉
= fDq pµ

Dq
, (1.1)

where q = d,s and the axial current is defined as Aµ
cq = cγµγ5q. Combined with experimental mea-

surements of the decay widths Γ
(
D(s)→ lνl

)
knowledge of the decay constants allows to extract

the CKM matrix elements |Vcd | and |Vcs| and hence test the unitarity of the CKM matrix.
For this we use seven ensembles specified in Tables 1 and 2 with the Iwasaki gauge action [3]

and the domain wall fermion action [4, 5] using the Moebius-kernel [6]. We use ensembles with
three different lattice spacings in the range a−1 = 1.73−2.77GeV, including two ensembles with
near physical pion masses [7].

After a brief summary of our ensembles and set-up in Section 2 we will outline our analysis
strategy to obtain predictions for physical masses in the continuum limit and give preliminary
results in Section 3.

Finally, we will outline the status of current projects and conclude in Section 4.

2. Ensembles and Run Set-Up

Table 1 provides a brief summary of the ensembles used for this study. The sea quarks of all
ensembles are Moebius domain wall fermions [6]. The ensembles C1, C2, M1 and M2 use the
Moebius scale factor α = 1 which reproduces Shamir domain wall fermions [5], whilst C0, M0
and F1 have been generated with α = 2 ensuring the same approach to the continuum, as outlined
in ref [7].

The domain wall parameters of the sea quarks (i.e. the domain wall height M5 and extent of
the fifth dimension Ls) are listed in Table 2. We keep these same values for the valence light and
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Moebius/Shamir with M5 = 1.8 Moebius with M5 = 1.6
Name Ls amsea

l amsea
s amphys

s Ls amh

C0 24 0.00078 0.0362 0.03580(16) 12 0.30, 0.35, 0.40
C1 16 0.005 0.04 0.03224(18) 12 0.30, 0.35, 0.40
C2 16 0.01 0.04 0.03224(18) 12 0.30, 0.35, 0.40
M0 12 0.000678 0.02661 0.02540(17) 8 0.22, 0.28, 0.34, 0.40
M1 16 0.004 0.03 0.02477(18) 12 0.22, 0.28, 0.34, 0.40
M2 16 0.006 0.03 0.02477(18) 12 0.22, 0.28, 0.34, 0.40
F1 12 0.002144 0.02144 0.02132(17) 12 0.18, 0.23, 0.28, 0.33, 0.40

Table 2: Ensemble and measurement parameters for the propagators used on RBC/UKQCD’s N f = 2+ 1
flavour Iwasaki gauge action ensembles. The choice of (M5,Ls) differs between the light and strange (left)
and the heavy (right) propagators, leading to a mixed action.

strange quarks. The physical value of the strange quark mass in bare lattice units is determined by
reproducing the procedure of ref [7] including the new ensemble F1 and the results are listed in
Table 2. Whilst the light quark mass is always kept unitary, we adjust the valence strange quark
mass to its physical value (compare Table 2) on measurements on the ensembles C1, C2, M1 and
M2. On the remaining ensembles the valence strange quark mass is kept to be the unitary one,
forcing a small correction to its physical value, which will be discussed below.

In ref [8] we studied the Moebius domain wall parameter space with the intention of finding a
region in which discretisation effects for charmed meson observables are small. We found that the
choice of the domain wall height M5 = 1.6 yields optimal results, provided the bound ambare

h . 0.4
is observed. In this work we adopt these choices for the charm quark. We note that this leads to
a mixed action since the two quarks entering the current have a different discretisation due to the
different choice of M5. However, we show effects from this are small [9].

We use stochastic Z2×Z2-sources (Z2-Wall) [10] on every fourth (∆T = 4) time plane for M0
and M2 and every second (∆T = 2) time plane for all other ensembles, yielding a stochastic estimate
(L3× T/∆T ) for the full volume average of the correlation functions. The detailed statistics are
listed in Table 1. Light and strange quark propagators have been computed with the HDCG [11]
algorithm, whilst for the heavy quark propagators a CG inverter was used.

3. Decay Constant Analysis

To determine the decay constant we are interested in the matrix element
〈
0
∣∣A4

cq

∣∣Dq(p = 0)
〉

(compare eq (1.1)). Masses and matrix elements can be extracted from fits to correlation functions.
We simultaneously fitted the ground state and the first excited state of the meson two-point func-
tions 〈AP〉 and 〈PP〉 where A is the operator for the temporal component of the axial current and
P is the pseudoscalar operator. We studied the impact of the choice of fit ranges by systematically
varying the initial (tmin) and final (tmax) time slices entering the fit and conservatively chose these
values as shown in Figure 1.

From the matrix elements we can extract the decay constants fP with P = D,Ds and their
ratio. The decay amplitude ΦP = fP

√
mP displays a nearly linear behaviour with the inverse heavy
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Figure 1: Variation of fit ranges illustrated for the heaviest mass point of the ensemble C0 for a light-heavy
(left) and a strange-heavy (right) meson. The three panels correspond to fit results of the ground state. The x-
axis shows the initial time slice tmin entering the fit, whilst the choice of symbol and colour indicates the final
time slice tmax included in the fit. The grey band shows the (conservatively) chosen fit for the subsequent
analysis with fit ranges [tmin, tmax) = [8,30) (light-heavy) and [12,37) (strange-heavy), respectively.

quark mass, so for convenience we carry out the remaining analysis in terms of this quantity. The
following procedure is two-fold. We first renormalise the decay constants and correct for the small
mistuning in the strange quark mass mentioned above. We then carry out a combined fit to obtain
physical heavy and light quark masses (by using appropriate meson masses) and remove lattice
artifacts.

3.1 Renormalisation and strange quark mistuning

Due to the mixed action approach, we do not have a conserved heavy-light current. Instead
we determine the renormalisation constant ZA from the ratio of local and conserved light-light
currents and renormalise the data using this. From an NPR study we find that the correction due to
this is below the %-level [9].

We already corrected for the valence strange quark mistuning on the ensembles C1, C2, M1
and M2 by simulating directly at the physical strange quark mass. On the other ensembles (C0, M0,
F1) we need to correct the strange quark mass by -1.1(5)%, -4.8(7)% and -0.6(8)%, respectively.
We define dimensionless coefficients αO which we assume to be independent of the light quark
mass, but take into account their lattice spacing and heavy quark mass dependence. They are
defined as the slope of an observable with the strange quark mass,

Ophys(a,amh) = Ouni(a,amh)

(
1+αO(a,amh)

mphys
s −msea

s

mphys
s

)
. (3.1)

Having found the coefficients αO for the relevant observables O we can correct C0 and M0 directly.
For F1 we first interpolate to the corresponding values of the lattice spacing and the heavy quark
mass, set by mηc .

A first impression of the renormalised data at the physical strange quark mass is shown in
Figure 2. We notice the linear behaviour in the inverse heavy quark mass and the fact that the bound
amh . 0.4 prevents us from reaching the physical charm quark mass on the coarse ensembles.
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Figure 2: ΦD (left) and ΦDs (right) as a function of 1/mηc . The red (blue, green) data points correspond to
the coarse (medium, fine) ensembles. The vertical black line indicated the experimental value of mηc .

In the final step we extrapolate to a = 0 and mesons corresponding to physical light and heavy
quark masses. We use an expansion around the physical values given by

O(a,mπ ,mH) = O(0,mphys
π ,mphys

H )+
[
C0

CL +C1
CL ∆m−1

H

]
a2 +

[
C0

χ +C1
χ ∆m−1

H

]
∆m2

π +C0
h ∆m−1

H ,

(3.2)
where ∆m−1

H = 1/mH − 1/mphys
H , ∆m2

π = m2
π −m2

π

phys and H = D,Ds or ηc. We carried out this
fit with different pion mass cuts (mmax

π = 350,400,450MeV), different ways of setting the heavy
quark mass (H = D,Ds,ηc) and the variations of whether or not mass dependent discretisation and
physical pion mass extrapolations (C1

CL and C1
χ ) are included. Figure 3 shows these variations for

ΦD (left) and ΦDs (right).
The spread of the different results will be used to estimate the systematic error attached to

the choice of fit ansatz. We postpone a detailed discussion of all systematic errors (which are at
most as large as the statistical error), to a forthcoming publication [9]. For now we simply state the
statistical error for the preferred fit ansatz in both cases

ΦD = 0.2853(38)stat GeV3/2 ⇒ fD = 208.7(2.8)stat MeV

ΦDs = 0.3457(26)stat GeV3/2 ⇒ fDs = 246.4(1.9)stat MeV.
(3.3)

4. Outlook and Conclusions

Following the strategy outlined at the end of ref [2] we are currently exploring how to extend
the reach in the heavy quark mass by employing gauge link smearing. We find that with three hits
of stout smearing with the standard parameter ρ = 0.1 [12] and the choice M5 = 1.0 we are able to
extend the reach in the bare input quark mass up to amh ∼ 0.69. This is in agreement with findings
of the JLQCD collaboration [13, 14]. With this we are able to simulate the physical charm quark
mass even on the coarsest ensemble as can be seen from our first results presented in Figure 4.
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Figure 3: Comparison of the different choices in the global fit. The grey and magenta bands highlight
the preferred fit. The different symbols indicate different ways of fixing the heavy quark mass, i.e. H =

D(3), Ds(#), and ηconnected
c (�). Fainter data points indicate that at least one of the heavy mass dependent

coefficients is compatible with zero at the one sigma level. The label on the x-axis describes the number
of coefficients for the continuum limit (CL) and pion mass limit (χ), respectively. E.g. a fit labelled (2, 1)
correspond to keeping two coefficients for the continuum limit extrapolation, but setting C1

χ to zero. The
magenta data point at the very left is the result of the analysis as obtained by the method presented in ref [2].
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Figure 4: First results for the ratio of decay constants fDs/ fD. Here the light and strange quarks use the
unitary action, whilst the heavy quark is produced from a stout link smeared gauge field with a domain wall
height of M5 = 1.0. Similarly to the above, the solid black line corresponds to the physical value of mηc and
only serves to guid the eye.

We presented our strategy to obtain decay constants fD and fDs from N f = 2+1 flavour domain
wall fermion ensembles with three lattice spacings in the range a−1 = 1.73−2.77GeV and physical
pion masses. We perform several different variations of the fit to obtain results at physical quark
masses and in the continuum.

Furthermore we outline our current strategy to reach further in the heavy quark mass, allowing
to simulate directly at the physical charm quark mass even on the coarse ensembles. First results
look promising for the calculation of D and Ds phenomenology, such as semi-leptonic decays, and
extrapolations of decay constants and other observables from the charm mass region to the bottom
mass.
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