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1. Introduction

Precision tests of the Standard Model (SM) in the flavor sector are crucial to the search for
new physics. The SM requires unitarity of the Cabibbo-Kobayashi-Maskawa (CKM) quark mixing
matrix, and the CKM matrix element |Vcb| plays a central role because it normalizes the unitarity
triangle. By calculating B̄→ D(∗)`ν̄ decay form factors on the lattice and combining them with
experimental results for the branching fractions, one can determine |Vcb|. The decay rates for these
processes are given by

dΓ

dw
(B̄→ D`ν̄) =

G2
F |Vcb|2m5

B
48π3 (w2−1)3/2r3(1+ r)2|ηEW|2|FD(w)|2, (1.1)

dΓ

dw
(B̄→ D∗`ν̄) =

G2
F |Vcb|2m5

B
48π3 (w2−1)1/2r∗3(1− r∗)2

×
[

1+
4w

w+1
1−2wr∗+ r∗2

(1− r∗)2

]
|ηEW|2|FD∗(w)|2, (1.2)

where w = vB · vD(∗) is the recoil parameter, r(∗) = mD(∗)/mB are the ratios of the daughter to par-
ent meson masses, ηEW incorporates higher order electroweak corrections, and FD(∗)(w) are the
hadronic form factors.

The most precise results for |Vcb||ηEW||FD(∗)(1)| from experimental measurements by BABAR
[1, 2, 3] and Belle [4] have uncertainties of a few percent. Recently the Fermilab-MILC Collabo-
ration extracted |Vcb| via lattice calculations of the form factors for B̄→D∗`ν̄ at zero recoil [5] and
B̄→ D`ν̄ at nonzero recoil [6, 7]. The results have 2− 5% total uncertainties and are consistent
with one another and the determination of the B̄→ D`ν̄ form factors by the HPQCD Collabora-
tion [8]. If we can reduce the discretization errors in lattice calculations of the form factors, then
we can determine |Vcb| to higher precision.

The Fermilab-MILC Collaboration used the Fermilab action for the b and c quarks. The Fer-
milab improvement program controls lattice cutoff effects at any quark mass [9]. To reduce heavy-
quark discretization errors, Oktay and Kronfeld extended the improvement of the Fermilab (clover)
action to higher order, including mass dimension 6 and 7 operators, or through third order in HQET
power counting. Tests of the tree-level matched Oktay-Kronfeld (OK) action yield promising re-
sults [10, 11, 12]. For systematic improvement of form factor calculations, the flavor-changing
currents must be improved to the same level. The authors of Ref. [9] defined improved currents
in terms of an improved heavy quark field. We begin our construction of improved currents by
extending the improved field to include operators corresponding to mass dimensions 5 and 6.

In Ref. [13] we considered the improvement of two-quark matrix elements of the flavor-
changing currents. We showed that these matrix elements can be matched through third order
in expansions of the heavy quark momenta and wrote down results for four of the 11 improvement
parameters entering the improved heavy quark fields. In Sec. 2 we further discuss current improve-
ment and the improved heavy quark field. We present details of the matching process and results
for the remaining seven improvement parameters in Sec. 3. Section 4 contains a status summary
and outstanding issues.
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2. Current improvement

The mass-dependent renormalization program begins with the observation that improved Wil-
son actions can be tuned to the renormalized trajectory by lifting the constraint of time-space axis
interchange symmetry, including only irrelevant operators that do not lead to modifications of the
Wilson time derivative. The resulting class of actions are constructed to approach the continuum
limit for any quark mass, including quark masses large in lattice units.

Consequently, the improvement parameters are functions of the quark masses, i.e., mass-
dependent [9]. In this context one may use suitable generalizations of the Symanzik action, HQET,
or NRQCD as effective continuum field theories to describe the physics of the resulting lattice
theory, including cutoff effects [14, 15, 16]. These descriptions are useful for designing improved
actions and currents, assessing improvement, and quantifying remaining (systematic) discretization
effects [15, 16, 17, 18].

The Oktay-Kronfeld action was designed to reduce charm quark discretization errors to less
than about 1%; bottom quark discretization errors are even smaller [15]. Improvement of the heavy
quark currents proceeds in the same way, in principle: All operators with the quantum numbers of
the desired currents are included, through a given order in the power counting [9],

JQCD = ZJ(amq,g2)

[
J0 +∑

i
Ci(amq,g2)Ji

]
. (2.1)

The coefficients Ci of the improvement operators Ji, together with the renormalization factors ZJ ,
are fixed by matching matrix elements to their continuum values [9]. The matching can be carried
out using the power counting of the effective continuum field theory to systematize improvement,
and for arbitrary fermion masses [9, 17, 18].

In practice, for improvement through first order in HQET, introducing an improved heavy
quark field suffices. The improved current can be written

JΓ = Ψ̄IcΓΨIb , (2.2)

where Γ indicates the Dirac structure, and ΨI f is the improved heavy quark field for flavor f = c,b,

ΨI f (x) = eM1 f /2(1+d1 f γγγ ···DDD)ψ f (x) , (2.3)

where M1 f is the tree-level rest mass of f quarks, d1 f is the improvement parameter, which depends
on this rest mass, DDD is the lattice (symmetric) covariant derivative, and ψ f is the heavy quark field
appearing in the mass form of the action. (Unless explicitly indicated, we set the lattice spacing
a = 1.) The results for the improvement parameters d1 f at tree-level were first written down in
Ref. [9]; these results were obtained by tree-level matching of two-quark matrix elements of the
flavor-changing currents. The authors of Refs. [17, 18] then showed that the current defined by
Eqs. (2.2) and (2.3) is improved through first order in HQET power counting.

For improvement of two-quark matrix elements through third order in the momenta of the
heavy quarks, an improved field again suffices, with the ansatz [13]

ΨI(x) =eM1/2
[

1+d1γγγ ·DDD+
1
2

d2∆
(3)+

1
2

idBΣΣΣ ·BBB+
1
2

dEααα ·EEE

2
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(a) (b)

Figure 1: Tree-level, continuum diagrams for the four-quark matrix element. The colored circle represents
the flavor-changing current. (a) The diagram with gluon exchange at the heavy-quark line. (b) The diagram
with gluon exchange at the light-quark line.

+drE{γγγ ·DDD,ααα ·EEE}+dzE γ4(DDD ·EEE−EEE ·DDD)

+
1
6

d3γiDi∆i +
1
2

d4{γγγ ·DDD,∆(3)}+d5{γγγ ·DDD, iΣΣΣ ·BBB}

+dEE{γ4D4,ααα ·EEE}+dz3γγγ · (DDD×BBB+BBB×DDD)

]
ψ(x) . (2.4)

Matching two-quark matrix elements at tree-level yields results for the parameters d1, d2, d3, and
d4 [13]. The remaining seven improvement parameters in this ansatz do not enter tree-level cal-
culations of the two-quark matrix elements and so are not determined by tree-level matching cal-
culations of these matrix elements. To determine these parameters we match four-quark matrix
elements of the currents, at tree-level, as described below.

3. Matching

To obtain improvement parameters through third order in HQET, we consider the following
four-quark matrix element of flavor-changing currents,

〈`(η2, p2)u(η ′, p′)|ψ̄uΓΨb|b(η , p)`(η1, p1)〉lat , (3.1)

where ` represents a light spectator quark, and u and b indicate an up quark and a bottom quark,
respectively. We consider the transition to the light (up) quark rather than to the heavy (charm)
quark to simplify the calculation; diagrams with improvement terms on the daughter quark line are
eliminated. Accordingly, the field ψu appears in Eq. (3.1).

The corresponding continuum, tree-level diagrams are given in Figs. 1(a) and 1(b). The gluon
exchange may occur at the external line of the b-quark or the u-quark. In the case of gluon exchange
at the u-quark line, however, the matching condition from the diagram is equivalent to that from
the two-quark matrix element mentioned above.

Therefore, the part we need to consider is the one-gluon exchange vertex at the b-quark line.
The corresponding lattice diagrams are given in Figs. 2(a) and 2(b). In addition to one-gluon

3
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(a) (b)

Figure 2: Tree-level, lattice diagrams with gluon exchange at the heavy-quark line. The dots represent (a)
the zero-gluon vertex and (b) the one-gluon vertex from the improved quark field, respectively.

exchange from the action vertices [Fig. 2(a)], one-gluon exchange occurs from vertices of the
improvement terms in the quark field [Fig. 2(b)]; these vertices are represented by the dots in
Figs. 2(a) and 2(b). The corresponding sub-diagrams in the continuum and lattice theories are

Mµ = (−gta)Sb(p+q)γµ

√
mb

Eb
ub(η , p) = (−gta)

mb− iγ · (p+q)
m2

b +(p+q)2 γµ

√
mb

Eb
ub(η , p), (3.2)

M lat
µ = (−gta)nµ(q)

[
R(0)

b (p+q)Slat
b (p+q)Λµ(p+q, p)+R(1)

b,µ(p+q, p)
]
Nb(p)ulat

b (η , p), (3.3)

where q is the momentum of the virtual gluon; p is the external b-quark momentum; the fac-

tor nµ(q) = 2sin
(

1
2

qµ

)
/qµ = 1− 1

24
q2

µ + · · · is the lattice wave-function factor for the gluon

line; Sb(p+ q) and Slat
b (p+ q) are the continuum and lattice b-quark propagators, respectively;

Nb(p)ulat
b (η , p) is the normalized lattice spinor from the OK action, which corresponds to the nor-

malized spinor
√

mb

Eb
ub(η , p) in the continuum; Λµ denotes the one-gluon exchange vertex from

the OK action; R(0)
b denotes zero-gluon vertices from the improvement terms in the heavy quark

field; and R(1)
b,µ denotes one-gluon vertices from the improvement terms in the heavy quark field.

The improvement parameters d1, d2, d3, and d4 enter via the zero-gluon exchange vertices
R(0)

b ,

R(0)
b (p+q) = eM1/2

[
1+ id1 ∑

j
γ j sin(p j +q j)−2d2 ∑

j
sin2 1

2
(p j +q j)

− 2
3

id3 ∑
j

γ j sin(p j +q j)sin2 1
2
(p j +q j)−4id4 ∑

j,k
γ j sin(p j +q j)sin

1
2
(pk +qk)

]
. (3.4)

The remaining seven improvement parameters enter via the one-gluon exchange vertices R(1)
b,µ . The

temporal (µ = 4) component is

R(1)
b,4(p+q, p) = eM1/2 cos

1
2

q4γ4

[
i
2

dEζ ∑
j

γ j sinq j−dEEγ4 ∑
j

γ j sinq j
[

sin(p4 +q4)− sin(p4)
]

4
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+(drE −dzE )∑
j

sinq j
[

sin(p j +q j)− sin p j
]
− idrE ∑

j,l,m
ε jlmΣ j sinql

[
sin(pm +qm)+ sin pm

]]
,

(3.5)

while the spatial (µ = i) components are

R(1)
b,i (p+q, p) = eM1/2

[
−d1γi cos(pi +

1
2

qi)− id2 sin(pi +
1
2

qi)−
1
2

dB ∑
r,m

εirmΣm sinqr cos
1
2

qi

− i
2

dEγ4γi cos
1
2

qi sinq4 +drE ∑
r,m

iεirmΣmγ4 sinq4
[

sin(pr +qr)+ sin pr
]

cos
1
2

qi

− (drE −dzE )γ4 sinq4
[

sin(pi +qi)− sin pi
]

cos
1
2

qi +dEEγi sinq4
[

sin(p4 +q4)− sin p4
]

cos
1
2

qi

+
1
2

d4

[
γi cos(pi +

1
2

qi)∑
j

4
[

sin2 1
2
(p j +q j)+ sin2 1

2
p j
]
+2sin(pi +

1
2

qi)∑
j

γ j
[

sin(p j +q j)+ sin p j
]]

+
1
12

d3γi

[
4cos(pi +

1
2

qi)
[

sin2 1
2
(pi +qi)+ sin2 1

2
pi
]
+2sin(pi +

1
2

qi)
[

sin(pi +qi)+ sin pi
]]

+(d5−dz3)cos
1
2

qi

[
−∑

j
γ j sinq j

[
sin(pi +qi)− sin pi

]
+ γi ∑

j
sinq j

[
sin(p j +q j)− sinq j

]]
+d5 cos

1
2

qiγ4γ5 ∑
r,m

εirm sinqr
[

sin(pm +qm)+ sin pm
]]

. (3.6)

In these expressions the momentum p of the heavy quark is on shell, p4 = iEb = i
[

M1+
ppp2

2M2
+ · · ·

]
.

Assuming the spatial momentum ppp of the external b-quark and the gluon momentum transfer
q are much smaller than the b-quark mass mb and the inverse of the lattice spacing 1/a, we expand
M lat

µ and Mµ in pppa, qa, ppp/mb, and q/mb. We then equate the coefficients of the expansions of M lat
µ

and Mµ at each order in ppp and q. The resulting equations constrain the improvement parameters di

from the improvement vertices R(0)
b and R(1)

b,µ . Each improvement parameter di may appear in more
than one constraint equation. The parameters dE , drE , dzE , and dEE appear in both the temporal
(µ = 4) and spatial (µ = i) components of the one-gluon exchange vertex R(1)

b,µ . The constraint
equations for µ = 4 and µ = i must be consistent.

For example, consider the constraint equation for the improvement parameter dEE from the
µ = 4 components of the amplitudes. The parameter dEE enters via one of the terms in the one-
gluon exchange vertex R(1)

b,4. Expanding this term in ppp and q, we obtain

−dEE cos(
1
2

q4)∑
j

γ j sinq j
[

sin(p4 +q4)− sin(p4)
]
=−dEE coshM1γγγ ···qqqq4 + · · · . (3.7)

Then the lowest order constraint equation on dEE from Eqs. (3.2) and (3.3) is[
ζ e−M1 coshM1

8sinh3 M1
+

ζ cEe−M1

8sinh2 M1
+

cEE

2tanhM1
−dEE coshM1

]
γγγ ···qqqq4u(η ,0) =

γγγ ···qqqq4

8m3
b

u(η ,0) , (3.8)

where we gather all linearly dependent terms at leading order of the Taylor expansions and equate
them.

5
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For the case µ = i, we obtain the lowest order constraint equation for dEE in the same manner,[
ζ e−M1 coshM1

8sinh3 M1
+

ζ cEe−M1

8sinh2 M1
+

cEE

2tanhM1
−dEE coshM1

]
q2

4γiu(η ,0) =
1

8m3
b

q2
4γiu(η ,0) , (3.9)

which yields exactly the same constraint as Eq. (3.8).
We have obtained constraint equations on all the improvement parameters in the ansatz of

Eq. (2.4). We have checked that all the constraint equations are consistent through first order
in ppp. We expect M lat

µ and Mµ to match through O(ppp3), given the values we obtain for the 11
improvement parameters in Eq. (2.4). Our results for d1−d4 are consistent with those reported in
Ref. [13], while for the parameters dB, dE , dEE , drE , dzE , dz3 , and d5, we obtain

dB = d2
1 −

rsζ

2(1+m0)
, (3.10)

dE =
1

2m2
b
−

ζ (1+m0)(m2
0 +2m0 +2)

[m0(2+m0)]2
+

ζ (1+m0)(1− cE)

m0(2+m0)
, (3.11)

drE =− 1
8m3

b
+

rsζ

24(1+m0)
+

ζ cEE(2+2m0 +m2
0)

2m0(1+m0)(2+m0)
+

ζ 2cE(2+2m0 +m2
0)

[2m0(2+m0)]2

+
ζ 2(12+24m0 +16m2

0 +4m3
0 +m4

0)

12m3
0(2+m0)3

−d1
ζ (1+m0)[2+m0(2+m0)cE ]

2m2
0(2+m0)2 , (3.12)

dEE =
1+m0

(m2
0 +2m0 +2)

[
− 1

4m3
b
+

ζ (1+m0)(m2
0 +2m0 +2)

[m0(2+m0)]3

+
ζ cE(1+m0)

[m0(2+m0)]2
+

(2+2m0 +m2
0)cEE

m0(2+m0)

]
, (3.13)

d5 =−
1

16m3
b
+

ζ cB[(1+m0)(4+6m0 +3m2
0)ζ −m2

0(2+m0)
2d1]

8(1+m0)[m0(2+m0)]2
+

c3(1+m0)

m0(2+m0)

+
ζ 2cE [d1m0(2+m0)−ζ (1+m0)]

4[m0(2+m0)]2
+

−ζ 2d1 +ζ (1+m0)

[
(2+2m0 +m2

0)ζ
2

[m0(2+m0)]2
+dB

]
4m0(2+m0)

, (3.14)

dzE = dz3 = 0. (3.15)

4. Status and outstanding issues

Results for the improvement parameters appearing in our ansatz for the improved heavy quark
field are contained in Eqs. (3.10)-(3.15). These results are obtained by matching the two- and
four-quark flavor-changing current matrix elements at zeroth and first order in expansions in the
momenta of the heavy quarks. To simplify the matching of the four-quark matrix elements, we
consider the b→ u (heavy to light) transition instead of the b→ c (heavy to heavy) transition,
expand in the momentum transfer along the gluon line, and match through second order in the
momentum transfer.

To cross-check the results in Eqs. (3.10)-(3.15), we have performed two independent sets of
matching calculations. From the matching conditions for the two- and four-quark matrix elements,

6
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we find multiple independent constraints on the 11 improvement parameters. From these con-
straints we also verify that the improvement parameters in Eqs. (3.10)-(3.15) are consistent with
the results for the improvement parameters in the OK action [15].

However, several issues remain. To summarize:

1. Several of our results for the improvement parameters diverge as the bare mass m0→ 0. Since
we expect a smooth connection with the improved currents of a relativistic lattice theory in
this limit, this divergent behavior appears suspicious, at least at first glance. For example,
consider the parameter d4 [13].

d4 =−
d1

8M2
X
+

d2ζ

4sinh M1
+

3
16

(
1

M3
Y
− 1

m3
b

)
, (4.1)

where

d1 =
ζ

2sinh M1
− 1

2mb
, (4.2)

d2 = d2
1 −

rsζ

2eM1
, (4.3)

1
M2

X
=

ζ 2

sinh2 M1
+

2rsζ

eM1
, (4.4)

1
M3

Y
=

8
3sinh M1

{
2c2 +

1
4

e−M1

[
ζ

2rs(2coth M1 +1)

+
ζ 3

sinh M1

(
e−M1

2sinh M1
−1

)]
+

ζ 3

4sinh2 M1

}
. (4.5)

The relationships among the rest mass, kinetic mass, and bare mass of the quark are

aM1 = log(1+am0) = am0−
1
2
(am0)

2 +
1
3
(am0)

3 + . . . (4.6)

aM2 =
(1+am0)((1+am0)

2−1)
ζ [−rs + rs(1+am0)2 +2ζ (1+am0)]

= am0−
1
2
(am0)

2 +(am0)
3 + . . . (4.7)

where we set ζ = rs = 1. Since mb = M2, we obtain, in the limit am0→ 0,

d1 =
1
4
(am0)−

3
8
(am0)

2 +
7
16

(am0)
3 + . . . (4.8)

d2 =−
1
2
+

1
2
(am0)−

7
16

(am0)
2 + . . . (4.9)

d4 =
1
8

1
am0
− 3

32
− 5

32
(am0)+ . . . . (4.10)

From the result in Eq. (4.10), it is clear that d4 has a simple pole at am0 = 0. Hence, d4 is
divergent in the chiral limit.

Similarly, we can repeat this calculation for all the improvement parameters di. We find
that each of d4, dEE , drE , and d5 has a simple pole at am0 = 0 and so is divergent in the

7
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chiral limit. Superficially, this behavior appears to violate the first principle of the Fermilab
formulation, because it is supposed to work both in the chiral limit and in the heavy quark
limit simultaneously. However, we are investigating the discretization effects in the two-
quark current matrix elements. We find that, as a→ 0 with fixed quark mass (m0 6= 0), the
lattice artifacts vanish, and everything looks regular in this limit. Further progress in this
direction will be reported in Ref. [19].

2. Although our results for d1, d2, and dB agree with those in Ref. [9], our result for the im-
provement parameter dE differs. Our results for dE are given in Eq. (3.11), and those in
Ref. [9] are

dE(FNAL) =
1

2m2
b
− ζ (1+m0)

mbm0(2+m0)
+

ζ (1+m0)(1− cE)

m0(2+m0)
(4.11)

Hence, the difference is

∆dE = dE(SWME)−dE(FNAL)

= ζ
−(1+am0)(2+am0(2+am0))+ rsζ am0(2+am0)+2ζ 2(1+am0)

(am0)2(2+am0)2

=− 1
2+am0

when we set ζ = rs = 1. (4.12)

It converges to
(
−1

2

)
in the chiral limit and vanishes in the heavy quark limit. The caveats

are that dE(FNAL) is obtained based on NRQCD power counting, for the heavy-heavy meson
system, by matching the improved field to the canonical field with a Foldy-Wouthuysen-Tani
transformation, while our result dE(SWME) is derived using a momentum expansion which
corresponds to HQET power counting, for the heavy-light meson system. At present, it is
not clear how this difference in power counting has a non-trivial effect on ∆dE . We plan to
investigate this issue in the near future.

3. Our matching condition yields a unique value for the improvement parameter drE , even
though the action operator corresponding to this parameter is redundant. Since the same
isospectral transformations can be applied to the action and the currents [15], a unique value
for drE indicates that the operator basis given in Eq. (2.4) might be incomplete. This issue is
under further investigation.

4. It has not been proved yet that the improved quark field is sufficient for the current improve-
ment. The proof can be achieved through the HQET analysis [16, 17, 18] with lattice artifacts
incorporated in it. We plan to do this in the near future.
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