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We present a calculation of the form factors of the D→ Klν and D→ πlν semileptonic decays
at zero momentum transfer, ultimately for the purpose of determining the Cabibbo-Kobayashi-
Maskawa (CKM) matrix elements |Vcs| and |Vcd |. This work uses MILC N f = 2+1+1 configu-
rations with the HISQ action for both sea quarks and valence quarks, including several physical
mass ensembles and lattice spacings down to 0.042 fm. The calculation is done directly at q2 = 0
by employing twisted boundary conditions to tune the child particle momenta. Results at the
physical point and in the continuum limit will be achieved in the final analysis through the use of
Heavy-Meson Staggered χPT. Here we present our expected error budget and compare with the
error of prior calculations.
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1. Introduction

The CKM matrix describes quark mixing in the Standard Model. The parameters that charac-
terize the matrix must be deduced from a combination of theory and experiment. At the Lagrangian
level, these parameters come from Yukawa couplings, and presumably require a more fundamen-
tal theory to explain their values. The CKM matrix may also hold the key to finding evidence of
physics beyond the Standard Model. A violation of unitarity of the CKM matrix, or finding dif-
ferent processes that require different values for the same matrix element when it is assumed that
only standard model interactions contribute to each of the processes, would be evidence of new
physics. The decays studied here, D→ Klν and D→ πlν , depend on |Vcs| and |Vcd |. They are the
two largest elements in the second row of the CKM matrix and provide a stringent test of unitarity,
especially if we can reduce the experimental and theoretical errors. Figure 1 graphically shows the
contributions of the error in |Vcs| for both leptonic and semileptonic decays. We see that the error
for leptonic decays is somewhat smaller than that for the semileptonic decay. We also see that the
error from experiment is dominant for the leptonic decay, but that for the semileptonic decay, the
error from the lattice QCD calculation of the decay form factor dominates the error. Thus, it is im-
portant to reduce the error coming from lattice QCD. We are studying these decays on ensembles
of configurations that use the highly improved staggered quark action (HISQ) [1].

17%
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Lattice Experiment EM

64%
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Figure 1: Comparison of contributions to |Vcs| errors from the leading leptonic decay [2, 3] and semileptonic
decay [4, 5] determinations. Radius is proportional to total error.

2. Methodology

To calculate the semileptonic decays of the D meson, we must calculate matrix elements of the
vector current operator V µ = q̄γµc. We need to calculate 〈K|V µ |D〉 and 〈π|V µ |D〉. Considering
specifically the kaon case, we need f+(q2) defined through the relation

〈K|V µ |D〉= f+(q2)

[
pµ

D + pµ

K−
M2

D−M2
K

q2 qµ

]
+ f0(q2)

M2
D−M2

K

q2 qµ . (2.1)
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However, it is more convenient to instead calculate the corresponding matrix element of the local
scalar current [6] S = q̄c, i.e.,

(mc−ms)〈K|S|D〉 = (M2
D−M2

K) f0(q2), (2.2)

and use the kinematic constraint f+(0) = f0(0). With staggered quarks, the left-hand side of
Eq. (2.2) requires no renormalization, eliminating one potential source of error.

Our calculation makes use of MILC 2+1+1 flavor HISQ ensembles. The light, strange, and
charm valence quarks also use the HISQ action. Figure 2 graphically shows the characteristics of
the ensembles that have been used so far. The radius of the inner circle for each ensemble indicates
the number of configurations used. The outer radii of the colored circles indicates the product of
the number time sources per configuration and number of configurations in each ensemble, i.e., the
statistics. The spatial lattice size L is large enough in each case to ensure that MπL > 3.5. The 0.06
fm ensemble with ml = 0.2ms has been added in the past year.

0.042 0.06 0.09 0.12

a (fm)

0.2

0.1

physical

m
l/
m
s

Figure 2: Graphical representation of the ensembles used in this calculation. See text for interpretation of
symbol radii.

Using the scalar current and the kinematic constraint, we limit our calculation to q2 = 0.
Twisted boundary conditions [7, 8, 9] are used to calculate three-point functions with an appro-
priate momentum for the pion or kaon. In general, q2 = M2

K +M2
D−2EKMD. We make use of the

dispersion relation EK =
√

M2
K + p2 to determine the required momentum to make q2 vanish. Mo-

menta up to integer multiples of 2π/L come from the usual Fourier transform. The rest comes from
a twist of θ in each spatial direction giving ~p = θ

π

L (1,1,1). The momenta required for q2 = 0 are
large, and a test of the dispersion relation is shown in Fig. 3. The dashed lines show the expected
systematic errors that scale like α2

s (ap)2. The proportionality constant is set to one to draw the
lines. The violations for the kaon are quite small, for the pion, somewhat less so, but the violations
appear more random than systematic. (Note the nonmonotonic dependence on ml for a = 0.12 fm.)
The chiral-continuum fit of our results includes a correction for variations from q2 = 0.

In the proceedings of Lattice 2015 [10], we discussed the quark propagators needed to calcu-
late the three-point functions, and we also explained how we fit the two- and three-point functions.
The reader is referred there for further details. The next step in the analysis is the chiral-continuum
fit.
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Figure 3: Violation of the energy-momentum dispersion relation for the kaon and pion on each ensemble
with the momentum set to the value that would give q2 = 0 assuming the energy-momentum dispersion
relation. The strong coupling is defined via the potential, thus the notation αV for the strong coupling.

3. Chiral-continuum fit, finite volume check, error budget

We use Heavy Meson Staggered χPT [11, 12] in the hard pion or kaon limit [13] in order to
fit our results. Schematically,

f0(q2) =
C0

fπ

[
(1+δ flogs)+Cvχv +Csχsea +Caχa2 +Cqχq2

]
, (3.1)

where χv, χsea, χa2 and χq2 capture the dependence on the daughter quark mass, sea quark masses,
light quark discretization effects and q2 respectively. We need the value of gπ , the D∗-D-π coupling,
for the chiral logarithms denoted by flogs. We treat it as a fit parameter with a prior of 0.52±0.07.
The χi terms are expected to be multiplied by coefficients Ci of order one, so we use priors Ci =

0± 2, for i 6= 0. There are additional terms for dependence on (ap)2, a4 and other higher order
terms that are not included in the central fit, but are included in our systematic error analysis.

Figures 4 and 5 show the chiral-continuum extrapolation for our central fit. In each case, the
left panel shows how the data and fit depend on ml/ms, and the right panel shows the lattice spacing
dependence.

We have explored the systematic error by removing either the dependence on the sea-quark
mass, or q2 from our central fit. We have also added NNLO terms, an a4 term, and an (ap)2 term.
A stability plot is shown in Fig. 6. The upper green band is the central fit for f DK

+ (0), and the lower
blue band is for f Dπ

+ (0). The only fit that does not agree very well with the central fit for f DK
+ (0) is

the one for which we removed the sea-quark mass dependence. However, this fit has a p-value of
just 0.1 (compared with > 0.5 for the other fits).

We have looked at three values of the lattice size L = 24, 32, and 40 for a ≈ 0.12 fm and
ml = 0.1ms, and considered the chiral perturbation theory prediction of Ref. [14] for finite volume
effects with twisted boundary conditions. Table 1 contains our error budget. The scale uncertainty
comes from adjusting the lattice spacing on each ensemble by±1σ . The reported value in the error
budget is the largest change observed.
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Figure 4: The chiral-continuum extrapolation for f Dπ
0 . In the left panel, we show the dependence on the

light quark mass. In the right panel, we show the dependence on a2. These are from the same fit, just
different projections. The physical value is shown in black.
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Figure 5: The chiral-continuum extrapolation for f DK
0 .

4. Conclusions

In this preliminary report, we have looked at both f Dπ
+ (0) and f DK

+ (0) in order to extract the
CKM matrix elements |Vcd | and |Vcs|, respectively. Although we are not ready to present the values
of the form factors, we have done sufficient analysis to anticipate the error budget and final errors.
We expect the total error to be 2.4% ( 4.1%) for f DK

+ (0) ( f Dπ
+ (0)), as shown in Fig. 7. Once this

analysis is completed, we would like to calculate scalar and vector form factors at multiple values
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Figure 6: Variation of the chiral continuum limit as we subtract terms from or add terms to the formula
used for the central fit.

Source of % Error
uncertainty f D→π

+ (0) f D→K
+ (0)

Chiral fit 4.1 2.4
Finite volume 0.06 0.06
Scale a 0.2 0.2
Total 4.1 2.4

Table 1: Preliminary error budget. The chiral fit error includes statistics, the truncation of the chiral model,
and discretization errors.

of q2. This would allow us to use the z-expansion to get the shape and normalization of the form
factors across their entire kinematic range, which should reduce the error in the determination of
the two CKM matrix elements.
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Figure 7: Comparison of our anticipated errors in the form factors for N f = 2+ 1+ 1 with the current
results summarized by FLAG for N f = 2 and 2+ 1. The central value from FLAG is used for comparison
purposes.
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