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Mumford-Shah (MS) model is a popular model among image segmentation area. A multiphase
nonlocal Mumford-Shah (NLMS) model which combines nonlocal operators and original MS
model is proposed in this paper to  segment multiphase images. In order to segment different
patterns simultaneously, multiple region partition strategy which uses n-1 level set functions to
segment n regions is adopted. Furthermore, corresponding split Bregman algorithm is designed
to improve computational efficiency. Finally, numerical experiments are shown to validate the
efficiency and effectiveness of the proposed model.
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1. Introduction

Image segmentation is a technology to segment the image into regions with their own
characteristics  and  extracting  targets  with  interest.  It  is  the  fundamental  problem of  image
processing and analysis[1,2], computer vision and machine recognition.

According to different information contained in the image, the active contour model which
has been widely used in segmentation can be divided into two types: models based on edges and
models based on regions. Models based on the edge such as snake model [3],  can get ideal
results in the process of segmenting images with obvious edges[4]. However, the contours are
often not accurate enough in the process of segmenting images with weak edges. To solve the
problems,  researchers  proposed  the  Mumford-Shah  (MS)  model  based  on  regions[5].  This
model equals original images to piecewise smooth images and minimal contours by minimizing
the  energy  functional.  However,  due  to  the  inconsistency  in  the  dimension  of  image  and
contours, the problem can not be solved. In order to make it computable, Chan and Vese used
the level set method to segment the piecewise constant image[6-8], which was the Chan-Vese
(CV) model. To segment inhomogeneous objects in the image, Vese and Chan  improved CV
model by minimizing the two-phase piecewise smooth MS energy[9]. In terms of texture image
segmentation,  Sandberg  and  Chan  adopted  Gabor  transform to  convert  the  original  texture
image  into vector  images,  and then applied CV model  to  each layer  of  vector  images[10].
However, due to the existence of some redundant and incorrect layer in vector images, it leads
to wrong segmentation results. In 2005, Buades et al first proposed nonlocal method[11]. This
method can keep the texture well. In 2008, Gilboa and Osher  defined a new series of nonlocal
operators[12]. Bresson and Chan combined the piecewise smooth Mumford-Shah model with
nonlocal operators to segment two-phase texture images[9,13]. Their approaches overcomes the
defects [10]. And the approaches get better results.

In  this  paper,  a  multiphase  nonlocal  Mumford-Shah  model  which  combines  nonlocal
operators  and multiple region partition strategy is proposed for image segmentation[13]. The
former  can cope with texture  information in  the  image,  while  the  latter  can uses  n-1 label
functions to segment  n regions. The split Bregman method is adopted to transform the energy
minimization problem into some subproblems and then solve them respectively.

2. Two-Phase Nonlocal Mumford-Shah Model and Nonlocal Operators

First, we will review the two-phase nonlocal Mumford-Shah (NLMS) model. For an image
( ) : ,f x R xW W , the minimization problem of NLMS model is as follows

(2.1)
where 1u  and 2u  is the gray value inside and outside of the closed contour denoted by label

function f  respectively.  1a ,  1l ,  2a ,  2l  and g  are the penalty parameters balancing these three

energy terms. NLu  is the gradient operator defined in the nonlocal space. In order to solve (2.1),
we need the nonlocal operators.  

Based  on  nonlocal  means,  Gilboa  and Osher  systematically  defined  nonlocal  gradient
operator, divergence operator and Laplacian etc[12]. Define ( ) :u x RW  be the grayscale image
which is defined on image space W , nonlocal similarity of :x x W  and :y y W  can be defined
as 

                      (2.2)

where  Gs  is  the  Gaussian  kernel  function,  h  is  the  thresholding  value  controlling
similarity  ,  s  is  the  standard deviation of  Gaussian kernel  function.  With the definition of
nonlocal similarity, at point x  , nonlocal gradient vector operator is shown as 
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                      (2.3)
At point x , the nonlocal gradient module value is as follows

                          (2.4)
The nonlocal divergence at point x  is

                     (2.5)
Then the nonlocal Laplace at point x  is

                  (2.6)
Model (2.1) can only segment two-phase images and the optimisation method (i.e. gradient

decent flow) used to solve label function f  is difficult to discretise to solve. Therefore, it is a
nontrivial problem proposing multiphase segmentation model.

3. Variational Level Set Method and Region Partition Strategy for Multiphase 
Image Segmentation

3.1 Variational Level Set Method for Multiphase Segmentation

Multiphase image segmentation is using a plurality of label functions to divide an image
into some  mutually adjacent  non-overlapping areas according to  the  different  characteristic.
Assuming f  is a gray image defined on a rectangular area W . By introducing q  label functions,
the  image  can  be  classifed  into  p  areas.  The  variational  level  set  method  for  multiphase
segmentation is given as follows:

                               (3.1)
Where  ( )ic f  is  the  characteristic  function  and  p q .  ( )i iQ u  denotes  the  corresponding

parameter estimating function for different types of images. , 1, 2, ,i i pW = L  satisfies 

                       
                           (3.2)

Characteristic function ( ), 1, 2, ,i i pc f = L  satisfies

                          ( )
1

0
i

i
i

x

x

W
c f

W
= , 1,2, ,i p= L                         (3.3)

                                  ( )
1

1
p

i
i

c f
=

=                                     (3.4)

In  order  to  guarantee  that  it  cannot  produce  the  overlapping  or  missing  segmentation
results, (3.1) must meet constraint (3.4). Additionally, in order to let label functions keep the
characteristic of signed distance functions in the process of evolution, (3.1) must satisfy (3.5).

                                                   (3.5)

3.2 Segment n regions with n-1 label functions

When using n-1 label functions to segment n regions [14-16], we can learn p n= ， 1q n= - . It is
          (3.6)
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Then constraint (3.4) becomes to

                                  ( )
1

1
n

i
i

c f
=

=                                (3.7)

 

1  

3  

2  5  

4  

  

Figure 1: Segmenting five regions with four label functions 

Here,  we  adopted  the  region  partition  strategy  proposed  by  Pan  et  al  [16].  The  scheme  of
characteristic functions can be seen in Fig. 1. Here, the corresponding characteristic functions are
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       (3.8)

Then, the general expression of characteristic functions in Fig. 1 is 

( )
1

0

( ) ( ) 1 ( ) 1, 2, ,
i

i i j
j

H H i nc f f f
-

=

= - = L                   (3.9)

here 0( ) 0H f =  and ( ) 1nH f = . This scheme also satisfy constraint (3.7). 

4. NLMS Model for Multiphase Segmentation and Split Bregman Algorithm

Here, the multiphase nonlocal Mumford-Shah model is proposed as

 
            (4.1)

We can solve it with alternating optimization approach. First, fixing if  for iu , we can get

                     (4.2)

Thus, the detailed form of iu  can be written as

( )
( ) ( ) ( )( ) ( )( )( ) ( ) ( )

( ) ( )( ) ( )( )( ) ( )
,

1,2, ,
,

i i i i i

i

i i i i

f x y x u y w x y dy
u x i n

y x w x y dy
W

W

c f l c f c f

c f l c f c f

+ +
= =

+ +
L

                                                    (4.3)

Then, we fix  iu  to solve  if .  Here,  split  Bregman algorithm is adopted to solve variable  if  to

improve  the  computational  efficiency.  By  introducing  auxiliary  variable  iw  and  Bregman  iterative

parameter ib , (4.1) can be transformed into following form

 (4.4)

  To minimize (4.4), we first fix variable iw  for if
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                 (4.5)

where

                                                (4.6)

(4.5) can be solved by one iteration of Gauss-Seidel. Then variable if  can be solved 
efficiently by projection formula 

                               ( )( ),1 ,0i iMax Minf f=                           (4.7)

After obtaining if , the following soft thresholding equation is used to solve iw

               (4.8)
with the convention that 0 0 0= .

5. Numerical Experiments

In this section, we apply this model on synthetic and real images to verify the performance
of the proposed model. We would compare our model with the two-phase Chan-Vese model
[17].

In figure 2 and figure 3, we apply our model on three-phase image segmentation (n=2) and
four-phase  image  segmentation  (n=3).  It  can  be  seen  that  the  segmentation  performance  is
satisfactory.  Here, we list  last few  rows to better demonstrate the final label functions. It is
obvious that  those label  functions  are  very close  to  the  binary images (0 and 1).  Contours
gradually approach edges of  objects according  to  different  information.  The  parameters  for
experiment shown in the first column of figure 2 is 1, 1, 2000, 5000a l g q= = = = . Those for the
second  column  is  1, 1, 5000, 5000a l g q= = = = .  And  those  for  figure  3  is

1, 1, 2000, 8000a l g q= = = = .

    

    

Figure 2 : Three-phase images segmentation. First row: initialization; Second row: 
segmentation results; Third and fourth row: two label functions 1f  and 2f ; Fifth row: 
segmentation results by two-phase Chan-Vese model
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Figure 3: Four-phase images segmentation. First image: initialization; Second image: 
segmentation results; Third, fourth and fifth images: three label functions 1f , 2f  and 3f

Figure 4 is the multiphase segmentation results (n=2) for real brain MR image. It shows
that proposed model and algorithm can still efficiently segment brain MR images, even though
the  gray  values  of  edges  and  area  inside  brain  are  very  similar.  The  parameters  for  this
experiment is 1, 1, 5000, 9000a l g q= = = = .

Figure 5 is the multiphase segmentation results (n=2) for CT images. It can be seen that
proposed nonlocal Munford-Shah model and algorithm can segment CT images which contain
many tissues efficiently. It is worth mentioning that the region partition strategy cannot produce
the  overlapping  or  missing  segmentation  results  as  it  can  automatically  satisfy  the  unique
partition  condition  (i.e.,  one  pixel  point  can  only  belong  to  one  segmented  region).  The
parameters for this experiment is 1, 1, 6000, 1 4ea l g q= = = = .

   

   

   

Figure 4 : Multiphase segmentation results for piecewise smooth brain MR images. First 
column: different original images; Second column: segmentation results; Third column: 
segmentation results by two-phase Chan-Vese model 
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Figure 5 : Multiphase segmentation results for piecewise constant CT images. First column: the
contour initialization for different images; Second column: segmentation results; Last column: 
segmentation of the liver

6. Conclusion

In  this  paper.  nonlocal  Mumford-Shah model  for  multiphase  image  segmentation is
proposed. Taking advantage of original  Mumford-Shah model, this model combines nonlocal
operators with multiple region partition strategy which uses n-1 level set functions to segment n
regions.  So  it  has  ideal  performance  in  multiphase  image  segmentation.  Split  Bregman
algorithm is designed to increase the  computational efficiency.  The idea in the paper can be
extended to other mathematical problems in image processing.
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