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Asymptotic freedom, manifest by a coupling constant decreasing with increasing energy, is
one of the basic predictions of nonabelian gauge theories. It is quantitatively encoded in the be-
haviour of the B-function of Quantum Chromodynamics (QCD):
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which describes the running of the quark-gluon coupling constant a; = o, /7 as a function of the
renormalization scale p. The four lowest terms were calculated in Refs. [1-8] with the result (we
use the MS renormalization scheme throughout the paper):
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where ny denotes the number of active quark flavors. These results have moved the theory from
qualitative agreement with experiment to precise quantitative predictions, covering a wide kine-
matical range, from 7-lepton decays up to LHC results.

Recently, the five-loop term has been evaluated with the result:
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As expected from the three and four-loop results, B4 does not contain the higher transcendentalities
C32, {6 and {7 which do appear in individual diagrams. Note that the n;‘p term is in full agreement
with the result of [9] derived for a generic gauge group long time ago with a very different tech-
nique. Furthermore, quite recently, the n} term has been confirmed and even extended for a generic
gauge group in [10].
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In numerical form the coefficients By — B4 read

Bo ~ 2.75—0.166667 ny,

Bi ~ 6.375—-0.791667 ny,

B> ~ 22.3203 — 4.36892n +0.0940394 17,

B3 ~ 114.23—27.1339n; + 1.58238 17 4 0.0058567 n},

Bs ~ 524.558 — 181.799n + 17.156 n7 — 0.22586 13 —0.0017993 1} 3)

Q

%

For the particular cases of ny = 3,4,5 and 6 we get:

B(ny=3) = 1+ 1.78a,+4.47a>+20.994> +56.59 42,

B(ny=4) = 1+1.54a,+3.054> +15.07a; +27.3345,

B(ny=5) = 14+1.26a,+1.47a>+9.83a> +7.88a?,

B(ny=6) = 1+0.93a,—0.29a> +5.52a3 +0.154, 4)

where B = % =1+Yis1 Biai. A very modest growth of the coefficients is observed and the
(apparent) convergence is better than one would expect from comparison with other examples. The
smallness of the five-loop contributions in eqs. (4) implies that the final result is hardly effected
when running ¢ from the scale of the 7-lepton mass m; to the mass of the Z-boson.

The combined uncertainty in (xs(s)

(Mz) induced by running and matching from m; to Mz can
be conservatively estimated by the shift in as(s)(Mz) produced by the use of five-loop running
(and, consequently) four-loop matching instead of four-loop running (and three-loop matching). It
amounts to a 8- 107> which is by a factor of three less than the similar shift made by the use of

four-loop running instead of the the three-loop one. The final value of 055(5) (Mz)=0.11984+0.0015

which follows from OCS(3) (M) is in remarkably good agreement with the fit to electroweak precision
data ([11]) o (M) = 0.1197 & 0.0028.

Our result for the B-function leads to a determination of the effective Higgs-gluon-gluon cou-
pling, improved by one more loop. In the heavy top limit the Higgs boson couples directly to

gluons via the effective Lagrangian of the form [12-15]
1/2
Logp = =21 GPHC (W [} as(1)) G G- 5)

The effective coupling constant Cy(u?/m?,as(1)) appears as a common factor in two quantities
important for Higgs physics processes, namely, Higgs decay into gluons (one of the main decay
channels for the Standard Model Higgs boson) and Higgs production via gluon fusion (the main
Higgs production mode on LHC). It is expressible through massive tadpoles and was computed at
four loops in 1997 [16] (long before the direct calculation of four-loop generic massive tadpoles
started to be technically feasible). This happened to be possible due to a low energy theorem !

(exact in all orders) [16]
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Very recently the theorem has been redirived with a different technique [17] and even extended on the case of
multi-Higgs couplings to gluons in Ref. [18].
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which connects C; with the corresponding “decoupling” constant {, defined as a conversion factor
in the relation

Ot; = a.é(“’ahmh) = C;([,L,Ots,mh) o (1), Cg =1+ Zas(:u)dMS,i’

where o denotes the coupling constant in the effective QCD with the heavy quark, integrated out
and n; is the number of remaining active quark flavours.

Eq. (6) assumes that we are dealing with QCD with one heavy quark /# and n; massless ones
and that Higgs field is coupled with the scalar heavy quark current via

H _
——mhhh.
Vv

The total number of active flavours is ny = n; + 1. For the case of the SM Higgs one should set
my, =m; and ny = 6, n; =5. A more convenient form of the rhs of eq. (6) was found in Ref. [16]
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By counting the powers of ¢ in the rhs of eq. (7) one can easily see that, say, the (L -+ 1)-loop
contribution to Cj is constructed from the (L+ 1) loop B-function as well as from the quark mass
anomalous dimension ,, and the decoupling constant {2, with the latter two quantities being suffi-
cient to be known at L loops only.

The decoupling constant ng is currently known at four loops; the corresponding coefficients d;
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2The original result for ng as obtained in Refs. [19, 20] was not completely analytical as a pair of relevant master
integrals was then known only numerically. In the formula below we have used finding of Refs. [21,22] to display the
Aws 4 in a completely analytical form (it was also done in Ref. [23]).
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Here £, = 1In #2#), m(L) is the (running) heavy quark mass and a, = Li,(1/2) = Y, 1/(2/i").
The quark mass anomalous dimenson %, is known at four loops since long [24,25]. Finally,

using our result for the B-function, {, and ¥, we arrive at (1 is defined as u, = my(u;)):
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or, numerically,

1
Ci~ —5 a(im) [1 + 2.75a,() + (9.795 — 0.698 ny) a2 ()
+(49.183 —7.774n, — 0.221n7) @ ()
+(326.716—64.163n,+1.594n12—0.0343n,3)a§?(u,,)]. (13)
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The last expession should be modified if one want to use the pole quark mass M), instead of the
running MS one. Using the corresponding conversion formula from [26-28] we arrive at

1
€1~ — = ay(My) |1+ 275, (My) + (9351 - 0.698 ) a2 (M)
+(43.609 — 6.538n, —0.221n7) a; (M},

+(240.383 — 30.231n; +0.8001 n} — 0.0343n;) a;‘(Mh)] . (14)

For the case of the SM Higgs we obtain:

1
C, = —ﬁas(,u,) [1 +2.750 as(u;) + 6.306a>(u, )+ 4.794a> (u;) + 41.447a;‘(u,)]. 15)

Note that the contribution due to 4 to the last coefficient (boxed below) is significant, namely,

41.447 = —47.611+|89.058 |. (16)

After transformation to the pole top quark mass eq. (15) reads

1
Ci = —15a(M;) | (1+2.750 ag(M,) +5.861a%(M;)+ 5.3996 a2 (M,) + 54.951a}(M;)|, (17)

with the last term decomposition assuming the form:

54.951 = —34.107 4| 89.058 |. (18)

Let us close this paper with a brief discussion of its technical details®. The total number of
five-loop diagrams contributing to the B-function (as generated by QGRAF [30]) amounts to about
one and a half million. Every power of ny in (2) was computed separately with the help of the
FORM [31,32] program BAICER, implementing the algorithm of works [33-35].

Our analytical results are also available in computer readable form under the URL
http://www.ttp.kit.edu/Progdata/ttpl6/ttpl6e—-032
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