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In this paper is discussed the thermal abundance and evolution of relic particles (WIMPs) assum-
ing that the background is described by f (R) cosmology. As a reliable model, the marginally
deformed Starobinsky model f (R) = R+αRn, with 1 < n ≤ 2 is considered.
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1. Introduction

Despite all fundamental results of General Relativity (GR), the observational data of the
present Universe indicate that strong deviations from the standard Hilbert-Einstein picture [1] are
nedeed, and that new unknown form of (dark) matter and energy are necessary. Several modified
theories of gravity have been proposed in last years, which try to address, at the same time, the
shortcomings of the Cosmological Standard Model (for example, higher order curvature invariants
allow to get inflationary-like solutions of early Universe, as well as to explain the flatness and hori-
zon problems) [2, 3, 4, 5]. In the framework of models that extend GR, f (R) gravity is one of
the favorite candidate. It provides an unified description of dark energy and dark matter, without
invoking exotic sources as dark matter, and allows for the unification of the early-time (inflation)
and the later-time acceleration of the Universe [6, 7]. The gravitational action for f (R) gravity is
[8, 9]

S =
1

2κ2

∫
d4x

√
−g f (R)+Sm[gµν ,ψm] , (1.1)

where Sm is the action of the standard matter and κ2 = 8πG = 8π/M2
Pl , with MPl ≃ 1019GeV.

One of the consequences of dealing with alternative cosmologies is that the thermal history of
(relic) particles is modified. In these models the expansion rates H of the Universecan be written
as H(T ) = A(T )HGR(T ), where HGR is the expansion rate in GR, while the factor A(T ) encodes
the information about the particular model of gravity extending or modifying GR. Usually, the
factor A(T ) is defined in order that the successful predictions of the Big Bang Nucleosynthesis
(BBN) are preserved, that is A(T ) ̸= 1 at early time, and A(T )→ 1 before BBN begins (one refers
to the pre-BBN epoch since it is not directly constrained by cosmological observations). On the
other hand, an enhanced (pre-BBN) expansion of the Universe can reconcile observed dark matter
cosmic relic abundance with contraints provided by indirect dark matter detection experiments
(such as PAMELA [10] and the more recent AMS-02) [11]. These aspects will be studied in this
paper assuming thta the evolution of the Universe is governed by

f (R) = R+αRn , (1.2)

where the case n = 2 corresponds to the Starobinsky model. Models of the form (1.2) may generate
sizable primordial tensor modes provided 1 < n < 2 [12]. Remarkably, these models might emerge
from Supergravity [13, 14, 15] or dilaton dynamics in brane cosmology scenarios based on string
theory [17], and are in agreement with BICEP2 [14, 16] and Planck data [18] (R2-inflation is indeed
fully consistent with observations [2, 19, 20]).

The paper is organized as follows. In Section 2 we derive the f (R) gravity field equations
and solve them in the radiation dominated era. Section 3 is devoted to the study of thermal relics
abundance and their evolution. Conclusions are drawn in Section 4.

2. Field equations in f (R) gravity

The field equations for f (R) gravity follow by varying the action (1.1) with respect to the
tensor metric gµν

Gc
µν = κ2T m

µν , Gc
µν ≡ f ′Rµν −

f
2

gµν −∇µ∇ν f ′+gµν� f ′ , (2.1)
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where f ′ ≡ ∂ f
∂R

, and T m
µν is the energy-momentum tensor for matter. The trace equation is

3� f ′+ f ′R−2 f = κ2T m , T m = ρ −3p . (2.2)

The Bianchi’s identities are satisfied: ∇µGc
µν = 0 = ∇µT m

µν = 0. We work in the regime αRn > R,
with 1 < n < 2 according to Ref. [12]. We look for solutions of the form a(t) = a0tβ . In a (spatially
flat) Friedman-Robertson-Walker (FRW) metric

ds2 = dt2 −a2(t)[dx2 +dy2 +dz2] , (2.3)

we find that the 0−0 field equation and the trace equation read (in the very early Universe t → 0)

αΩβ ,nRn = κ2ρ , αΓβ ,nRn = κ2T m , (2.4)

where ρ is the energy density and

Ωβ ,n ≡
1
2

[
n(β +2n−3)

2β −1
−1

]
, Γβ ,n ≡ n−2− n(n−1)(2n−1)

β (2β −1)
+

3n(n−1)
2β −1

. (2.5)

During the radiation dominated era ρ =
π2g∗
30

T 4 (g∗ ∼ 102) and T m = 0, hence Γβ ,n = 0. One
therefore gets

β =
n
2

Ωβ= n
2 ,n

=
5n2 −8n+2

4(n−1)
. (2.6)

The function Ωβ= n
2 ,n

is positive for n > 1.289. It is worth to note that one can also consider
scenarios in which T m ̸= 0, which are related, for example, to bulk viscosity effects [21]. From
(2.4) one gets the relation between the cosmic time t and the temperature T

t(T ) = Σ
(

T
MPl

)− 2
n

M−1
Pl , Σ ≡ [6|β (1−2β )|]1/2

(
15α̃Ωβ ,n

4π3g∗

) 1
2n

, α̃ =
α

M2(1−n)
Pl

. (2.7)

We assume that at the instant t∗ (the transition time) the Universe passes from the cosmic evolu-
tion described by f (R) cosmology to the cosmic evolution described by the standard cosmologi-
cal model. The transition time t∗ or the transition temperature T∗ are determined via the relation
αΩβ ,nRn(t∗) = H2

GR(t∗), yielding

t∗ =
[
4α̃Ωβ ,n[6|β (2β −1)|]n

] 1
2(n−1) M−1

Pl , (2.8)

T∗ ≡ MPl[6(|β (1−2β )|)]−
n

4(n−1)

[
15

16π3g∗

] 1
4 [

4α̃Ωβ ,n
]− 1

4(n−1) . (2.9)

The relation (2.7) can be then cast in the form

t = t∗

(
T
T∗

)− 2
n

, with
t∗T 2

∗
MPl

=

√
15

16π3g∗
. (2.10)

The expansion rate of the Universe in f (R) cosmology is

H(T ) = A(T )HGR(T ) , A(T )≡ 2
√

3β
(

T
T∗

)p

, p ≡ 2
n
−2 (2.11)

where the factor A(T ) is the so called enhancement factor.
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3. Relic abundance and WIMP particles

Current observations indicate that not only our Universe is dominated by dark matter, respon-
sible of galactic and extragalactic dynamics, but also by dark energy, responsible of the accelerated
expansion of the Universe [24]

0.092 ≤ ΩCDMh2 ≤ 0.124 , 0.30 ≤ ΩDEh2 ≤ 0.46 , (3.1)

where h = 100Km s−1 Mpc−1 is the Hubble constant. Favorite candidates for non-baryonic cold
dark matter are the WIMPs (weakly interacting massive particles). The interest about these particles
as dark matter follows from the fact that WIMPs in chemical equilibrium in the early Universe
have the abundance which agrees with the expected one in the context of cold dark matter. This
kind of studies are motivated by recent astrophysical results which involve cosmic ray electron
and positrons, antiprotons, and γ-rays. Particular attention is devoted to the rising behavior of the
positron fraction observed in PAMELA experiment [10] (the astrophysical interpretation of this
phenomenon is discussed in [22], while the possibility of dark matter annihilation into lepton is
discussed in [23]).

The general analysis that accounts for the enhancement of the expansion rates in alternative
cosmological models has been performed in [11] (see also [25]). Typically the expansion rate
is written in the for H = A(T )HGR, where the function A(T ) = η(T/Tf )

ν encodes parameters
characterizing a particular model (here η and ν are free parameters, while Tf ∼ 10GeV is the
decoupling temperature). In our f (R) model, we have ν = 2/n−2, so that −1 6 ν 6 0 for 1 6 n 6
2. To compute the DM abundance, one has to numerically solve the Boltzmann equation for the
number density of thermal relic Y . Fixing η = {−1,0,1,2}, ⟨σannv⟩ ∼ 2.1×10−26 cm3 sec−1, and
mχ = [10,104]TeV, one determines the values of parameter η vs the DM masses [11] required to
infer the correct relic abundance of DM particles Ωχh2 = Ωh2

∣∣WMAP
CDM = 0.1131±0.0034 [26]. The

relic abundance is given by

Ωχh2 =
mχs0Y0

ρc
,

where ρc = 3H2
0 M2

Pl/8π is the critical density of the Universe, s0 is the present value of the entropy
density s = 2π2

45 gχ(T )T 3, and Y0 is the present value of the WIMP abundance for comoving volume

1
Y0

=
1

Yf
+

√
πM2

Pl
45

mχ

∫ ∞

x f

gχ(x)⟨σannv⟩√
g∗(x)A(x)x2

dx ,

in which Yf is the value of the WIMP abundance for comoving volume at the freeze-out, x =

mχ/T , {gχ(T ),g∗(T )} counts the effective number of degrees of freedom at temperature T , and,

x f = ln

[
0.0038gχ

MPlmχ⟨σannv⟩ f

A(x f )
√

x f g∗(x f )

]
(computations refer to non relativistic DM particles). Finally

one gets [11]
η > 0.1 for mχ & 102GeV . (3.2)

More precisely, the analysis shows that DM masses are in the range [102−104]GeV, and the allowed
region for the parameter η is 0.1 6 η . 103 − 106, where the upper bounds on η vary for the
different cosmological models labelled by ν [11].
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Table 1: Estimations of α for fixed values of the transition temperature T∗ = (1−102)MeV.

n T (GeV) α
1.3 10−3 1014GeV−0.6

10−1 1012GeV−0.6

2 10−3 1044GeV−2

10−1 1036GeV−2

Applications to f (R) cosmology

According to the above results, we rewrite the factor A(T ) (see Eqs. (2.9) and (2.11)) in the
form

A(T ) = η
(

T
Tf

)ν
, η ≡ 2

√
3β

(
Tf

T∗

)ν
, ν =

2
n
−2 . (3.3)

The transition temperature T∗ is fixed for values greater than the free-out temperature Tf . Therefore
we set T∗ = (1÷102)TBBN . From (2.9) we get

α =

(
15

16π3g∗

)n−1 [6|β (1−2β )|]−n

4Ωβ= n
2 ,n

(
MPl

T∗

)4(n−1)

M2(1−n)
Pl .

The order of magnitudes of α are reported in Table I for Ωβ= n
2 ,n

given in (2.6). The function η vs
n is plotted in Fig. 1. As we can see, the parameter η assumes values of the order O(0.1−1), so
that the mass of WIMPs particles is of the order 102GeV.

Figure 1: η vs n for β = n/2 and transition temperatures T = {1,10,102}MeV. Tf = 10GeV is the freeze-out
temperature, while η = 0.1 is the lower bound on η (see (3.2)).

4. Conclusions

In this paper we have studied the evolution of thermal relic particles in f (R) cosmology, as-
suming f (R) = R+αRn (n = 2 corresponds to Starobinsky’s model, while the so called marginally
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deformed model (n ̸= 1) produces sizable primordial tensor modes provided the exponent n falls
down in the range n ∈ [1,2]). As we have shown, if the cosmic evolution of the early Universe is
described by modified field equations, as provided indeed by f (R) gravity, then the expansion rate
gets modified by a factor A(T ) (H(T ) = A(T )HGR(T ), see Eq. (2.11)). This quantity essentially
weights how much the expansion rate of the Universe in f (R) cosmology deviates from the expan-
sion rate derived in the standard cosmology, and affects, in turn, the production of relic particles
(thermal relics decouple with larger relic abundances). As a consequence, the latter is obtained for
larger annihilation cross section, and therefore also the indirect detection rates get enhanced. This
effect may have its imprint on supersymmetric candidates for DM.

For a power law scale factor, solutions of the modified field equations, and parameterizing the

enhancement factor as A(T ) = η
(

T
Tf

)ν
, we find that the f (R) model is consistent with PAMELA

constraints, and the abundance of relic DM Ωχh2 ≃ 0.11, provided that η ∼O(0.1−1) (and −1 6
ν .−0.46). According to (3.2), the corresponding WIMPs masses are mχ & 102 GeV.
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