No Low-Lying Nuclear Vibrations: Configuration
Dependent Pairing and Axial Asymmetry
John F Sharpey-Schafer1

The present wealth of experimental data on the structure of deformed atomic nuclei challenges the
original interpretation by Bohr and Mottelson of low-lying excited Kπ = 0+ and Kπ = 2+ rotational bands as
β and γ time-dependent vibrations of the quadrupole shape. It is shown that the first excited Kπ = 02+ bands
are pairing isomers with seniority zero lowered into the pairing gap by configuration dependent pairing to
form a second vacuum (SV) analogous to the ground state vacuum. These bands are 2p-2h single particle
configurations and have nothing to do with nuclear “vibrational collectivity”. In contrast, the first excited
Kπ = 2+ bands, that are found in all quadrupole deformed nuclei, are collective and exist as a consequence
of the breaking of axial symmetry.
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1.

1.

Classical Considerations

For a classical liquid drop the dynamic properties of such a drop, assuming irrotational flow,
had been formulated by Lord Rayleigh (John William Strutt) in 1879 [5]. Assuming an inviscid
incompressible liquid sphere he obtained:
𝜔2 = (𝜆−1)λ(𝜆+2)𝛾/𝜌𝑅3
(1)
where ω is the frequency of the λ pole oscillation of the drop, γ is the surface energy per unit area
due to the surface tension, ρ is the density of the liquid and R is the radius of the spherical drop.
That 𝜔2 ∝ 𝛾/𝜌𝑅3 is easily obtained by elementary dimensional analysis. The application of this to
a charged spherical nucleus, also assuming no viscosity and irrotational flow, gives [6]:
𝜔2 = {(𝜆−1)λ(𝜆+2) 𝐶𝑠 / 3𝑅𝐴2𝑚𝐴} – {2(𝜆−1)𝜆𝑒2𝑍2 / (2𝜆+1)4𝜋𝜖0 𝑅𝐴3𝑚𝑝𝐴2}
(1a)
where the radius of the nucleus R0 = RAA1/3, Cs is the surface energy term in the Weizsäcker Mass
Formula ~18 MeV [7], m is the nucleon mass, A is the atomic mass number, the second term is
due to a uniform charge Ze+ spread throughout the nucleus and mp is the mass of the proton. The
second term has little effect on ω if Z<80. Quantising by putting Eλ = ħω for A=150 and λ = 2 the
Rayleigh term gives E2 ≈ 2.4 MeV and for λ = 3, E3 ≈ 4.6 MeV.
However, we know from the Strutinski [8,9] shell corrections to the liquid drop that the shell
corrections oscillate much more rapidly than the liquid drop energy with increasing quadrupole
2
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Introduction
For many years the most authoritative source of information with which to understand the
details of nuclear spectroscopy has been Bohr and Mottelson’s famous two volumes of “Nuclear
Structure” [1]. On page 363 of Vol II they explain the concept of time-dependent vibrations of
the quadrupole deformed nuclear shape: orthogonal oscillations may take place (a) along the symmetry axis giving a variation in time of the axial deformation β, the so-called β vibrations (b)
perpendicular to the symmetry axis, breaking the axial symmetry, the γ vibrations. The former are
identified in actual even-even deformed nuclei with the first excited 02+ state which is the band
head of the first non-yrast Kπ = 0+ rotational structure. The latter is identified with the first Kπ =
2+ band which is also found in all deformed even-even nuclei.
In even-even deformed nuclei the strong attractive force between nucleons ensures that like
nucleons in time reversed orbits (with magnetic quantum numbers m and –m), having wave functions with maximum overlap, come closest to each other and hence have lower energies than other
options. This “pairing” interaction ensures that the ground states of all even-even nuclei, spherical
or deformed, have spin 01+ without exception. This “pairing energy” is typically ~1.0 MeV per
nucleon in the middle of the nuclear chart for nuclei with atomic mass A=150 [1] (vol. I p170).
To break a pair requires approximately 2.0 MeV meaning that particle-hole (p-h) states will only
occur at excitation energies of ~2.0 MeV and greater.
Up to an excitation energy of 2.0 MeV the density of states in the residual even-even nucleus
is low. After 2.0 MeV there is suddenly a very high density of excited states due to p-h channels
opening up. However there are some states in the “pairing gap” between the ground 01+ paired
state at 0.0 MeV and the onset of p-h states at ~2.0 MeV. Some of these states are just the rotational excitations of the intrinsic states located in the pairing gap. The traditional interpretation of
the intruder intrinsic states, that we have taught all our students, is that they must be due to “collective” excitations of the nucleus. Obvious possible collective in-phase motions of the nucleons
are time-dependent vibrations of the nuclear shape, in line with the “liquid drop” model of the
nucleus, proposed by George Gamow [2] and advocated by Nils Bohr [3,4].
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rotational bands, is between the irrotational and the rigid body values. The increase of I from
irrotational towards rigid, will surely increase any vibrational frequency of the shape? The quantity B is usually fitted to the data assuming that the first excited K π = 0+ and Kπ = 2+ bands are
indeed β and γ vibrations.
3.

Kπ = 0+, 02+ states

The experimental properties of excited Kπ = 0+, 02+ bands in even-even deformed nuclei have
been reviewed by Paul Garrett [14]. He points out that most of these bands do not have the attributes required of β vibrations, including the B(E2) transition rates to the ground state band. He also
stresses “…the need to consider the role of pairing in the description of these states.” The nuclei
that came nearest to satisfying the Bohr and Mottelson criteria for a collective β vibration were
nuclei near the 154Gd N=90 nucleus. Bohr and Mottelson are clear about the meaning of a vibration; “A vibrational mode of excitation is characterized by the property that it can be repeated a
large number of times. The nth excited state of a specified mode can thus be viewed as consisting
of n individual quanta. The quanta obey Bose statistics…” [1].
A very beautiful experiment by Kulp et al. [15] clearly demonstrates that there are no candidate two phonon 0ββ+ states in the N=90 nucleus 152Sm. The 02+ states themselves, in the N=88
and 90 nuclei, lie at low excitation energies of less than 900 keV. They are populated strongly in
two neutron transfer reactions when the transfer is across N=89. In the 152Gd(t,p)154Gd reaction
[16] the 02+ state is very strongly populated and the 03+ state and 04+ states are also fairly strongly
populated. This demonstrates that these 0n+ states have significant amounts of paired two neutrons
outside the target core in their wavefunctions. Unfortunately, two nucleon stripping only gives
information on the spin and parity of the final state and not on the specific single particle orbital
involved. Single particle transfer does not populate these 02+ states with sufficient strength to give
any information on the angular momentum of the transferred nucleon.
However, the intrinsic configuration of any core excitation of an even-even nucleus can be
coupled to by the odd nucleon, or nucleon hole, in the neighbouring odd nuclei as long as that
nucleon is not Pauli blocked by the core excitation having a time-reversed pair of nucleons in the
same orbital. We therefore have to look for the orbital that does not couple to the core excitation.
Schmidt et al. [17] have made a very comprehensive study of the low-spin states of 155Gd using
the (n,γ) reaction and (d,p) and (d,t) neutron transfer reactions. Candidates for the coupling of the
low-K orbitals to the 154Gd 02+ state are found. Their experiments populate states in 155Gd of low
spin and only weakly populate the [505]11/2- isomer at 121 keV with L=5 in the transfer reactions
and none of the higher spin states above it. Their assignment of the 592 keV level as the [521]3/2-
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deformation. Hence, for any deformed nucleus, the potential it sees, with respect to quadrupole
deformation, will be more constrained than the liquid drop which will increase any vibrational
frequency and the Rayleigh vibrational excitation energy. In 1941 Flügge [10] used the Rayleigh
formula to estimate the energy of the lowest vibrational mode in nuclei. The formula was quantised in 1952 by Aage Bohr [11], to give his famous Bohr Hamiltonian, using the Dirac prescription [12,13] for replacing time differentials of canonical variables with their space differentials
multiplied by -iħ. The main problem with this approach is that it is not at all clear what the value
of the mass parameter B should be that is crucial in working out any vibrational excitation energies. Like Raleigh, Aage Bohr assumes the nuclear “liquid” is irrotational. But we know that the
moments-of-inertia I deduced from the measured quadrupole moments and the energy spacing of
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neutron coupled to the 02+ state in 154Gd is elegantly supported by the data from the 157Gd(p,t)155Gd
reaction [18].
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Fig. 1 Rotational bands in 154Gd [21] and 152Sm [20], allocated to their respective vacua, to demonstrate
their congruence. Bands allocated to (a) the ground state vacuum |0 1+> in 154Gd (b) the second vacuum
|02+> in 154Gd. These latter states have been lowered by 681 keV so that 01+ and 02+ are at the same height
in the figure [19]. (c) and (d) the same for 152Sm .
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Fig. 2. Excitation energy as a function of angular momentum for members of the ground state 0 1+ bands
and the 02+ bands for the N=88, 90 and 92 isotones [22]. The deformation of 0 1+ ground state bands decrease
as the proton number Z increases, whereas the deformation of the excited 02+ bands does not. In all IBM
calculations the moment-of-inertia for the 02+ bands are less than for the ground state 01+ bands [24].
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Our 154Sm(α,3n)155Gd experiment at iThemba LABS using the AFRODITE γ-ray spectrometer showed that the [505]11/2- neutron does not couple to the 02+ state in 154Gd [19]. This indicates
that the core 02+ state in 154Gd has two [505]11/2- neutrons as a major component of its configuration. The [505]11/2- neutron is Pauli blocked from coupling to the core 02+ state. Clearly the
same blocking should occur for all the [505]11/2- neutrons outside even-even cores in the N=88
and 90 nuclei. Indeed this blocking situation exists in all other N=89 and 91 neighbouring odd
neutron nuclei.
If the 02+ states are 2neutron-2hole seniority zero states, they form a second vacuum (SV)
analogous to the ground state in which all nucleons are paired. Hence they should have all the
structures built upon them that the ground state has. In the N=90 nuclei 152Sm [20] and 154Gd [21]
the level schemes may be divided into two congruent sets of levels, one set based on excitations
of the ground state, the other on excitations of the second vacuum (SV, 02+ state). The congruence
of the excitations built on the 02+ states with respect to their ground state excitations is remarkable,
Fig. 1. The structures belonging to both vacua in both nuclei include Kπ = 2+ bands and negative
parity bands.
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4.

Pairing Isomers

Clearly the 02+ states in N=88 and 90 nuclei are not due to β vibrations of the nuclear shape.
But if they are 2 neutron 2 neutron-hole states, how is it that they can be lowered so far into the
pairing gap? The solution was found in the early 1970s and applied to the 02+ states in Th, U and
Pu nuclei. These had been observed in (p,t) two neutron pick-up reactions by Maher et al. [25]
but not in (t,p) two neutron stripping reactions by Casten et al. [26]. The solution put forward by
Griffin, Jackson and Volkov [27] was that simple monopole pairing was too crude an approximation to explain excited 0n+ states. With monopole pairing all the two particle transfer strength is
decanted into the ground state [28]. Clearly this is not the case for actinide nuclei or for the N=88
and 90 nuclei discussed above. Ref. [27] postulate that in the pairing model scattering from one
pair of time-reversed orbits to another pair of time-reversed orbits the probability increases with
the minimization of the momentum transfer in the process and with the overlap of the wavefunctions of the initial paired orbit with the wavefunctions of the final paired orbit. Thus nucleons in
low-Ω Nilsson orbits are inhibited from scattering into high-Ω orbits. Nucleons in low-Ω Nilsson
orbits have positive (prolate) single particle quadrupole moments whereas nucleons in high-Ω
orbits have negative (oblate) quadrupole moments. Hence a better approximation to the pairing
interaction is one that depends on the quadrupole moment of the nucleons involved: hence “quadrupole pairing”.
To demonstrate the effect of this improvement in the pairing interaction Ref. [27] has a convincing toy model: Suppose that Δpp ≈ Δoo >> Δop where Δpp , Δoo , and Δop are the pairing interactions between nucleons scattering between prolate-prolate, oblate-oblate and prolate-oblate
Nilsson orbitals. Also suppose there are n prolate and n oblate orbitals at the Fermi surface. Assume that each pairing matrix element is the same for the same type –a, BUT the prolate-oblate
matrix elements are very weak –εa. Then if the prolate n*n matrix is A, the oblate matrix is also
A, the matrix for the total system is;
𝐴 𝜀A
𝜀𝐴 𝐴
(2)
Then there are (2n-2) states with ZERO energy and 2 states with spin 0+ and energies E1,2 = -(1 ±
ε)na and separated by an energy of 2εna. Obviously there is mixing between the two lowered 0+
states depending on the size of ε.
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Recent measurements at iThemba LABS have identified the Kπ = 02+ bands in 15868Er90 [22]
and 16070Yb90 [23] to higher spins than seen in β-decay experiments. These measurements allow
the comparison of the behaviour of these bands with spin with that of the ground state yrast K π =
01+ bands as the proton number increases and the deformation decreases. This comparison is
shown in Fig. 2 where the excitation energies are plotted against spin for Z = 60 to 70 (60Nd to
π
+
70Yb) for neutron numbers N = 88, 90 and 92. It is clear that the ground state K = 01 bands are
decreasing in deformation, as the proton number Z increases after 15666Dy90, while the Kπ = 02+
bands maintain an almost constant moment-of-inertia. This is in contrast to the predictions of all
IBA and similar models where the moments-of-inertia of the excited Kπ = 02+ bands are always
less than the moments-of-inertia of the ground state Kπ = 01+ bands. To quote [24] “While the IBA
calculations using the most common form of the IBA Hamiltonian reproduce the energetics of the
02+ mode, they fail to account for the properties of the states built upon it.”
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It was pointed out by Abdulvagabova, Ivanova and Pyatov [29] that in reality the matrix (2)
is not symmetric in the density of prolate and oblate states. High-Ω oblate states are extruded to
the Fermi surface at the onset of deformation but have a much lower density of states than the
prolate low-Ω states that are driving the deformation. Hence the pairing interaction for oblate
orbitals will be much reduced compared to the pairing involving prolate orbitals. Hence the prolate paired state will be the 01+ ground state and the oblate paired state will be the excited 02+ state.
These authors [29] also pointed out that these conditions also applied in the N~90 nuclei as well
as in the actinides. Other authors have also developed this quadrupole pairing model [30-32]. The
latter authors coined the term “pairing isomers” for these 02+states.
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Fig. 3. Alignments of bands in (a) the odd-nucleus 159Er91 showing the reduction of the critical alignment
frequency ħωc due to blocking of the monopole pairing in both signatures of the ground state [521]3/2 - band
compared to the lack of blocking in both signatures of the [505]11/2 _ band. (b) the even-even nucleus 156Er88
showing that the 02+ band has the same unblocked critical alignment frequency as the yrast band. (c) critical
frequencies ħωc for the alignments of the AB “back-bends” due to i13.2 neutrons in a variety of rotational
bands in nuclei with neutron numbers between N = 88 and 98. The long dashed red line is the average ħωc
for even-even nuclei, the mauve dashed-dotted line is the average ħωc for odd proton nuclei and the dark
blue short dashed line is the average ħωc for odd neutron nuclei. Clearly the odd neutron [505]11/2 - nuclei
and the Second Vacuum (SV) 02+ band alignments do not suffer the same reduction in ħω c that the other
odd neutron bands do. Errors on the data points are between 5 and 10 keV. Data with larger errors have not
been included.
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Fig. 4. Systematics of bandhead energies for [505]11/2- and K𝝅 = 02+ (SV) states in N = 86-98 and Z = 6070 nuclei.

In Fig. 4 we compare the excitation energies of the 02+ states and [505]11/2- single neutron
states for nuclei with neutron numbers N = 88-98 and proton numbers Z = 60-68. The strong
correlation between the two sets of energies is manifest. We draw an analogy between the trajectory of the [505]11/2- neutron orbital, with respect to the Fermi surface, and that of a “flying fish”!
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It is clear that the [505]11/2- neutrons will not partake in the monopole pairing if the conjecture of Ref. [27] is correct. Indeed this is found to be the case. In 1982 Jerry Garrett et al. [33]
pointed out that the [505]11/2- neutron bands in the odd neutron nuclei near N~90 “back-bend”
at a critical frequency of ħωc ≈ 0.28 MeV, which is the same unblocked frequency as the “backbends” in the neighbouring even-even and odd proton nuclei yrast bands. In contrast, in odd neutron nuclei, the neutrons in low-Ω Nilsson orbits block some of the monopole (prolate) pairing
giving a “back-bending” critical frequency for the energy required to align a pair of i13/2 neutrons
of ħωc ≈ 0.23 MeV. Fig. 3(a) shows the alignments of the positive and negative signatures of the
[505]11/2- band compared with those of the [521]3/2- ground state band in 159Er. Fig. 3(b) shows
the alignments of the yrast band and the 02+ band in 156Er [34]. The systematics of current data on
i13/2 neutron “AB” alignment frequencies for nuclei with N=88 to 98 are shown in Fig. 3(c). The
horizontal broken lines in Fig. 3(c) indicate the average critical frequencies for even-even, odd
proton and odd neutron nuclei. The few examples of the critical frequencies in [505]11/2 - odd
neutron bands are marked with hour-glass symbols. It is clear that the AB critical frequency is not
blocked by the [505]11/2- neutron orbital. The two known examples of AB alignments in 02+
bands are marked in Fig. 3(c) with a star symbol. Again there is no reduction of the critical alignment frequency which means that, whatever the configuration of the 02+ state is, the neutrons
involved in the configuration do not partake in the monopole pairing.
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The [505]11/2- orbital is chased to the surface by the increasing nuclear deformation as the neutron number is increased, Fig 5. It then flops back into the Fermi Sea as orbitals get filled by
further increases in the neutron number. As the [505]11/2- orbital retreats from the Fermi surface
the excitation energy of the 02+ states increase, driving them nearer the point where the p-h states
start. This will lead to an increase in mixing with other configurations.

Clearly the actinides and nuclei near N=90 are not the only regions of the nuclear chart where
pairing isomers can occur. They will be located at the start of regions of deformation, where the
increasing number of protons or neutrons in low Ω aligned orbits, which increase the nuclear
deformation, force high Ω orbitals, from the filled lower shell, to the Fermi surface. Examples
would be near 12858Ce70 where the neutrons are at mid-shell, causing a strong deformation, and
there are 8 protons outside the closed Z=50 shell. In this case the “flying fish” orbital forced to
the Fermi Surface will be the proton π[404]9/2+ orbital. Another region is near 10244Ru58 where the
deformation brings both the π[404]9/2+ proton orbital and the υ[404]9/2+ neutron orbitals close
to the Fermi surface.

9
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Fig. 5. Detail of the Nilsson diagram showing orbitals determining the structure of nuclei with neutron
number N > 82. Prolate deformation brings down low-Ω orbits from the single particle levels above the N
= 82 shell gap and extrudes high-Ω levels to the Fermi surface from the high-j single particle levels below
the gap. Down-sloping orbitals have positive prolate single particle quadrupole moments and up-sloping
orbitals have negative oblate quadrupole moments. Jerry Garret et al. [32] have shown that the high-K upsloping ν[505]11/2- “flying fish” orbital does not partake in the normal monopole pairing (see text). The
density of down-sloping orbitals is much greater than that of the extruded up-sloping orbitals.
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Kπ = 2+ Collective bands
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In all well deformed prolate even-even nuclei, from 22Ne to the actinides, Kπ =2+ bands are
observed at low excitation energies well within the pairing gap. Usually the K π =2+ bandheads are
at lower energies than the 02+ states. Single particle transfer gives information on the quasi-particle/hole structure of any states not in the ground state band of the final nucleus. States that are
strongly populated will consist of the target odd quasi-particle coupled to some other quasiparticle. Assuming axially symmetric states, K will be a good quantum number, and any p-h component of the γ-band configuration should be composed of quasi-particles in Nilsson orbits [NnzΛ]Ω
of the same parity and where ΔK = | Ωtarget ± Ωtransfer| = 2. The (d,p) reaction has been used to
populate states in 158Gd, 164Dy, 172Yb and 173Yb [35]. A straightforward calculation using Nilsson
wavefunctions gives a good account of the relative strengths of the populations of the ground state
and γ bands in all four nuclei. In these cases the configurations involved have ΔK = 2. Similarly
the 151Sm(d,p)152Sm reaction [36] strongly populates the γ band as the ground state of 151Sm is
[523]5/2- and the [521]1/2- orbital, giving ΔK = 2, is available above the Fermi Surface. In contrast, the neutron pick-up reaction 151Sm(p,d)150Sm does not populate the γ band [36] as there is
no suitable ΔK = 2 orbital to couple to below the Fermi Surface. Proton stripping reactions to
154
Gd using the (3He,d) and (α,t) reactions [37] populate the γ band. The target nucleus 153Eu has
its odd proton in the [431]5/2+ orbit and the ΔK = 2 orbit [411]1/2+ is just above the Fermi Surface.
Again, in contrast, the (t,α) proton pick-up reaction to the nuclei 152Sm [38], 164Dy [39] and 174Yb
[40] do not populate the γ bands at all. Again this is because there are no suitable ΔK = 2 orbitals
below the Fermi Surface. The (p,t) pick-up reactions usually populate the γ band very weakly.
In the rotation-vibration model [41] the energies of β and γ vibrations are given, in an obvious
notation, by
Ex(nβnγIK) = ħωβ(nβ + ½) + ħωγ(2nγ + ½|K| + 1) + [I(I + 1) – K2] ħ2/2I
(3)
Most text books manage to miss the ½|K| term in Equ. 3, giving the impression that the first Kπ
=2+ band has nγ = 1. But Equ. 3 shows that the traditional Kπ = 2+ γ-band is not a band containing
a quantum ħωγ in the γ direction but has nγ = 0 and a bandhead excitation energy given by Ex=
(ħωγ + ħ2/I). These bands are referred to by Davydov as “anomalous rotational bands” [42]. In
the rotation-vibration model there is a strong coupling between rotations and γ-vibrations, physically expressing the fact that rotations with non-vanishing K become possible only in the presence
of dynamical triaxial deformation [41]. Any model having the γ degree of freedom will have zeropoint fluctuations and a similar origin for Kπ = 2+ bands. In Fig. 6 we show the systematics for
the experimental values of the ħωγ “phonon” quantum, calculated using Equ. 3, for K=2+ bands
between Z=60-70 and N=88-98. The values of ħωγ vary smoothly with Z and N unlike the systematics for the excitations energies of the 02+ states, equal to ħωβ if Equ. 3 is used, shown in Fig.
4. The levels of Kπ =2+ bands have both even and odd spins and are often divided into even 2+,
4+, 6+…. (natural parity) and odd 3+, 5+, 7+…. (unnatural parity) spin levels for clarity. The
even spin levels decay to the levels in the ground state band (gsb) by not only ΔJ = 2 transitions,
but also ΔJ = 0 and ΔJ = -2 transitions. As ΔK = 2 in these out-of-band transitions, M1 components
are K-forbidden in the ΔJ = 0 γ-rays. Similarly the ΔJ = ±1 transitions from the odd spin members
to the ground state band will be mostly E2 and contain very small M1 components at most [43,44].
Generally in-band ΔJ = 1 M1 transitions between the even and odd spin members of γ-bands are
very weak [42]. This means that gK ≈ gR for γ-bands. The E2 transition strengths are always of
the order of 10W.u. (Weisskopf single particle units).
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Fig. 7. Plot of the excitation energy, minus a rigid rotor, for the positive-parity bands in 156Dy [44]. The
Second Vacuum (SV) band is the 02+ band which is interpreted here to be a “pairing isomer” (see text).

It is not very usual for γ-bands to be identified much above spin 12+ as they are usually about
1.0 MeV above the yrast line. This makes it difficult to populate such states in fusion-evaporation
(HI,xn) reactions as they are embedded in other structures which compete for intensity. The use
of very heavy ion beams to Coulomb excite the most deformed nuclei has, in favourable cases,
11
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Fig. 6. Systematics of γ phonon energy ħω γ for N = 86-98 and Z = 60-70 calculated using Equ. 3.
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6.

γ Vibrations or γ Deformation?

As the data indicate that any time-dependent “β vibrations” are at higher excitation energies
than formerly imagined, then we might well expect any “γ vibrations” to also be well above the
pairing gap? In that case we are left with the other explanation given by Bohr and Mottelson that
the plethora of Kπ =2+ bands found in deformed nuclei throughout the nuclear chart are due to
these nuclei not being axially symmetric [1] (page 166 Vol. II). The way of deciding between γ
vibrations and axial asymmetry is to look experimentally for the predicted doublet of two-phonon
Kπ = 0γγ+ and 4γγ+ bands for vibrations or the lone Kπ = 4γγ+ band predicted for axial asymmetry.
This is difficult, as these structures are even further from the yrast line and will usually be embedded in a high density of p-h states with which they will mix. The experimental data to date are
not very convincing, [51] and references therein.
Clearly it will be experimentally easiest to detect the Kπ = 4γγ+ bands as these will be nearest
yrast. Also it will be best to look where the Kπ = 2+ bands have the lowest excitation energy. The
lowest Kπ = 2+ bands are in the Os nuclei [52-54]. These nuclei also have low-lying Kπ = 4+ bands
at about twice the excitation energy of the Kπ = 2+ bands, making them good candidates for being
a member of a two-phonon doublet. There is a particularly complete set of Coulomb excitation
(Coulex) data on the 186,188,190,192Os isotopes measured by Wu et al. [53] giving both diagonal and
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allowed γ bands to be traced up to much higher spins. A notable feature of γ bands is that they
track the intrinsic configuration, usually the ground state, they are based on. An example of this
is shown in Fig. 7 for the γ band in 156Dy [45]. Here both signatures of the γ band track the ground
state configuration up to its highest observed spin of 32+. The aligned band in 156Dy, which has a
band crossing with the band based on the 02+ state [46], shows no sign of any interaction with the
γ band. The γ band has a small signature splitting at higher spins.
A spectacular example of a γ band built on sequential alignments has been found in 160Er by
Ollier et al. [47]. Only the odd spin members of the γ band are seen, but they extend up to spin
43+ and track the yrast states around both the υ(i13/2)2 AB neutron alignment and then around the
π(h11/2)2 proton alignment (second back-bend). Again the data indicate that the crossings of the γ
band come at slightly lower spins and frequencies than in the yrast states. The data is quite remarkable. It shows that on every intrinsic or aligned configuration a γ-band is built with an added
(K + 2) quantum number. Whatever the γ bands are built with, it does not seem to be affected by
the configurations causing the alignments. Both even and odd spin members of positive parity
bands, that we have interpreted as a γ band built on top of the aligned S band in 156Dy, are shown
in Fig. 7 as bands 17 and 20 [45].
Just as in the case of 02+ states, a strong test of any theory of γ vibrations is the experimental
evidence of how single particle states couple to the core γ vibration. Each single particle state
with Nilsson quantum number Ω can couple to the core Kπ =2+ excitation either in a parallel mode
to give K> = (Ω+2) or in an anti-parallel mode to give K< = |Ω -2|. There can be a splitting of the
bandheads of these two bands which will give information on the particle-core excitation interaction. Clearly the band with K> will usually be nearer yrast and therefore easier to detect in (HI,xn)
reactions. However the K< band can be found, when K< is small, in experiments such as (n,γ) and
(n,n'γ) experiments [17]. The most complete data sets on the coupling of the ground state nucleon
in an odd nucleus to a core Kπ =2+ excitation are Coulomb excitation experiments [48] on 16567Ho98
and 16768Er99, which share the core nucleus 16668Er98, and fission fragment spectroscopy [49,50] on
the trio 10341Nb62, 10442Mo62 and 10542Mo63.
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off-diagonal matrix elements for the Kπ = 2+ bands and the Kπ = 4+ bands. These authors conclude
that the Kπ = 4+ states are consistent with them being two- phonon γ-vibration excitations 4γγ+.
This conclusion gave rise to a degree of robust discussion! It was pointed out by Dennis Burke
[55] that the conclusion of [53] rests on consideration of the matrix elements measured in their
Coulex experiment and did not consider transfer and inelastic scattering experiments. The proton
pick-up reaction 191Ir(t,α)190Os [56] and the proton stripping reactions 185,187Re(3He,d)186,188Os [57]
show that the candidate two-phonon 4γγ+ states in Os have a very strong component of the 1p-1h
proton configuration {π[402]3/2+ + π[402]5/2+}. They are also strongly populated in (p,p') and
(α, α') with L=4 angular distributions [58-60]. The final conclusion [61,62] was that the Kπ = 4+
state in 190Os at 1163 keV, almost exactly twice the excitation energy of the K π = 2+ state at 557
keV, is a highly mixed state with strong proton 1p-1h and hexadecapole components. In addition,
the ΔI=1 in-band transitions from the 5+ and 6+ states for the Kπ=4+ band are strong. For most
Kπ=2+ bands the ΔI=1 in-band transitions are very weak or undetected, which is expected for both
γ vibrational and γ deformed scenarios. Again the data mitigates against the 1163 keV state being
the bandhead of a two quadrupole phonon collective excitation. If this Kπ = 4+ state at 1163 keV
is very mixed, there has to be at least one higher Kπ = 4+ state to mix with. The next possible 4+
state in the data tables is at 1708 keV with spin assignments of (2+, 3+, 4+). This means that the
unmixed excitation of a Kπ = 4γγ+ two-phonon band has to be well above twice the one-phonon
excitation energy. This definitely ruins the elegant “γ vibration” interpretation of the structure of
190
Os. Allmond et al. [54] have revisited the extensive Coulex data of Ref. [53] and reanalysed it
in terms of their triaxial rotor model with independent inertia and electric quadrupole tensors [63].
They conclude that their model gives an improved description of the large set of E2 matrix elements except for those measured for the candidate two-phonon Kπ=4γγ+ band. They point out that
“the success of this model with respect to the Kπ=0+ band and Kπ=2+ band is insufficient to necessitate the triaxial features of the model” and that “there must be (at least) a second Kπ=4+ band
which carries the missing {E2} strength”. The partner two-phonon Kπ=0γγ+ band to the Kπ=4γγ+
band, that has to exist in any vibrational description of 190Os, gets little attention in all the experiments and analysis.
Similar Kπ=4+ bands exist in the nuclei near N=90 [51,64-67] that have been proposed to be
two γ phonon states. In these nuclei the Kπ = 2+ bandheads are at excitation energies above 750
keV. The proposed two phonon Kπ = 4γγ+ states are not at such elegantly twice the one-phonon
energies as for the Os isotopes. This is usually ascribed to the ~1600 keV energies being nearer
the top of the pairing gap leading to increased p-h mixing. An example is the Kπ = 4+ bandhead at
1646 keV in 15464Gd90 [66,67] which is at an excitation energy 1.65 times the excitation energy of
the Kπ=2+ bandhead. The state is strongly populated in (d,d') experiments [68,69] with L=4 and
in proton stripping [51] leading to a preferred proton p-h configuration {π[413]5/2+ + π[411]3/2+}.
Also the band built on the Kπ = 4+ state has been established up to spin 13+ and is connected by
ΔI=1 strong in-band M1 transitions [70]. The Kπ = 2+ bands always have extremely weak, or
undetectable, ΔI=1 in-band transitions which is expected on any collective model. There is no
reason either to expect strong ΔI=1 in-band transitions in 4γγ+ bands. In short, a two-phonon structure has been misidentified for these states.
There is one reasonable claim for identifying the 0γγ+ member of a two phonon doublet. In
166
Er a Kπ = 4+ state at 2055 keV decays strongly to the Kπ = 2+ band. A level at 1943 keV has
been shown to be a 0+ state which has enhanced E2 decays to the Kπ = 2+ band and is therefore a
best candidate for a 0γγ+ level [71].
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