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1. Introduction

One of the main tasks of the current LHC run is to establish the properties of the Higgs boson
discovered at the LHC in 2012 [1, 2]. The production process in association with top quarks,
pp→ tt̄H, provides a direct way to probe the strength of the top Yukawa coupling without making
any assumptions regarding its nature. This necessitates an improvement of the theoretical accuracy
with which theoretical predictions for pp→ tt̄H are known. A great amount of progress has been
achieved in the recent years in this field. Although the next-to-leading-order (NLO) QCD, i.e.
O(α3

s α) predictions are already known for some time [3, 4], they have been newly recalculated
and matched to parton showers in [5, 6, 7, 8]. As of late, the mixed QCD-weak corrections [9] and
QCD-EW corrections [10, 11] of O(α2

s α2), as well as the NLO QCD corrections to the hadronic
tt̄H production with top and antitop quarks decaying into bottom quarks and leptons [12] are also
available. However, calculations of the next-to-next-to-leading-order (NNLO) QCD corrections
are currently technically out of reach. It is nevertheless interesting to ask the question what is the
size and the effect of certain classes of QCD corrections of higher than NLO accuracy. One type of
contribution is from soft gluon emission in the threshold limit. In this context the absolute threshold
corrections have been included to all orders in perturbation theory [13]. Also in the invariant mass
threshold limit the approximation of the NNLO QCD corrections has been obtained [14]. In this
contribution we report on the inclusion of the contributions from soft gluon emission in the invariant
mass threshold limit to all orders in perturbation theory.

The traditional (Mellin-space) resummation formalism which is often applied in this type of
calculations has been very well developed and copiously employed for description of the 2→ 2 type
processes at the Born level. The universality of resummation concepts warrants their applications to
scattering processes with many partons in the final state, as shown in a general analytical treatment
developed for arbitrary number of partons [15, 16]. In particular, using a concept of individual
weights for each of the functions describing different type of dynamics, be it hard, soft/collinear
or soft, the factorization of the cross sections into these functions can be shown [17]. At the level
of a specific process, adding one more particle or a jet in the final state requires accounting for
more complicated kinematics and a possible change in the colour structure of the underlying hard
scattering. In the general framework the former will manifest itself in the appearance of new type
of weights, strictly related to the definition of a considered observable, while the latter influences
the soft and hard functions. More specifically, for processes with more than three partons involved
at the Born level, the non-trivial colour flow influences the contributions from wide-angle soft
gluon emissions which have to be included at the next-to-leading-logarithmic (NLL) accuracy. The
evolution of the colour exchange at NLL is governed by the one-loop soft anomalous dimension
which then needs to be calculated.

In the following we discuss these modifications for a generic i j→ klB process, where i, j
denote massless coloured partons, k, l are two massive coloured particles and B is a massive colour-
singlet particle. The corrections are considered in the limit of invariant mass threshold with the
corresponding weight given by z5 = 1− (pk + pl + pB)

2/ŝ. Subsequently we apply the results
to the case of the associated Higgs boson production with top quarks, where in the threshold
limit the cross section receives enhancements in the form of logarithmic corrections in z5, i.e.
(logi z5/z5)+, i = 0,1, ... The quantity z5 measures the fraction of the total initial state energy that
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goes into the gluon emission. An additional improvement of the calculation at the NLL accuracy
is achieved by including the O(αs) non-logarithmic threshold corrections originating from hard
dynamics.

2. Resummation at production threshold

At the partonic level, the Mellin moments for the process i j→ klB are given by

dσ̂i j→klB,N

dQ2 (mk,ml,mB,µ
2
F ,µ

2
R) =

∫ 1

0
dρ̂ ρ̂

N−1 dσ̂i j→klB

dQ2 (ρ̂,mk,ml,mB,µ
2
F ,µ

2
R) (2.1)

with ρ̂ = 1− z5 = Q2/ŝ, Q2 = (pl + pk + pB)
2.

At LO, the tt̄H production receives contributions from the qq̄ and gg channels. We analyze
the colour structure of the underlying processes in the s-channel colour bases, {cq

I } and {cg
I },

with cq
1 = δ αiα j δ αkαl , cq

8 = T a
αiα j

T a
αkαl

, cg
1 = δ aia j δ αkαl , cg

8S = T b
αlαk

dbaia j , cg
8A = iT b

αlαk
f baia j . In this

basis the soft anomalous dimension matrix becomes diagonal in the absolute production threshold
limit [18]. However, for the invariant mass kinematics the soft anomalous dimension matrix with
full kinematic dependence is required, which is not diagonal. The NLL resummed cross section in
the N-space has the form [17, 19]

dσ̂
(res)
i j→klB,N

dQ2 = ∑
I,J

Hi j→klB,IJ(N) S̃i j→klB,JI(N)∆
i
N+1∆

j
N+1 (2.2)

where we suppress explicit dependence on the scales. The indices I and J in Eq. (2.2) indicate
colour space matrix indices. The colour-channel-dependent hard contributions originating from
the LO partonic cross sections in Mellin-moment space and at, higher orders, the contributions
beyond LO and are denoted by Hi j→klB,IJ(N). The radiative factors ∆i

N describe the effect of the soft
gluon radiation collinear to the initial state partons and are universal, see e.g. [20] . Large-angle soft
gluon emission is accounted for by the factors Si j→klB,IJ(N) which are directly related to the soft
gluon anomalous dimension calculated in [13]. As indicated by the lower indices, the wide-angle
soft emission depends on the partonic process under consideration and the colour configuration of
the participating particles. In the limit of pB,mB→ 0 the matrix Si j→klB,IJ(N) coincides with the
corresponding matrix for a 2→ 2 process i j→ kl. In addition the absolute threshold limit also
reproduces the same matrix as for this 2→ 2 process [13]. In our calculations we consider all
perturbative functions governing the radiative factors up to the terms needed to obtain NLL accuracy
in the resummed expressions.

The function Si j→klB,IJ(N) is given by [19]

S̃i j→kl (N) = P̄ exp
[∫ Q/N

µ

dq
q

Γ
†
i j→kl

(
αs
(
q2))] S̃i j→kl

×Pexp
[∫ Q/N

µ

dq
q

Γi j→kl
(
αs
(
q2))]

where at the lowest order the matrix S̃i j→kl,IJ = Tr
[
c†

I cJ

]
and P and P̄ denote the path- and reverse

path-ordering in the variable q respectively. If the soft anomalous dimension matrix is diagonal this
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expression simplifies, however this is not the case for the invariant mass threshold. Therefore we
shall make use of the method of [19] in order to diagonalize the soft anomalous dimension matrix.
Using this method we transform to a diagonal basis R

ΓR = R−1
ΓR

HR = R−1H
(
R−1)†

(2.3)

SR = R†SR

In this basis we can write Si j→klB,R,IJ(N) as

S̃i j→kl,R,IJ (N) = S̃i j→kl,R,IJ exp
[∫ Q/N

µ

dq
q

{
λ
∗
R,I
(
αs
(
q2))+λR,J

(
αs
(
q2))}] (2.4)

with λR,I the eigenvalues of the matrix ΓIJ .
The matrix Hi j→klB,IJ(N) is described by the Born cross section projected onto the colour basis.

However beyond NLL accuracy higher order terms in Hi j→klB,IJ(N) and Si j→klB,IJ start contributing.
These terms lead to the invariant mass resummation equivalent of the matching coefficient for
absolute threshold resummation. In practice we split this term into the LO matrix in colour space
and a single coefficient averaged over colour space for the higher order contributions

Hi j→klB,IJ(N) = H(0)
i j→klB,IJCi j→klB (2.5)

The coefficient Ci j→klB = 1+ αs
π

C(1)
i j→klB + . . . contains all non-logarithmic contributions to the NLO

cross section taken in the invariant mass threshold limit. More specifically, these consist of the
full virtual corrections including the Coulomb corrections and N-independent non-logarithmic
contributions from soft emissions. Although formally the coefficient Ci j→klB begin to contribute
at NNLL accuracy, in our numerical studies of the pp→ tt̄H process we consider both the case
of Ci j→klB = 1, i.e. with the first-order corrections to the coefficients neglected, as well as the
case with these corrections included. In the latter case we treat the Coulomb corrections and the
hard contributions additively, i.e. C(1)

i j→klB = C(1,hard)
i j→klB +C(1,Coul)

i j→klB . For k, l denoting massive quarks

the Coulomb corrections are C(1,Coul)
i j→klB,1 = CFπ2/(2βkl) and C(1,Coul)

i j→klB,8 = (CF−CA/2)π2/(2βkl) with

βkl =
√

1−4m2
t /ŝkl and ŝkl = (pt + pt̄)

2. As the N-independent non-logarithmic contributions from
soft emission are accounted for using a modification of the techniques developed for the 2→ 2
case [21, 22], the problem of calculating the C(1)

i j→tt̄H coefficient reduces to calculation of virtual
corrections to the process. We extract them numerically using the publicly available POWHEG
implementation of the tt̄H process [8], based on the calculations developed in [4]. The results are
then cross-checked using the standalone MadLoop implementation in aMC@NLO [5].

The resummation-improved NLO+NLL cross sections for the pp→ tt̄H process are then
obtained through matching the NLL resummed expressions with the full NLO cross sections

σ
(NLO+NLL)
h1h2→klB (ρ,µ2

F ,µ
2
R)=σ

(NLO)
h1h2→klB(ρ,µ

2
F ,µ

2
R)+σ

(res−exp)
h1h2→klB (ρ,µ2

F ,µ
2
R)

with

σ
(res−exp)
h1h2→klB = ∑

i, j

∫
C

dN
2πi

ρ
−N f (N+1)

i/h1
(µ2

F) f (N+1)
j/h2

(µ2
F)

×
[
σ̂
(res)
i j→klB,N(µ

2
F ,µ

2
R)− σ̂

(res)
i j→klB,N(µ

2
F ,µ

2
R) |(NLO)

]
, (2.6)
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where σ̂
(res)
i j→klB,N is given in Eq. (2.2) and σ̂

(res)
i j→klB,N |(NLO)

represents its perturbative expansion truncated
at NLO. The moments of the parton distribution functions (pdf) fi/h(x,µ2

F) are defined in the

standard way f (N)
i/h (µ2

F) ≡
∫ 1

0 dxxN−1 fi/h(x,µ2
F). The inverse Mellin transform (2.6) is evaluated

numerically using a contour C in the complex-N space according to the “Minimal Prescription”
method developed in Ref. [23].

3. Numerical predictions

The numerical results presented in this section are obtained with mt = 173 GeV, mH = 125 GeV
and MMHT14 pdf sets [24]. We choose the central renormalization and factorization scales as
µF,0 = µR,0 = mt +mH/2, in accordance with [25]. The NLO cross section is calculated using the
aMC@NLO code [26].

In Figure 1 we analyse the scale dependence of the resummed total cross section for pp→ tt̄H
at 14 TeV, varying simultaneously the factorization and renormalization scales, µF and µR. In
Figure 1 (a) a comparison between including and excluding the matching coefficient is shown
for invariant mass resummation, where the inclusion of the matching coefficient is indicated by
"w C" and the use of invariant mass resummation is indicated by its scale Q. Whereas, Figure 1 (b)
compares the previous result for absolute threshold resummation to the new result for invariant
mass resummation, here absolute threshold resummation is indicated by its scale M = 2mt +mH

and invariant mass resummation is again indicated by Q.
Figure 1 (a) demonstrates that adding the soft gluon corrections and higher order hard con-

tributions stabilizes the dependence on µ = µF = µR of the NLO+NLL predictions with respect
to NLO. The central values, calculated at µ = µ0 = mt +mH/2, and the scale uncertainty from
simultaneous variation of the scales at

√
S = 14 TeV changes from 613+6.2%

−9.4% fb at NLO to 619+5.2%
−2.4%

fb at NLO+NLL (with C(1)
i j→tt̄H coefficients included). The increase in cross section for low scales

can possibly be attributed to the fact that the qg channel only begins to contribute at NLO and
therefore does not undergo the resummation procedure and is not taken into account at higher
orders. It is also clear from Figure 1 (a) that the coefficient C(1)

i j→tt̄H strongly impact the predictions,
especially at higher scales. In fact, their effect is more important than the effect of the logarithmic
corrections alone for large scales. This observation also indicates the relevance of the contributions
originating from the region away from the threshold which need to be known in order to further
improve theoretical predictions.

In Figure 1 (b) it can be seen that there is a difference in the size of the correction for invariant
mass threshold resummation and absolute threshold resummation.

Unlike absolute threshold resummation, invariant mass resummation allows differential distri-
butions to be computed, specifically the invariant mass distribution. Figure 2 shows the invariant
mass distribution with the scale variation for simultaneous µR and µF variation. From this we can
see that the invariant mass distribution is stable with respect to higher order soft gluon emission at
the chosen central scale. At the hand of the increase in the size of the cross section for the lower
uncertainty bound, which is taken at 2 µ0, it can be seen that for larger scale choices the corrections
are significantly larger. An example of such a larger scale choice is the peak of the invariant mass
distribution, µ ≈ 2.64 µ0 as is used in [14].
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Figure 1: Scale dependence of the LO, NLO and NLO+NLL cross sections at
√

S = 14 TeV LHC collision
energy. The results are obtained while simultaneously varying µF and µR, µ = µF = µR.

0.0

5.0

10.0

15.0

20.0

25.0

30.0

35.0

40.0
σ(pp→ Htt̄+X)[fb per bin]√

S = 14 TeV

µ0 = mt +mH/2mH = 125 GeV

0.80
1.00
1.20

500 600 700 800 900 1000 1100 1200
Q[GeV]

σX/σNLO

NLO

NLO+NLL (Q w C)

Figure 2: Invariant mass dependence of the NLO and NLO+NLL cross sections differential at
√

S = 14 TeV
LHC collision energy. The uncertainty bands are obtained by simultaneously varying µF and µR by a factor 2
around µ0. The lower half shows the ratio with respect to the central value of the NLO result.

The effect of including NLL corrections is summarized in Table 1 for the LHC collision energies
of 13 and 14 TeV. Here we choose to estimate the theoretical uncertainty due to scale variation using
the 7-point method, where the minimum and maximum values obtained with (µF/µ0,µR/µ0) =

(0.5,0.5),(0.5,1),(1,0.5),(1,1),(1,2),(2,1),(2,2) are considered. The invariant mass threshold
NLO+NLL predictions including the C(1)

i j→tt̄H show a significant reduction of the scale uncertainty,
compared to NLO results. The reduction of the positive and negative scale errors amounts to
around 20-30% of the NLO error for

√
S = 13,14 TeV. If invariant mass threshold is compared to

absolute threshold resummation the scale uncertainty is more greatly reduced and, as previously
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√
S [TeV] NLO [fb] NLO+NLL M with C NLO+NLL Q with C

Value [fb] K-factor Value [fb] K-factor
13 506+5.9%

−9.4% 537+8.2%
−5.5% 1.06 512+5.1%

−6.2% 1.01
14 613+6.2%

−9.4% 650+7.9%
−5.7% 1.06 619+5.2%

−6.4% 1.01

Table 1: NLO+NLL and NLO total cross sections for pp→ tt̄H at
√

S = 13 and 14 GeV. The NLO+NLL
results are shown with C-coefficient and for both absolute threshold and invariant mass threshold. The error
ranges given together with the NLO and NLO+NLL results indicate the scale uncertainty computed by use of
the seven point method.

stated, the K-factor is smaller. The scale uncertainty of the predictions are still larger than the pdf
uncertainty of the NLO predictions which is not expected to be significantly influenced by the soft
gluon corrections.
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