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1. Introduction

The formation of strongly interacting matter in relativistic heavy-ion collisions is evidenced
by experiments at the BNL Relativistic Heavy Ion Collider (RHIC) and at the CERN Large Hadron
Collider (LHC) [1, 2, 3, 4, 5, 6, 7, 8]. The existence of a fireball of dense matter enables the
development of collective expansion, a final state interaction effect. Collisions with small projec-
tiles, p+p, p+A, and d+A were expected to show a different behavior, with negligible final state
interactions. In the field of heavy-ion collisions small collisions systems were studied as reference
systems and to assess the so called cold nuclear matter effects.

In high multiplicity p+p and p+Pb events at the LHC structures in the two-particle correlation
function have been observed similar as in heavy-ion collisions [9, 10]. The two dimensional cor-
relation function in relative pseudorapidity ∆η and relative azimuthal angle ∆φ shows a ridge for
∆φ ' 0, elongated along ∆η . This ridge structure has been interpreted as due to the initial state
correlation in small collision systems [11, 12, 13, 14, 15, 16]. In this paper we follow the interpre-
tation of the ridge-like structures as due to hydrodynamic expansion in the final state [17, 18, 19].
The azimuthal asymmetry of particle spectra in p+Pb has been quantitatively predicted before the
experiment in the viscous hydrodynamic model [20].

2. Collective flow in small collision systems

In this next section we review basic observations for soft momenta particles emitted in small
collision systems and discuss the appearance of effects due to hydrodynamic expansion of the
fireball.

2.1 Elliptic and triangular flow
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Figure 1: (left panel) Elliptic and triangular flow of charged particles, data from the CMS Collaboration
compared to hydrodynamic model results (from [21]). (right panel) Elliptic flow of charged particles mea-
sured by the ATLAS Collaboration [22] using three different methods, also are shown the predictions of the
hydrodynamic model for v2 using the second and fourth cumulant (from [23]).
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A number of independent calculations within the hydrodynamic model in p+Pb collisions pre-
dict a sizable elliptic v2 and triangular v3 flow coefficients [20, 23, 24, 25, 26, 27, 28, 29, 30, 31].
In p+Pb collisions initial azimuthal deformations of the fireball are generated by fluctuations. The
magnitude of fluctuations in the Glauber Monte Carlo model and in the EPOS model yield a flow
asymmetry compatible with the data (Fig. 1). The centrality dependence of the elliptic flow coeffi-
cient (Fig. 1, right panel) is qualitatively well reproduced in the model. The flat centrality depen-
dence results from a cancellation of the decreasing initial elliptic deformation and an increasing
hydrodynamic response with multiplicity.

2.2 Hierarchy of v2 and v3 in p+A, d+A, He+A

The initial geometry in d+A collisions is determined mainly by the deformation of the nucleon
projectile and fluctuations (Fig. 2, left panel). The initial geometry is better controlled than in
p+A collisions and can be tuned using multiplicity cuts [20]. The idea of using small deformed
projectiles has been used in experimental studies at RHIC energies [32]. The data is well described
by hydrodynamic models [26, 33] (Fig. 2, right panel).

partN
5 10 15 20 25 30 35 40 45 50

0

0.2

0.4

0.6

0.8

1
d­Pb  Glauber Monte­Carlo

ε

2
ε

3
ε

0 0.5 1 1.5 2
0

0.05

0.1

0.15

0.2

0.25 PHENIX Data     3+1D Hydro 200 GeV
  0-5% d-Au2v

He-Au 3 3v

He-Au 3 2vnv

 [GeV/c]
T

p

Figure 2: (left panel) Large elliptic deformation in d-Pb collisions, predicted in the Glauber Monte Carlo
model (from [20]). Elliptic and triangular flow in He+Au and d+Au collisions, hydrodynamic model com-
pared to PHENIX Collaboration data [32] (from [33]).

2.3 Flow from higher cumulants

In small system collisions the multiplicity is smaller than in typical heavy-ion collisions. This
causes difficulties in separating the flow and non-flow contributions to particle correlations. Mea-
surements with reduced non-flow contribution can be performed using higher order cumulants
[34, 35]. The flow coefficients from higher order cumulants can be related to higher moments
of the initial eccentricity. In p+Pb collisions all higher cumulants are expected to be of similar
magnitude, only the second moment is larger. Such a hierarchy has been observed experimentally
[22, 36, 37, 38], with v2{2} > v2{4} ' v2{6} ' v2{8} (Fig. 1, right panel). Additional relations
between higher order cumulants can be derived in models of the initial state [39]. These relations
are consistent with experiment within errors.
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2.4 Interferometry radii

The effective size of the emission source can be measured using interferometry correlations. In
the hydrodynamic model the effective size decreases with increasing pion pair momentum. A pion
pair with large momentum is emitted from a smaller fragment of the fluid with a large collective
velocity.
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Figure 3: Interferometry radii Rside (upper-left panel), Rout (upper-right panel) and Rlong (lower-left panel)
as a function of the pair transverse momentum for p+Pb collisions calculated in the hydrodynamic models
[40, 41, 29], data from the ALICE Collaboration [42]. (lower-right panel) The r.m.s. radius of the source in
p+Pb collisions from the Wounded nucleon and the wounded quark Glauber model (from [43]).

Model calculations reproduce the experimental interferometry radii in p+Pb and d+Au colli-
sions fairly well [40, 44, 41, 29] (Fig. 3). The agreement is best when a small initial size of the
fireball in p+Pb collisions is chosen. The small initial size is naturally explained in the wounded
quark Glauber model [43] (Fig. 3, lower-right panel).

2.5 Factorization of azimuthal correlations

A collective flow paradigm requires an approximate factorization of two-particle azimuthal
correlations in transverse momentum and rapidity [45, 46]. A small breaking of factorization in
hydrodynamic models is possible due to fluctuations in the initial state. Experiments confirm that
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factorization is approximately fulfilled for p⊥ < 3 GeV [47], and the agreement with model calcu-
lations is satisfactory [28].

2.6 Mass splitting of v2

In hydrodynamics the effect of the collective flow depends on the mass of the particle. The
momentum dependent flow coefficients vn(p⊥) are different for particles of different masses (pions,
kaons, protons).
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Figure 4: (left panel) Elliptic flow of identified particles in p+Pb collisions for the hydrodynamic model
compared to ALICE Collaboration data [48]. (right panel) Average transverse momentum of identified
particles in p+Pb collisions form the HIJING model, from the hydrodynamic model and data from the ALICE
Collaboration [49] (from [21]).

The mass splitting of the elliptic flow coefficient is observed experimentally in p+Pb [48]
and d+Au collisions [50]. The effect is reproduced by simulations in the hydrodynamic model
[21, 26, 27] (Fig. 4, left panel).

2.7 Multiplicity dependence and mass hierarchy of spectra

The velocity of a particle emitted from a fluid element is composed of two contributions,
the collective velocity of the fluid and the thermal motion of the particle in the fluid rest frame.
Consequently particle of higher mass get a stronger push from the collective flow. A characteristic
shift in particle spectra is observed with increasing particle mass [51, 49]. The same effect leads to
a mass hierarchy of the average transverse momentum in p+Pb collisions (Fig. 4, right panel).

3. Hydrodynamics in small systems

Experimental observations in relativistic collisions with small systems indicate that collective
expansion occurs in the final state of the collision. The results can be quantitatively understood us-
ing relativistic hydrodynamics. This raises the question about the applicability of hydrodynamics
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in systems with large gradient of density [30, 52]. The most important deviations from equilib-
rium are visible in the first stage of the expansion, where large asymmetry between transverse and
longitudinal pressure appears [53, 54].

In strong and weak interaction models of the early dynamics [55, 56] hydrodynamics starts to
be a good approximation already in phase with large pressure asymmetry. Moreover, the pressure
asymmetry has a minor effect on the transverse flow generated in the expansion [57, 58].

The breakdown of hydrodynamics at freeze-out makes the model questionable if the mean
free path becomes as large as the system size. It has been noticed that cascade models can produce
a flow asymmetry without hydrodynamic expansion [59, 60]. On the other hand, it should be
noted that numerical simulations in strongly interacting theories show that hydrodynamics applies
in systems as small a R' 1/T [61].

The status of possible collective flow in p+p interactions is much less certain than in p+Pb
collisions. In high multiplicity p+p collisions some effects of collective behavior are visible [9,
62, 63]. Several applications of the hydrodynamic model for p+p collisions are published[64, 65,
66, 67, 18, 68]. While the magnitude and the centrality dependence of the flow coefficients is as
expected in models assuming fluctuations of the fireball shape in p+p collisions [69, 70], detailed
predictions require further understanding of the subnuclear structure of the initial state [71].
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[41] P. Bożek, Phys.Rev. C90, 064913 (2014)

[42] J. Adam et al. (ALICE), Phys. Rev. C91, 034906 (2015)
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