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1. Introduction

After the discovery of the top quark at the Tevatron in 1995, its properties have been exten-
sively measured ever since. The LHC then overtook the top-quark physics program after its com-
missoning in 2009. In most cases the LHC Run 1 results obtained at

√
s= 7,8 TeV already improve

the Tevatron results. However, with the start of Run 2 at the center-of-mass energy
√

s = 13 TeV,
the precision era for top-quark physics has begun. Important measurements are the determination
of the top-quark coupling to gauge bosons and the Higgs boson, spin-correlations of the top-quark
decay products as well as fiducial cross sections and differential distributions. For now, the most
advanced calculations for stable top-quark pair production are the NNLO+NNLL prediction [1]
of the total cross section and NNLO accurate prediction for differential distributions [2, 3]. How-
ever, top-quarks are extremely unstable particles, and therefore decay before they can hadronize.
Thus, top-quarks can be studied directly from its decay products, where in the Standard Model they
nearly in all cases decay into a bottom quark and a W boson. Depending on the further decay of the
W boson one can classify the decay modes into leptonic, W → `ν`, or hadronic, W → qq̄′, decays.
The cleanest signature is obtained if both top quarks decay leptonically and therefore the final-state
consist out of two bottom-quark induced jets, two oppositely charged leptons and missing energy.
Top-quark decays were included in the NLO calculations within the narrow width approximation
in the works of Refs. [4, 5]. Another approach was taken in Refs [6, 8–11, 31] where top-quarks
are not treated as on-shell particles anymore. Instead the leptonic decays have been included and
NLO QCD corrections were calculated for the complete pp→ e+νeµ−ν̄µbb̄+X process. Just re-
cently also electroweak corrections were presented in Ref. [12] and a consistent matching to parton
showers has been presented in Ref. [13].

At the very large energies of the Large Hadron Collider top-quark pairs are often observed ac-
companied by additional jets and gauge bosons. In Fig. 1 the total cross sections for the associated
production processes of top-quark pairs are shown as a function of the center-of-mass energy

√
s.

It is clear, that the tt̄ j production is the largest contribution to the inclusive tt̄ sample for moderate
values of the pT cut on the hardest jet. For a better estimate of this contribution, we show in Table 1
the NLO QCD cross sections for several different choices of the pT cut and the ratio to the NNLO tt̄
cross section. The values were obtained for mt = 173.2 GeV for the LHC at

√
s = 13 TeV using the

pT ( j1) [ GeV] σNLO
tt̄ j [pb] σNLO

tt̄ j /σNNLO
tt̄ [%]

40 296.97±0.29 37
60 207.88±0.19 26
80 152.89±0.13 19

100 115.60±0.14 14
120 89.05±0.10 11

Table 1: The total cross section of tt̄ j at NLO as a function of the jet pT cut.

CT14 PDF sets [14]. NLO results were calculated using the HELAC-NLO framework [15] while the
NNLO prediction were obtained using TOP++ [16]. For a cut of pT ( j1)> 40 GeV nearly 40% of
all tt̄ pairs are accompanied by an additional hard jet. Consequently, precise theoretical predictions
for the tt̄ j production are necessary.
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Figure 1: The total cross sections for tt̄X processes as a function of
√

s.

The process pp→ tt̄ j+X has several important applications. First of all, the process can be
utilitized in the determination of the top-quark mass parameter using an alternative method [17]
which has been already used by both collaborations [18, 19]. On the other hand, tt̄ j can be used
to test physics beyond the Standard Model, for example, models with anomalous couplings to the
top quark [20] would lead to resonances in the invariant mass spectrum of the top-quark and the
additional jet. Finally, tt̄ j constitutes the dominant background for Higgs boson production in
the vector boson fusion process (VBF), pp→ H j j→W+W− j j, if the Higgs decays into a pair
of W bosons [21, 22]. For the VBF process the dominant kinematic signature are two forward-
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Figure 2: Differential distributions for the rapidity of the hardest light jet (left) and b-jet (right).

backward jets, which are required to be well separated in rapidity, i.e. |y1−y2|> 4 and at the same
time lie in opposite hemispheres of the detector, y1× y2 < 0. In Fig. 2 the rapidity of the hardest
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light and bottom-quark induced jet are depicted. In the case of top-quark pair production the two
leading jets are the b-jets from the decay and as can be seen from Fig. 2 these are produced very
centrally in rapidity. Thus, top-quark pair production is strongly suppressed by the aforementioned
selection cuts. On the other hand, if the top-quark pair is accompanied by an additional jet then the
suppression due to phase space cuts are less severe than in the case of tt̄ production. The reason
is that the light jet can be one of the leading two jets and in addition it is produced very broad
in rapidity as can be seen from Fig. 2. Thus this light jet circumvents the strong suppression and
makes tt̄ j production the dominant background.

W−

W+ W+

W− W−

W+

Z/γ
Z

W−

g

g g

g

g

g

g

q

q

b

b̄

νe
ν̄µ

µ−
e+ν̄e

µ−

ν̄µ
νe
e+

b

g

b̄b̄

b
t

νe
e+µ−

ν̄µ g

b
t

b̄

g

νe
e+

µ−
ν̄µ

Figure 3: Differential distributions for the rapidity of the hardest light jet (left) and b-jet (right).

In conclusion, precise theoretical predictions for pp→ tt̄ j + X are mandatory. For stable
top-quarks the NLO QCD corrections have been presented in Refs. [23, 24] and were later supple-
mented by LO decays [25] in the narrow width approximation. Later the top-quark decays have
been extended to NLO accuracy [26]. Top-quark pair production in association with one hard
jet has also been matched to parton showers by several groups [27–29]. Recently, also the ap-
proximation of on-shell top-quark decays has been dropped and the calculation of the full process
pp→ e+νeµ−ν̄µbb̄ j+X has been presented in Ref. [30]. Representative Feynman diagrams for
the leading-order production at O(α3

s α4) are shown in Fig. 3. This calculation takes into account
all double, single and non-resonant top-quark contributions as well as interferences between them.
Additionally, top quarks and W , and Z bosons are treated as unstable intermediate particles. Off-
shell effects for the top quark are small for inclusive observables and of the order of Γt/mt ≈ 1%, as
has been found in various calculations [6,8–11,30–32]. However, for certain observables off-shell
effects can have a larger impact and can affect searches for the Higgs boson [33] .

2. Calculational framework

The calculation of the next-to-leading order QCD corrections for the process
pp→ e+νeµ−ν̄µbb̄ j+X is performed using the HELAC-NLO framework, which has been already
successfully utilized for a wide range of top-quark studies [34–39]. The HELAC-NLO framework
extends the HELAC-PHEGAS Monte-Carlo generator [40,41] by the capability of calculating NLO
QCD corrections. It consists of two main packages:

HELAC-DIPOLES [42] for the evaluation of the real corrections, where currently two subtrac-
tion schemes are available, namely the Catani-Seymour [43, 44] and the Nagy-Soper [45] subtrac-
tion scheme. The complicated phase space integrations are performed using KALEU [46]. The
HELAC-1LOOP package [47] on the other side deals with the automated computation of the virtual
corrections. The program is based on the so-called OPP reduction method [48–50] as implemented
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in CUTTOOLS [51] together with Dyson-Schwinger recursions for the computation of tree-level
diagrams. Scalar one-loop integrals are computed using the ONELOOP [52] library.

Treating the top quark as an intermediate particle gives rise to singularities due to on-shell
propagators. To regularize resonant propagators the complex-mass scheme [53] is employed. Here,
the mass of the top quark is replaced by µ2

t = m2
t − imtΓt , where Γt is the top-quark decay width.

3. Numerical results

The following Standard Model input parameters are used to obtain the numerical results pre-
sented in this section

GF = 1.16637 ·10−5 GeV−2 , mt = 173.3 GeV ,

mW = 80.399 GeV , ΓW = 2.09774 GeV ,

mZ = 91.1876 GeV , ΓZ = 2.50966 ,

Γ
LO
t = 1.48132 GeV , Γ

NLO
t = 1.3542 GeV .

(3.1)

Predictions are given for the LHC working at a center-of-mass energy of
√

s = 8 TeV. The par-
ton distribution functions togehter with the corresponding one or two-loop running of αs are taken
from the MSTW2008LO68CL and MSTW2008NLO68CL PDF sets [54] repsectively. The fac-
torization and renormalization scales are fixed to a common value of µR = µF = mt . Bottom-quark
induced scattering channels are neglected due to the strong suppression of the PDFs. Jets are
defined using the anti-kT jet-algorithm [55] with a separation parameter of R = 0.5, where only
partons with pseudorapidity |η |< 5 are considered by the jet-algorithm. The final state is required
to consist of two charged leptons, exactly two bottom-quark induced jets, at least one light jet and
missing transverse momentum, where additional phase space selection cuts are also imposed. For
both, bottom-quark induced and light jets, commonly denoted with j in the following, we require

pT ( j)> 40 GeV , |y( j)|< 2.5 , ∆R j j > 0.5 . (3.2)

While for the leptonic final-state particles we require

pT (`)> 30 GeV , |y(`)|< 2.5 , ∆R` j > 0.4 , ∆R`` > 0.4 , pmiss
T > 40 GeV . (3.3)

The cross section corresponding to the aforementioned setup is depicted in Fig. 4 as a function
of the renormalization and factorization scales. The central prediction including the theoretical
uncertainty, obtained by scale variation by a factor of two, is given by

σ
LO = 183.1+112.2 (+61%)

−64.2 (−35%) fb , σ
NLO = 159.7−33.1 (−21%)

−7.9 (−5%) fb . (3.4)

The NLO corrections induce a strong reduction of the residual scale dependence which can be seen
in Fig. 4. For the total cross section the theoretical uncertainty is reduced from 61% at LO down to
21% at NLO, by nearly a factor of three. At the same time, the higher-order corrections amount to
a reduction of the total cross section by −13%. Now turning to differential distributions; in Fig. 5
three pairs of differential distributions are depicted which pairwise share common features. In each
plot the leading-order (blue-dashed) and the next-to-leading order (red-solid) prediction is shown
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Figure 4: The total cross section as a function of the common renormalization and factorization scale
µR = µF = mt .

together with their corresponding theory uncertainties. The latter are obtained by varrying the scale
and choosing bin-by-bin the minimum and maximum value from the following set {mt/2,mt ,2mt}.
The lower panel depicts the differential K-factor.

The first pair of distributions to be discussed are the transverse momentum of the hardest jet
pT, j1 , and of the hardest bottom-quark induced jet pT,b1 . Both observables are dimensionful, where
for example the beginning of the spectra are sensitive to the tt̄ j threshold, while at the end of the
plotted range the dominant phase space regions are very hard jet configurations. For the transverse
momentum of the hardest jet corrections are non uniform over the whole range and the LO shape
can not be rescaled by a constant factor. Furthermore, corrections to the shape of the order of
−50% are found towards the end of the plotted range, while they are moderate at the beginning
of the spectrum. For the transverse momentum of the hardest b-jet pT,b1 similar corrections have
been found. Also here the LO shape is not rescaled by an overall factor and shape distortions
up to −50% in the tail are found. The common feature of both observables is that the perturbative
convergence is bad, which can be seen from the fact that in the tails the NLO predictions lie outside
of the LO uncertainty band. Thus the LO uncertainty gives an unreliable estimation of the missing
higher-order corrections. To resolve this issue dynamic factorization and renormalization scales
have to be chosen, which take into account the transverse momentum of the leading jet.

The next two distributions are the rapidity of the hardest jet, y j1 and the angular separation of
the leptons, ∆R``. These two observables represent angular distributions, which should converge
faster than dimensionful observables, since the threshold region contributes to the whole range.
For the rapidity we find moderate and negative corrections to the overall normalization of the
distribution. Additionally, the convergence in this particular distribution is excellent. The angular
separation of the lepton pair is given by

∆R`` =
√

∆Φ2
``+∆y2

`` , (3.5)

where ∆Φ`` is the difference in the azimuthal angles and ∆y`` the difference in rapidities of the
leptons. The depicted distribution peaks approximately at ∆R`` = 3, which means that the leptons

5
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are produced mostly back-to-back. The QCD corrections are quite flat over the whole region with
the exception of the peak-region, where moderate negative corrections are found.

The remaining two observables to be discussed are the reconstructed invariant top-quark mass
and the invariant mass of the positron and the b-jet. Both observables highlight the included off-
shell effects in this calculation. For instance, the reconstruction of the invariant top-quark mass
by using Mt =

√
p2

t , where the top four-momentum is given by pt = pb + p`+ pν , shows a clear
Breit-Wigner shape. The NLO corrections introduce large radiative corrections below the peak,
which are generated by further radiation from the bottom quark which is not recombined with its
mother particle by the jet-algorithm. The last observable, Mbe+ , is phenomenologically important
for top-quark mass parameter extraction due to its high sensitivity on the top-quark mass. At the
same time, the Mbe+ spectrum shows features from off-shell effects. The observable is defined by
using the b-jet that minimizes the invariant mass with the positron. If the same spectrum would
be calculated at LO using the narrow width approximation then the phase space of the top decay
products is more constrained. For example, for on-shell top quarks and W bosons, the invariant
mass Mbe+ exhibits an upper boundary given by

Mbe+ =
√

m2
t −m2

W ≈ 153 GeV . (3.6)

Only off-shell effects and further radiation give access to the phase space region above 153 GeV.
For the presented calculation we see that already the LO prediction exceeds this boundary and
NLO corrections are large in this region. The off-shell contributions to the total cross section are
small. However, they are important in the determination of the endpoint of the distribution because
they smear this sharp boundary. The knowledge of the endpoint allows to infer the top-quark
mass [56, 57].

4. Conclusions

In this proceeding we reported the first calculation of NLO QCD corrections for
pp→ e+νeµ−ν̄µbb̄ j+X , where W,Z and top quark off-shell effects have been taken into account.
The NLO QCD corrections turn out to be moderate for the total cross section as well as for differ-
ential distributions. For instance, the total cross section is reduced by −13%, while the remaining
scale uncertainty is at the level of 20%.

The study of this process will be extended in the future by a detailed comparison of fixed and
dynamic renormalization and factorization scales. Also a comparison between the four and the
five-flavour scheme is desirable, since the uncertainties connected to the chosen scheme can reach
up to 10%, as reported in Ref. [58]. Finally, the calculation can be used to improve predictions for
the top-quark mass parameter extraction using an alternative method [17, 18].

Acknowledgement: This work has been supported by the DFG under the Grant No. WO
1900/1-1 – Signals and Backgrounds Beyond Leading Order. Phenomenological studies for the
LHC.

References

[1] M. Czakon, P. Fiedler and A. Mitov, Phys. Rev. Lett. 110 (2013) 252004

6



P
o
S
(
L
H
C
P
2
0
1
6
)
1
5
9

NLO QCD off-shell effects for tt̄ j production in the dilepton channel Manfred Kraus

10−2

10−1

100

101

dσ
d

p T
j 1

[f
b/

G
eV

]

0
0.5

1
1.5

0 100 200 300 400

N
LO LO

pT j1 [GeV]

LO
NLO

10−2

10−1

100

101

dσ
d

p T
b 1

[f
b/

G
ev

]

0
0.5

1
1.5

0 100 200 300 400

N
LO LO

pTb1 [GeV]

LO
NLO

101

102

103

dσ dy
j 1

[f
b]

0
0.5

1
1.5

-2 -1 0 1 2

N
LO LO

y j1

LO
NLO

100

101

102

103
dσ

d∆
R
ℓℓ

[f
b]

0
0.5

1
1.5

0 1 2 3 4 5

N
LO LO

∆Rℓℓ

LO
NLO

10−1

100

101

102

dσ dM
t

[f
b/

G
ev

]

0
1

5

160 165 170 175 180

N
LO LO

Mt [GeV]

LO
NLO

10−2

10−1

100

101

dσ
dM

be
+

[f
b/

G
ev

]

0
1
2

0 50 100 150 200

N
LO LO

Mbe+ [GeV]

LO
NLO

Figure 5: Differential distributions as a function of the transverse momentum of the hardest jet pT j1 , and of
the hardest bottom-quark induced jet pT ,b1 , the rapidity of the hardest jet y j1 , the angular separation ∆R``

between the leptons, the averaged reconstructed invariant mass of the top quark and the invariant mass of
the positron and the b-jet for pp→ e+νeµ−ν̄µ bb̄ j+X for the LHC at

√
s = 8 TeV. The uncertainty bands

are obtained by scale variation by a factor of two. The lower panel shows the ratio of NLO to LO prediction.

7



P
o
S
(
L
H
C
P
2
0
1
6
)
1
5
9

NLO QCD off-shell effects for tt̄ j production in the dilepton channel Manfred Kraus

[2] M. Czakon, D. Heymes and A. Mitov, Phys. Rev. Lett. 116 (2016) no.8, 082003

[3] M. Czakon, D. Heymes and A. Mitov, arXiv:1606.03350 [hep-ph].

[4] K. Melnikov and M. Schulze, JHEP 0908 (2009) 049

[5] J. M. Campbell and R. K. Ellis, J. Phys. G 42 (2015) no.1, 015005

[6] A. Denner, S. Dittmaier, S. Kallweit and S. Pozzorini, Phys. Rev. Lett. 106 (2011) 052001

[7] G. Bevilacqua, M. Czakon, A. van Hameren, C. G. Papadopoulos and M. Worek, JHEP 1102 (2011)
083

[8] A. Denner, S. Dittmaier, S. Kallweit and S. Pozzorini, JHEP 1210 (2012) 110
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