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1. Introduction

In the Standard Model (SM) of particle physics, the only source of CP-violation comes from an
irreducible complex phase in the 3×3 Cabibbo-Kobayashi-Maskawa (CKM) matrix V which de-
scribes quark-flavor mixing in weak interactions [1, 2]. The unitarity of the mixing matrix imposes
relations on the elements of V , including VudV ∗ub +VcdV ∗cb +VtdV ∗tb = 0, which defines a triangle
on the complex plane. Many measurements of SM particle decays, particularly B mesons, can be
interpreted as constraints on the length of the sides and angles of this triangle.

φ3 = arg
(
−VudV ∗ub

VcdV ∗cb

)
is currently the least constrained of the Unitary Triangle angles. It is, how-

ever, measurable with tree level b→ u and b→ c interference with negligible loop contribution that
results in theory uncertainties of only O(10−7). Therefore, with large datasets, there is potential to
measure φ3 at or below 1◦, compared with the current uncertainty of about 8◦ (as will be discussed
later).

Three experiments are mainly responsible for the current measurements of φ3. These are the
B-factories Belle and Babar, and the LHCb forward-spectrometer on the LHC. Belle is a hermetic
detector on KEKB asymmetric e+e− collider [3]. It started in 1999 with data taken until 2010. A
total of 772× 106 ϒ(4S)→ BB̄ events were collected over the course of its lifetime. Babar is a
hermetic detector which operated on the SLAC PEP-II asymmetric e+e− collider [4]. It operated
from 1999 until 2008 collecting 467±5×106 ϒ(4S)→BB̄ events. LHCb exploits the large forward
pp→ bb̄X cross section in multi-TeV collisions. The detector is optimised for flavour physics with
dedicated triggers, precision vertexing and excellent particle identification capabilities. LHCb has
reported results from 1 fb-1 of data taken in 2011 at 7 TeV and 2 fb-1 of data taken in 2012 at 8 TeV
[5].
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Figure 1: Example Feynman diagrams for B±→ DK±.

Experimentally, B→D(∗)K(∗), where the D decays in a channel common to D0 & D̄0, provides
the tree level b → u and b → c interference. This is illustrated in figure 1 showing Feynman
diagrams for the processes involved in the B−→DK−. The amplitude for the decay can be written
as

A(B−→ DK−) ∝ AD0 + rBei(δB±φ3)AD̄0 , (1.1)

where δB is the relative strong phase between the B decay amplitudes and rB is the ratio between
the amplitudes rB = |A(B−→D̄0K−|)

|A(B−→D0K−)| ≈
|VcsV ∗ub|
|VusV ∗cb|

fcol ≈ 0.1 for B±→ DK± (for B±→ Dπ± rB ≈ 0.01),

where fcol ≈ 1
3 is a colour suppression factor. Current measurements are statistically limited by the

small B and D branching fractions and the limited interference due to the size of rB. Expanding
out the D decay amplitude and squaring the amplitude, the expression for the partial width can be
written as

Γ(B±→ DK±) ∝ r2
D + r2

B +2rBrD cos(δB +δD∓φ3), (1.2)
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where rD is the ratio between the D0 and D̄0 decay mode amplitudes, and δD their relative phase.
Several methods of measurement have been proposed which are typically classified based on

the way the D decays. These main areas are: analyses where the D decays to CP eigenstates (GLW),
decay modes involving doubly-Cabibbo suppressed (DCS) decays of the Cabibbo-favored D, e.g.
D→ K+π− (ADS), and Dalitz analysis of 3-body decays (GGSZ). We will report on the results of
these analyses in turn, and follow with a discussion of the combination of the information into a
final constraint on φ3. We will also briefly discuss the outlook for future measurements.

2. Methods

2.1 GLW

The GLW method [6, 7] uses D decay modes to CP eigenstates. These are denoted D+ (D−)
for CP-even (odd) decay. In equation 1.2 this gives the constraints that rD = 1 and δD = 0(π)
for CP-even (-odd) decays. This leads to the following observables used in the analysis of GLW
modes:

RCP± =
Γ(B+→ D0

±K+)+Γ(B−→ D0
±K−)

Γ(B−→ D0K−)+Γ(B+→ D̄0K+)
= 1+ r2

B±2rB cosφ3 cosδB

ACP± =
Γ(B+→ D0

±K+)−Γ(B−→ D0
±K−)

Γ(B+→ D0
±K+)+Γ(B−→ D0

±K−)
=
±2rB sinφ3 sinδB

RCP±
,

where Γ(B− → D0K−) and Γ(B− → D0K−) are the total rates of the decays of the D0 to known
flavor states, which can be measured in conjunction with the CP modes.

CP-even decays that have been used include D→ K+K−, D→ π+π−; CP-odd decays include
D→ KSπ0, D→ KSω (D→ KSφ is excluded due to its use in the GGSZ D→ KSK+K− analysis).
In general, the modes used in GLW analyses have a larger rate but lower observable interference
than the ADS method.
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Figure 2: B mass spectrum for the GLW mode B±→ DK±, D→ π+π− from the LHCb GLW analysis.
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LHCb have recently released a complete analysis of their 7 and 8 TeV datasets, which includes
the GLW modes [8]. They use a BDT for background suppression, fit in mass and share aspects
of PDF across fits. This includes constraining cross-feed (Dπ in DK) using known particle iden-
tification efficiencies and fixing the charmless cross-feed relative to the favored B→ Dπ , as well,
the partially reconstructed backgrounds are modelled. Figure 2 shows the B mass spectrum for one
mode.

The results are Aππ
CP = 0.128±0.037±0.012 and Rππ

CP = 1.002±0.040±0.026±0.010, where
the final uncertainty is from the assumption rDπ

B = 0.

B→DK,D→KK,ππ(CP+)
B+B-

B→DK, D→K π , K η(CP‐)ss
0

B- B+

Figure 3: CP even (left) and CP odd (right) ∆E = EDK −Ebeam distributions for the GLW analysis of the
Belle collaboration. Shown are fit components for the signal B→ DK, the cross-feed B→ Dπ , and the
overall fit.

B factories still have the advantage in CP-odd states where neutral π0/η reconstruction be-
comes necessary. An example is shown in figure 3 of the Belle GLW analysis, presented at Lepton-
Photon 2011. The final results are: RCP− = 1.13± 0.09± 0.05, ACP− = −0.12± 0.06± 0.01 and
RCP+ = 1.03±0.07±0.02, ACP+ = +0.29±0.06±0.02. The ACP± shows expected sign change
between the CP-odd and CP-even states.

The HFAG collaboration has created a combination of φ3 results for 2016, this is shown in
figure 4 [9]. Using the combination the results and the equations presented giving the ratxoe of
interference above, an estimate for the underlying physics parameters rB, φ3 and δB can be obtained.
There is, however, an eight-fold degeneracy in extraction of φ3 through use of the GLW method.

2.2 ADS Modes

The ADS [10, 11] method proceeds by choosing modes with interference through the favored
and doubly-Cabibbo-suppressed decays of the D. The favored D decay follows a suppressed decay
of the B meson, while the suppressed D decay follows favored B decay. The suppression factors
for the D and B are roughly similar, leading to relatively similar amplitudes for either decay path.
Therefore, the possible CP asymmetry is enhanced, though only modes where the overall branching
fraction is small (due all the decay paths being suppressed) can be used.

Observables (using D→ Kπ as an example) that are used when analysing ADS modes are:

RADS =
Γ(B+→ [K−π+]DK+)+Γ(B−→ [K+π−]DK−)
Γ(B+→ [K+π−]DK+)+Γ(B−→ [K−π+]DK−)

= r2
B + r2

D +2rBrD cos(δB +δD)cosφ3

AADS =
Γ(B+→ [K−π+]DK+)−Γ(B−→ [K+π−]DK−)
Γ(B+→ [K−π+]DK+)+Γ(B−→ [K+π−]DK−)

=
2rBrDRsin(δB +δD)sinφ3

RADS
,

3
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Figure 4: HFAG combination of GLW results [9]. The figures present the HFAG 2016 combination along
with the inputs used from Belle, Babar, LHCb and CDF.
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Figure 5: B mass distributions from the LHCb analysis of the ADS mode B±→ [πK]DK±.
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where rD =
∣∣∣A(D0→K+π−)

A(D0→K−π+)

∣∣∣, and δD can be obtained directly.

An example LHCb ADS analysis, of B±→ [πK]DK±, is shown in figure 5. As for the GLW
analysis, which is reported in the same paper [8], BDT background suppression and shared PDF
parameters are used. The results are AπK

ADS = −0.403± 0.056± 0.011, RπK
ADS = 0.0188± 0.0011±

0.0010, which gives 8σ evidence for CP-violation in B±→ [π±K∓]K±.
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Figure 6: The ADS Combination (HFAG Moriond 2016 Preliminary) The figures shows the HFAG Combi-
nation against inputs from Belle, Babar, LHCb, CDF.

The HFAG 2016 combination for ADS modes is shown in figure 6 [9].

2.3 4-body final states
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Figure 7: Mass distributions from the LHCb analyses of the 4-body decay modes D→ π+π−π+π− and
D→ K−π+π+π−.

The GLW and ADS analyses can both be extended to the case of four-body decays. LHCb
calls these "quasi"-GLW and -ADS analyses and released them in conjunction with the ADS and
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GLW analyses [8]. They studied the 4-body decay modes D→ π+π−π+π− and D→K−π+π+π−.
The distributions for these decays are shown in figure 7.

For the GLW-like D→ π+π−π+π−, interference is reduced by measured CP-even fraction of
states F4π

+ = 0.737±0.028 measured in CLEO data [12]. This factor enters as 2F4π
+ −1 multiplied

into the usual GLW ACP+, RCP+ equations. The results here are A4π = 0.10±0.03±0.02, R4π =

0.97±0.04±0.02, 2.7σ CP violation effect.
In D→ K−π+π+π−, the sensitivity to φ3 is reduced by coherence factor κK3π = 0.32±0.10

and requires knowledge of the averaged strong-phase difference δ K3π which has been measured
in a CLEO and LHCb combined analysis [13]. The equations are modified in this case to RADS =

r2
B+r2

D+2rBrDκK3π
D cos(δB+δ K3π

D −γ). LHCb finds the results AπKππ =−0.313±0.102±0.038,
RπKππ = 0.0140±0.0015±0.0006.

As for the GLW and ADS analyses, these measurements are ultimately used in a combination
to find the underlying physics parameters, including φ3, governing these decays.

2.4 GGSZ
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m
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Figure 8: Dalitz plots of reconstructed data from D±→ πD (left [14]) and B→DK decays (right [15]) with
D→ KSπ+π− from Belle.

The GGSZ method uses the three-body decays of the D, KSh+h− where h = π±,K±. In the
following we will ignore mixing and CP-violation in the D system, as the effect of this is currently
smaller than the uncertainties from the analyses. Further, as precision increases, it is straightfor-
ward to account for it when interpreting the measurements. The decay amplitude of equation 1.1 is
then a function of the D kinematics, which can be expressed in terms of the Dalitz plot variables.
Letting (m2

+,m
2
−) = (M(KSh+)2,M(KSh−)2, the partial-width for B− may then be written as

ΓB−(m
2
+,m

2
−) ∝ |AD|2 + r2

B|AD̄|2 +2
(
x±ℜ(ADA∗D̄)+ y±ℑ(AD̄A∗D)

)
, (2.1)

where we introduced, separately for B+ and B−, (x±,y±) = rB(cos(±φ3 + δB),sin(±φ3 + δB)), a
Cartesian reinterpretation of the interference parameters, which are used as the physical bound at
rB = 0 introduces a bias when directly fitting rB. The rate for B+ is given by the equation with
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AD̄↔ AD. When plotted on the (x,y) plane, the two (x,y) are constrained to fall on the same circle
of radius rB, and their opening angle is twice φ3. Thus, if we know the amplitude of the flavor-state
Dalitz plot we can measure φ3 by analysing the D− D̄ interference using the D Dalitz plots in
B±→ DK± [18, 19].

The analyses start by using the flavour decays to fix AD. For example, in the decay D∗±→ π±D
the D is in a fixed flavor state based on the charge of the pion, so a Dalitz analysis of this mode can
be used to find the D decay amplitude. Then, this fixed amplitude is used as input into an analysis
of the B± → DK± D Dalitz, which separately measures the interference in terms of (x,y) for B+

and B−. The two measurements can be combined to give a measurement of φ3, but, as for the other
modes, this is usually done in the context of a combined fit to all B→ DK measurements.

Initial analyses followed this procedure of constructing a Dalitz amplitude model which was
fit in the D∗± mode. Fitting the Dalitz amplitude, however, leads to a model-dependent uncertainty.
The systematic uncertainty is derived by changing the parameters of the amplitude model, including
additional resonances in the model for example, and quoting the resultant shift as a systematic
uncertainty. For example, the Belle final analysis using this technique quoted the φ3 systematic
uncertainty due to model-dependence as σφ3 = 8.9◦ [15]. This, however, is a rather ad hoc measure,
and so new methods with quantifiable and reducible uncertainties were searched for.
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Figure 9: Examples of Dalitz binnings used in the model independent GGSZ analysis of B→ DK. Shown
are the “Optimal” KSπ+π− binning (left) and 4 bins equal ∆δD KSK+K− (right).

A different approach using a binned Dalitz plot has been developed, which eliminates the
need to fit a model of the Dalitz amplitude. In the model-independent method one the Dalitz plot
is divided into 2N bins, labeled i ∈−N, ..,−1,1, ..,N, with the −ith bin equivalent to the ith bin but
with the Dalitz variables exchanged m2

+↔ m2
−. Once the Dalitz plot has been binned, the number

of events expected in a bin is proportional to the integral of the partial-width over the phase-space
d of the bin. In the case of D∗±→ Dπ±, this means the number of events reconstructed in a bin
Ki is proportional to the integral over the amplitude |AD|2, while K−i is proportional to the integral
over |AD̄|2 given the assumption of CP-invariance. For B−→ DK− the number of events in a bin
Ni can then be expressed as

Ni ∝ Ki + r2
±K−i +2

√
KiK−i (x±ci + y±si) (2.2)
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where we have used the number of flavor tagged events in a given bin Ki and where we introduce
the averaged phase variation over a Dalitz bin Di

(si,ci) = (−s−i,c−i)≡

 ∫Di
|A+−

D ||A
−+
D |sin∆δ

+−
D dD√∫

Di
|A+−

D |dD
∫
Di
|A−+D |dD

,

∫
Di
|A+−

D ||A
−+
D |cos∆δ

+−
D dD√∫

Di
|A+−

D |dD
∫
Di
|A−+D |dD

 (2.3)

These values can be measured from quantum correlated DD̄ decays of ψ(3770), as has been done
at CLEO [20]. The binnings measured at CLEO were set to minimize expected phase variation over
bins for KSK+K− or optimize sensitivity to φ3 in the case of KSπ+π−. These binnings are shown in
figure 9. Finally, note that while the binnings are set based on optimizations using model-dependent
results, the results obtained in the model-independent method are not biased by the binning. A poor
choice in binning reduces the statistical sensitivity of the method by reducing the amplitudes of the
values of ci and si, which, from equation 2.2, are measures of the sensitivity of the method.
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Figure 10: Results for the model independent analysis from Belle [21]. The results from Belle for (left)
[KSπ+π−]D for N signal in bins compared with the number of events expected from the D flavor-decay
Dalitz, then (middle) the fit in (x±,y±) plane (including comparisons with the LHCb results [22] and the
HFAG combination [9]), and (right) converted to constraints in the (rB,φ3).

The results of the first model-independent analysis, which was performed by the Belle col-
laboration [21], are shown in figure 10. In terms of the underlying physics parameters, the Belle
model-dependent analysis found φ3 = (80.8+13.1

−14.8± 5.0± 8.9)◦ where the quoted uncertainties are
statistical, systematic, and the uncertainty due to model-dependency. The model independent anal-
ysis finds φ3 = (77.3+15.1

−14.9 ± 4.1± 4.3)◦ where the uncertainties are now statistical, systematic,
and the uncertainty due to the CLEO uncertainty on (ci,si). Note that the model-independent
analysis uses 710 fb−1, whereas 605 fb−1 is used for the Dalitz analysis. The model indepen-
dent analysis also measures rB = 0.145± 0.03± 0.01± 0.01, whereas the Dalitz analysis gives
rB = 0.16±0.04±0.01+0.05

−0.01, and this smaller value directly translates into a higher uncertainty on
φ3.

LHCb [22] has performed a model-independent analysis which includes both KSπ+π− and
KSK+K− for the D decay. Using a frequentist Neyman construction with Feldman-Cousins or-
dering, they interpret this as constraints on the underlying physics parameters φ3 = (62+15

−14)
◦,

rB = 0.080+0.019
−0.021.
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Figure 11: Belle (left) and LHCb (middle) results for B0→ DK∗0. The fitted (x,y) for B0 is shown in red,
and B̄0 is shown in blue. For LHCb, these results are translated into confidence volumes in (φ3,rB0 ,δB0)

and are here shown projected on the (φ3,rB0) plane (right) for 68.3% (solid) and 95.5% (dotted) confidence
levels when projected onto one-dimension.

The model independent method has also been used for B0→DK∗0, K∗0→ K+π−. This mode
is amenable to the GGSZ method as the B0 flavor is tagged by the kaon charge. The GGSZ equa-
tion 2.2 must be slightly modified to N±i ∝ Ki + r2

B0K−i +2κ
√

KiK−i (xci + ysi), where κ ≈ 0.958,
a coherence factor for the chosen K+π− region, has been measured by LHCb [23]. Results, in
terms of the fitted parameters x and y, are shown in figure 11. Belle sets an upper limit of rS < 0.87
(68%CL) [16]. Their results for B+ are (x,y) = (0.05± 0.35± 0.02,0.81± 0.28± 0.06), and for
B− they measure (x,y) = (0.31±0.20±0.04,0.31±0.21±0.05). As before, LHCb translates this
into constraints on the physics parameters rS = 0.56±0.17, φ3 = (71±20)◦ [17]. LHCb also has
model-dependent Dalitz with consistent fit results.

2.5 Combination
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Figure 12: The φ3 1-CL distribution from the LHCb 2016 combination [24].

Using the plugin method, LHCb has produced an LHCb-only average for φ3. They include
their latest 2016 results [24]. The result is shown in figure 12. They find φ3 = (70.9+7.1

−8.5)
◦.

Two groups, CKMFitter [25] and UTFit [26], have produced world-averages of φ3 and the
related decay parameters including all experimental results as of 2014. A combination of all ex-
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Figure 13: Combinations of φ3 measurements from the CKMFitter (left) and UTFit (right) collaborations.
The combinations both include results up to 2014.

periments with the latest data is yet to be produced. They also produce predictions for φ3, based on
CKM measurements excluding direct φ3 and assuming SM physics.

The CKMFitter group uses a frequentist framework to interpret the experimental data. They
find φ3 = (73.2+6.3

−7.0)
◦. This can be compared with, and is compatible with their CKM prediction

of φ3 = (66.9+1.0
−3.7)

◦. The UTFit group, on the hand, uses a Bayesian statistical analysis of the
measurements and finds φ3 = (68.3±7.5)◦ compared with their CKM fit φ3 = (69.5±3.9)◦.

3. Future
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Figure 14: The Belle 2 detector (left) and projections for the future uncertainty on φ3 comparing the Belle 2
and LHCb collaborations. Note that these projections use old expectations for the data collection period for
Belle II.

Belle II is targeting high-luminosity and aims to collect 50 ab−1 by 2024 [27]. Improved track-
ing should increase KS efficiency, improved PID will be available, leading to better K and π sep-
aration, and waveform sampling in the calorimeters, improving γ/π0 reconstruction and therefore
leading to better D∗0 reconstruction. Figure 14 shows the Belle 2 detector and the projections on

10



P
o
S
(
F
P
C
P
2
0
1
6
)
0
0
3

Experimental Overview of φ3 Ian J. Watson

the uncertainty of φ3. LHCb is expected to continue their impressive reduction of the uncertainty,
and will further upgrade their detector during the long shutdown 2 of the LHC and to commence
operation in 2019 [28]. Belle II should reach an equivalent uncertainty to LHCb around 2020. The
ultimate precision of 1–2◦ achievable with the current techniques should be reached by 2025. Ulti-
mately, the precision is limited by irreducible systematic uncertainties, such as the precision of the
ci and si inputs from CLEO or BES-III when performing the model-independent GGSZ analysis.

4. Conclusion

The prospects for future φ3 measurements are good. There has been a lot of activity trying
to further reduce the already rapidly falling uncertainty in recent years. LHCb is taking more data
and exploring new modes, while Belle II will start to be competitive within the next few years.
Degree-level precision is on the horizon.
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