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The large-scale shell-model calculation is performed for heavy nuclei which have more than 126
neutrons and 82 protons around the doubly magic nucleus 208Pb. Seven single-particle orbitals
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126 are taken for neutrons and protons, respectively. As for a phenomenological interaction, one
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ered. The energy spectra and electromagnetic properties are calculated and compared with the
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1. Introduction

Microscopic structure of nuclei around 208Pb has not been studied enough. Theoretically,
single-closed nuclei [1, 2, 3] and nuclei with a few valence nucleons [4, 5, 6] were studied using
the shell model approach. However, open-shell nuclei which are far from the doubly magic nucleus
208Pb have not been studied enough using the microscopic shell model due to its computational
difficulties. In our group, we have developed the large-scale shell model code and carried out the
systematic shell-model calculations for even-even, odd-mass, and doubly nuclei for nuclei which
have less than 126 neutrons and more than 82 protons around 208Pb [7]. Good agreements with
experimental data were obtained not only for even-even nuclei, but also for odd-mass and doubly-
odd nuclei. As a next challenge, we apply our shell-model code to nuclei which have more than
126 neutrons and 82 protons and perform a systematic analysis for these nuclei. Energy levels and
electromagnetic properties are calculated and compared with the experimental data.

2. Theoretical framework

For single-particle levels, seven orbitals above the magic number 126, 1g9/2, 0i11/2, 0 j15/2,
2d5/2, 3s1/2, 2g7/2, and 2d3/2 are taken for neutrons. For protons, all the six 0h9/2, 1 f7/2, 0i13/2,
2p3/2, 1 f5/2, and 2p1/2 orbitals in the major shell between the magic numbers 82 and 126 are taken.
Both neutrons and protons are treated as particles. The single-particle energies ετ (τ = ν or π)
employed in the present calculations are listed in Table 1. Single-particle energies of neutrons
(protons) are adapted from the experimental energy levels of 209Pb (209Bi). Here, particle number
dependences on single-particle energies are assumed for the neutron 0 j15/2 orbital and the proton
0i13/2 and 1 f7/2 orbitals as follows in unit of MeV:

εν(0 j15/2) = 0.20Nν −0.150Nπ +1.223, (2.1)

επ(0i13/2) =−0.050Nπ +1.659, (2.2)

επ(1 f7/2) = 0.031Nν +0.869, (2.3)

where Nν and Nπ represent the numbers of valence neutron and valence proton particles, respec-
tively. These number dependences conform with the experimentally suggested value in 209Pb and
209Bi. These particle number dependences are introduced for a better reproduction of low-lying
states.

A phenomenological interaction is used in this study. The Hamiltonian consists of the pairing
plus quadrupole-quadrupole and multipole interaction, which is the same as described in Ref. [7].
The adopted strengths of two-body interactions are listed in Table 2. Only one set of strengths is
adopted for all the nuclei discussed in this paper.

For E2 transition rates and quadrupole moments, the effective charges are taken as eν = 1.0e
for neutrons and eπ = 1.50e for protons. For magnetic moments, the adopted gyromagnetic ra-
tios for orbital angular momenta are gℓν = 0.00, gℓπ = 1.00, and those for spin are gsν = −2.87
and gsπ = 2.79. These effective charges and gyromagnetic ratios are adjusted to reproduce the
experimental data in single-closed nuclei. Further details of the shell-model framework and elec-
tromagnetic transition operators are presented in Refs. [7, 8].
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Table 1: Adopted single-particle energies ετ (τ = ν or π) for neutrons and protons (in unit of MeV). The
energies for the neutron 0 j15/2 orbital and the proton 0i13/2 and 1 f7/2orbitals are changed linearly with
numbers of valence neutron (Nν ) and proton particles (Nπ ). Definitions of the εν(0 j15/2), επ(i13/2), and
επ( f7/2) are given in Eqs. (2.1), (2.2), and (2.3).

j 1g9/2 0i11/2 0 j15/2 2d5/2 3s1/2 2g7/2 2d3/2

εν 0.000 0.779 εν( j15/2) 1.567 2.032 2.491 2.538

j 2p1/2 1 f5/2 2p3/2 0i13/2 1 f7/2 0h9/2

επ 3.634 2.826 3.119 επ(i13/2) επ( f7/2) 0.000

Table 2: Strengths of adopted two-body interactions between neutrons (ν-ν) and those between protons
(π-π). G0 and G2 indicate the strengths of the monopole (MP) and quadrupole-pairing (QP) interactions
between like nucleons. GL (L = 4,6,8,10) denote the strengths for higher multipole-pairing (HMP) inter-
actions between like nucleons. The strength of the proton two-body interaction between the 0h9/2 and 1 f7/2

orbitals (MP-8) is taken as G(8)
πh9/2 f7/2

= 0.50. The strength of the Qν Qπ interaction between neutrons and
protons is taken as κνπ = 0.080. The strengths of the MP, HMP, and MP-8 interactions are given in units
of MeV. The strengths of the QP and QQ interactions are given in units of MeV/b4 using the oscillator
parameter b.

G0 G2 G4 G6 G8 G10

ν-ν 0.102 0.008 0.400 0.300 0.000 0.450

π-π 0.145 0.013 0.400 0.400 −0.600 0.000

3. Theoretical results

The theoretical results are given for each nucleus. The energy spectra, E2 transition rates,
magnetic moments, and quadrupole moments are calculated. For energy spectra, up to four ob-
served energy levels are shown from the yrast state for each spin and parity in experiment. As
for the theoretical states, two levels from the lowest level for each spin and parity are shown in
general. If third or fourth states are observed in experiment, third or fourth energy levels are shown
in theory.

3.1 Pb isotopes

Here 210Pb and 212Pb are discussed. Figure 1 shows the theoretical energy spectra for 210Pb
and 212Pb in comparison with the experimental data [9, 10, 11]. 210Pb is a system with two neutron
particles outside the doubly magic core 208Pb. This nucleus tells us information about the inter-
action between two neutrons. The calculation reproduces energy levels of yrast 0+1 , 2+1 , · · ·, 10+1
states well. The narrow energy gaps between the 6+1 and 8+1 states and the 4+1 and 6+1 states are well
reproduced. The 6+1 and 8+1 states are isomers with half lives of 49 ns and 201 ns, respectively [9].
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Figure 1: Theoretical energy spectra for 210Pb and 212Pb in comparison with the experimental data. The
squares and diamonds represent experimental positive and negative parity states, respectively. The asterisks
and crosses represent theoretical positive and negative parity states, respectively. The experimental data are
taken from Refs. [9, 10, 11]. Ambiguous states are shown with parentheses.

Table 3: Comparison between the experimental B(E2) values (expt.) and the theoretical results (calc.) for
210Pb and 212Pb (in W.u.). The experimental data are taken from Refs. [9, 10].

210Pb expt. calc.

2+1 → 0+1 1.4(4) 3.113
4+1 → 2+1 4.8(9) 3.307
6+1 → 4+1 2.1(8) 2.109
8+1 → 6+1 0.7(3) 0.759
10+1 → 8+1 0.018

212Pb expt. calc.

2+1 → 0+1 4.961
4+1 → 2+1 0.565
6+1 → 4+1 0.339
8+1 → 6+1 0.119
10+1 → 8+1 0.082

The experimentally unobserved 12+1 state is calculated at 4.484 MeV. The almost degenerate 3−1 ,
4−1 , · · ·, 12−1 states at around 2.9 MeV consist of the (νg9/2 j15/2) configuration. The almost degen-
erate 2−1 , 3−2 , · · ·, 13−1 states at around 3.7 MeV consist of the (ν i11/2 j15/2) configuration. Similarly,
the almost degenerate 5−3 , 6−3 , · · ·, 10−3 states at around 5.5 MeV consist of the (ν j15/2d5/2) config-
uration. In 212Pb, spin is assigned for only several positive parity states in experiment. The yrast
band is well reproduced in the calculation. The experimentally unobserved 10+1 state is calculated
at 1.642 MeV. The experimental 3−1 states are located at 1.870 MeV and 1.820 MeV for 210Pb and
212Pb, respectively. These states are made by core excitations [12] and out of the present frame-
work. The low-lying 3− states which are made by core excitations are seen in Pb isotopes in the
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Table 4: Comparison of the magnetic dipole moments µ (in µN) and the electric quadrupole moments Q (in
eb) obtained by the shell model (calc.) to the experimental data (expt.) for Pb isotopes. The experimental
data are taken from Refs. [9, 10].

µ Q
210Pb expt. calc. expt. calc.

2+1 −0.360 +0.021
4+1 −1.026 +0.035
6+1 −1.872(90) −1.811 −0.104
8+1 −2.496(64) −2.551 −0.436
10+1 −0.208 −0.678

212Pb expt. calc. expt. calc.

2+1 −0.425 +0.068
4+1 −1.067 +0.071
6+1 −1.785 +0.066
8+1 −2.469 +0.130
10+1 −0.211 +0.505

mass region 210 as discussed in Ref. [7].
Calculated results of the B(E2) values, magnetic moments, and quadrupole moments for 210Pb

and 212Pb are given in Tables 3 and 4 in comparison with the experimental data [9, 10]. Most of
experimental values are well reproduced in the calculation. The largest discrepancy between the
experimental value and the theoretical one is seen in the B(E2;2+1 → 0+1 ) value of 210Pb. The
calculated result is 2.2 times larger than the experimental one. The B(E2;10+1 → 8+1 ) values of
210Pb and 212Pb are calculated much smaller than other transition rates among yrast states. The
0+1 , 2+1 , · · ·, 8+1 states consist of neutrons in the 1g9/2 orbitals. However, one neutron needs to be
excited to the 0i11/2 orbital to make the 10+1 state and the configuration is changed from the 8+1
state to the 10+1 state.

3.2 Po isotopes

Here 212Po and 214Po are discussed. Figure 2 shows the theoretical energy spectra for 212Po
and 214Po in comparison with the experimental data [9, 11, 13]. 212Po is a system with two valence
neutrons and two valence protons. The narrow energy gap between the 6+1 and 8+1 states is well
reproduced. The 0+1 , 2+1 , · · ·, 8+1 states mainly consist of the (νg2

9/2π(h9/2)
2
0+) configuration. In

contrast, the 10+1 state consists of the (νg9/2h11/2π(h9/2)
2
0+) configuration and the 12+1 and 14+1

states consist of the (νg2
9/2πh2

9/2) configuration. The negative parity states which are calculated at
around 2.5 MeV are members of the (νh2

9/2πg9/2i13/2) configuration. In 214Po, only the 0+1 , 2+1 ,
and 4+1 states are observed in yrast states. The 6+1 , 8+1 , and 10+1 states are calculated at 1.395, 1.505,
and 1.806 MeV, respectively. The state at 1.275 MeV is assigned as (3−) [16]. The theoretical first
3− state is calculated at 3.036 MeV. The experimental (3−1 ) state is supposed to be an octupole
state [16]. In this mass region, the importance of the octupole correlation is known. The state at
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Figure 2: Same as fig. 1, but for 212Po and 214Po. The experimental data are taken from Refs. [9, 11, 13].

Table 5: Same as table 3, but for 212Po and 214Po. The experimental data are taken from Refs. [9, 11, 13].

212Po expt. calc.

2+1 → 0+1 10.806
4+1 → 2+1 12.966
6+1 → 4+1 3.9(11) 9.689
8+1 → 6+1 2.30(9) 3.895
10+1 → 8+1 2.2(6) 0.138

214Po expt. calc.

2+1 → 0+1 17.583
4+1 → 2+1 23.208
6+1 → 4+1 18.290
8+1 → 6+1 7.825
10+1 → 8+1 0.560
0+2 → 2+1 0.159(10) 0.714

1.995 MeV which is assigned as (2−1 ) state is also considered to be the coupling state of the octupole
state and the quadrupole phonon state. In our calculation, negative parity states are calculated above
3.0 MeV.

The calculated B(E2) values, magnetic moments, and quadrupole moments for Po isotopes
are given in Tables 5 and 6 in comparison with the experimental data [9, 11, 13, 15]. In 212Po, the
calculated B(E2;10+1 → 8+1 ) value is much smaller than the experimental value.

3.3 Rn isotopes

Here 214Rn and 216Rn are discussed. Figure 3 shows the theoretical energy spectra for 214Rn
and 216Rn in comparison with the experimental data [9, 13, 14]. Yrast states are well reproduced
for both nuclei. The spin and parity of the state at 1.332 MeV of 214Rn are not assigned. This state
decays to the 2+1 state at 0.695 MeV. In our calculation, the 2+2 state is calculated at 1.563 MeV.
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Table 6: Same as table 4, but for 212Po and 214Po.

µ Q
212Po expt. calc. expt. calc.

2+1 +0.246 +0.049
4+1 −0.096 +0.057
6+1 −1.092 −0.065
8+1 −2.299 −0.104
10+1 −0.080 −0.191

204Po expt. calc. expt. calc.

2+1 +0.273 +0.110
4+1 +0.268 +0.180
6+1 −0.513 +0.232
8+1 −1.939 +0.088
10+1 −0.059 +0.247
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Figure 3: Same as fig. 1, but for 214Rn and 216Rn. The experimental data are taken from Refs. [9, 13, 14].

From our calculation and comparison with neighboring nuclei, it is suggested that the spin and
parity of the state at 1.332 MeV is 2+. The spin and parity of the state at 1.838 MeV is assigned
as (8+,9+,10+). The 8+2 , 9+1 , and 10+2 states are calculated at 1.820, 2.072, and 2.283 MeV. Thus
our calculation suggests that the spin and parity of the state at 1.838 MeV is 8+. A specific feature
of even-even nuclei in this region is the narrow energy gap between the 6+1 and 8+1 state. In 216Rn,
however, the narrow energy gap between the 6+1 and 8+1 state is not seen in experiment anymore
and the calculation reproduces this feature.

Calculated results of the B(E2) values, magnetic moments, and quadrupole moments for Rn
isotopes are given in Tables 7 and 8 in comparison with the experimental data [9, 13]. The cal-
culation predicts large B(E2) values between yrast states in even-even Rn isotopes, However, the
observed B(E2;6+1 → 4+1 ) and B(E2;8+1 → 6+1 ) values are much smaller.
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Table 7: Same as table 3, but for 214Rn and 216Rn. The experimental data are taken from Refs. [9, 13].

214Rn expt. calc.

2+1 → 0+1 >0.032 18.023
4+1 → 2+1 >0.28 23.924
6+1 → 4+1 3.8+17

−9 20.273
8+1 → 6+1 3.3+3

−1 10.148
10+1 → 8+1 2.9(7) 0.602

12+1 → 10+1 >0.0064 0.008
14+1 → 12+1 18.93
16+1 → 14+1 ≤4.4(3) 7.412
18+1 → 16+1 0.71(5) 0.530
13−1 → 11−1 0.93(8) 0.126

216Rn expt. calc.

2+1 → 0+1 27.982
4+1 → 2+1 39.596
6+1 → 4+1 38.507
8+1 → 6+1 20.939
10+1 → 8+1 2.137

Table 8: Same as table 4, but for 214Rn and 216Rn.

µ Q
214Rn expt. calc. expt. calc.

2+1 +0.421 +0.002
4+1 +0.294 +0.040
6+1 −0.684 −0.020
8+1 −2.018 −0.193

10+1 +0.021 −0.881
216Rn expt. calc. expt. calc.

2+1 +0.443 −0.003
4+1 +0.616 +0.005
6+1 +0.256 +0.010
8+1 −1.295 −0.025

10+1 +0.089 +0.011
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4. Summary

In this study, the large-scale shell-model calculation has been performed for nuclei which have
more than 126 neutrons and more than 82 protons around 208Pb using one set of the phenomeno-
logical interactions. The energy spectra, E2 transition rates, magnetic moments and quadrupole
moments have been calculated and compared with the experimental data. Good agreements with
the experimental data have been obtained.
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