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Considering the mass constraint from the resent pulsar observations, we study the properties of
neutron stars including hyperons and quarks explicitly. Using the chiral quark-meson coupling
model with relativistic Hartree-Fock approximation, the equation of state (EoS) for hadronic mat-
ter is calculated by taking into account the strange (σ∗ and φ ) mesons as well as the light non-
strange (σ , ω , ρρρ , and πππ) mesons in SU(3) flavor symmetry. On the other hand, the EoS for quark
matter is constructed with the simple MIT bag or the flavor-SU(3) Nambu-Jona-Lasinio model,
and we investigate the effect of the hadron-quark coexistence on the neutron-star properties, im-
posing smooth crossover or Gibbs criterion for chemical equilibrium. The mass-radius relation
of a neutron star, as well as physical quantities such as EoSs, particle fractions, and the speed of
sound in matter are presented. We find that, in order to prevent the quark appearance at very low
densities, the stiff hadronic EoS should be required under both of the hadron-quark crossover and
the first-order phase transition.
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1. Introduction

Neutron stars may be believed to be cosmological laboratories for nuclear matter at extremely
low temperature and high density, because the central density of neutron stars can reach several
times higher than the normal nuclear density. The neutron-star properties, especially the mass and
radius, are particularly important for determining the equations of state (EoSs) in the core of a
neutron star. Thus, the astrophysical observations of pulsars can provide some constraints on the
EoS for dense nuclear matter [1–3]. The possibility of the other exotic degrees of freedom are
also expected in the core of a neutron star, such as hyperons [4, 5], quark matter [6, 7], meson
condensations [8, 9], and/or dark matter [10].

Since the precise observations of massive neutron stars with the mass around 2M� [11, 12],
it is quite difficult to explain them theoretically, because the new degrees of freedom, especially
hyperons, soften the EoS for neutron stars, and thus, the possible maximum mass of a neutron
star is drastically reduced. Hence, it seems to be important to solve the problem by proposing the
neutron-star EoS which can satisfy the nuclear properties and the astrophysical constraints.

In the present study, the EoS for neutron stars with strangeness is presented. We first show
the hadronic EoS with hyperons, which can support 2M� neutron stars, using the relativistic mean-
field (Hartree) or Hartree-Fock (RHF) approximation in SU(3) flavor symmetry [13–20]. The EoS
for quark matter is then constructed with the simple MIT bag or the flavor-SU(3) Nambu–Jona-
Lasinio (NJL) model, and we investigate the effect of the transition between hadron and quark
phases on the neutron-star properties, imposing smooth crossover or Gibbs criterion for chemical
equilibrium [21–23].

2. Hadronic EoS for neutron stars with hyperons

Lagrangian density for uniform hadronic matter is given by

LH = LB +LM +Lint, (2.1)

with the baryon, meson, and interaction terms [17, 18]. We here consider the octet baryons (B):
proton (p), neutron (n), Λ, Σ+0−, and Ξ0−. In addition, the mesons, which are composed of light
quarks (σ , ω , ρρρ , and πππ) and the strange quarks (σ∗ and φ ), are taken into account. The interaction
Lagrangian density is given by

Lint = ∑
B

ψ̄B

[
gσB (σ)σ +gσ∗B (σ

∗)σ
∗−gωBγµω

µ +
fωB

2M
σµν∂

ν
ω

µ −gφBγµφ
µ

+
fφB

2M
σµν∂

ν
φ

µ −gρBγµρρρ
µ · IIIB +

fρB

2M
σµν∂

ν
ρρρ

µ · IIIB−
fπB

m
γ5γµ∂

µ
πππ · IIIB

]
ψB, (2.2)

where the common mass scale mass, M , is taken to be the free nucleon mass, and IIIB is the isospin
matrix for baryon B. The σ -, σ∗-, ω-, φ -, ρ-, π-B coupling constants are respectively denoted
by gσB(σ), gσ∗B(σ

∗), gωB, gφB, gρB, and fπB, while fωB, fφB, and fρB are the tensor coupling
constants for the vector mesons.

In order to consider the baryon structure variation in nuclear matter, we adopt the following
simple parametrizations for the σ - and σ∗-B coupling constants, which are based on the chiral
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Figure 1: EoS for neutron stars with hyperons (left panel) and mass-radius relation (right panel). The label
denoted by “SU3” is for the case in SU(3) flavor symmetry with relativistic Hartree (RH) or Hartree-Fock
(RHF) approximation, while the lines without the label are calculated in SU(6) spin-flavor symmetry with
RH approximation. The filled circle shows the point at which a neutron star reaches the maximum mass.
The incompressibility of symmetric nuclear matter at ρ0 is also shown by the last number in each label (left
panel).

quark-meson coupling (chiral QMC, CQMC) model [24–26]:

gσB(σ) = gσBbB

[
1− aB

2
(gσNσ)

]
, gσ∗B(σ

∗) = gσ∗Bb′B

[
1− a′B

2
(gσ∗Λσ

∗)

]
, (2.3)

where aB, a′B, bB, and b′B are parameters listed in Refs [13, 14, 19, 21]. In contrast, the nonlinear
(NL) self-interaction terms for the σ field are introduced in quantum hadrodynamics (QHD) [27],
where the baryons are treated as point-like objects, and the coupling constants for the scalar mesons
are fixed as gσB(σ = 0) and gσ∗B(σ

∗ = 0) in Eq. (2.2).
The nucleon coupling constants are determined so as to reproduce the same saturation condi-

tion: the binding energy per nucleon (−16.1 MeV) and the symmetry energy (32.5 MeV) at the
normal nuclear density, ρ0 = 0.155 fm−3. In addition, the coupling constants for hyperons are
also fixed to simulate the experimental data of hypernuclei in SU(3) flavor symmetry or SU(6)
spin-flavor symmetry [13–16].

In Fig. 1, we show the EoS for neutron stars with hyperons and the mass-radius relation of a
neutron star by solving the Tolman-Oppenheimer-Volkoff (TOV) equation, where leptons (`) are
introduced to impose the charge neutrality and β equilibrium conditions. We find that, due to
the variation of the quark substructure of baryon in matter, the EoS in the QMC model is slightly
stiffer than that in the QHD+NL model at the high energy densities. In addition, the effect of
gluon and pion exchanges between quarks in the CQMC model makes the EoS harder. However,
it is impossible to support 2M� neutron stars even using the CQMC model in SU(6) spin-flavor
symmetry. With relativistic Hartree (RH) or Hartree-Fock (RHF) approximation in SU(3) flavor
symmetry, the maximum mass can exceed the astrophysical mass constraint, because the additional
repulsive force due to the φ meson makes the EoS stiff, even if hyperons are taken into account
in the core. We note that, though the EoSs in SU(3) symmetry can satisfy the 2M� constraint
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from the astrophysical observations, the incompressibility of symmetric nuclear matter at ρ0 with
the RHF approximation shows a more reasonable value, K0 = 269 MeV, than that with the RH
approximation, K0 = 309 MeV. Furthermore, we find that the Fock contribution reduces the radius
of a neutron star maximally by about 1 km.

3. Quark matter description and hadron-quark coexistence

For a description of quark matter, we use two models: one is the simple MIT bag model with
the density-dependent bag constant, which is assumed to be given by a Gaussian parametrization,

B(ρ) = B∞ +(B0−B∞)exp

[
−β

(
ρ

ρ0

)2
]
, (3.1)

with ρ and β being the total baryon density and a adjustable parameter, respectively [21]. The
other is the flavor-SU(3) Nambu–Jona-Lasinio (NJL) model,

LNJL = q̄
(
iγµ∂

µ − m̂
)

q+
1
2

GS

8

∑
a=0

[
(q̄λ

aq)2 +(q̄iγ5λ
aq)2

]
−GD [detf (q̄(1+ γ5)q)+detf (q̄(1− γ5)q)]−

1
2

gV (q̄γ
µq)2 , (3.2)

where the quark field, qi (i = u,d,s), has three colors and three flavors with the current quark mass,
mi, in the mass matrix, m̂. We here introduce a phenomenological vector-type interaction, and the
parameter set given in Ref. [28] is used.

In order to describe the hadron-quark mixture in the core, we consider the first-order phase
transition under β -equilibrium with the so-called Gibbs criterion for chemical equilibrium [21], or
the crossover phenomenon [22]. In addition, we use the following three cases for the hadron-quark
crossover [29–31]: the energy density-baryon density (ε-ρ) interpolation, the pressure-baryon den-
sity (P-ρ) interpolation, and the pressure-energy density (P-ε) interpolation. In all cases, we em-
ploy the common interpolation functions:

f±(ρ) =
1
2

[
1± tanh

(
ρ− ρ̄

Γ

)]
or f±(ε) =

1
2

[
1± tanh

(
ε− ε̄

Γ

)]
, (3.3)

with ρ̄ (ε̄) and Γ being the central density (energy density) and width for the crossover region,
respectively.

4. Hybrid-star properties

The particle fraction, Yi = ρi/ρ (i=B, `,q), for hybrid-star matter is presented in Fig. 2. In case
of the first-order phase transition shown in the left panel, the quarks appear at 0.6 fm−3, following
the hyperon creation. Considering the 2M� constraint from the astrophysical observations, the
parameter in the density-dependent bag constant in Eq. (3.1) should be β ≤ 0.025. In addition,
we require the stiff hadronic EoS using the MIT bag model for quark matter, because the quark
appearance also softens the EoS for hybrid-star matter as well as the hyperon creation does. In
contrast, in the right panel (NJL model) of Fig. 2, the light quarks are seen even at very low
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Figure 2: Particle fraction, Yi, for hybrid-star matter. The left panel is for the case of the first-order phase
transition with Gibbs criterion (β = 0.025), and the right panel is for the case under crossover phenomenon
in the P-ρ interpolation with ρ̄ = 3ρNJL

0 and Γ = ρNJL
0 . The hadronic EoS in the CQMC model with RH-

SU3, as in Fig. 1, is used in both cases. For the quark EoS, we employ the MIT bag (NJL) model in the left
(right) panel. The hatched area presents the mixed phase of hadrons and quarks, and the shaded area is the
crossover region.
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Figure 3: Particle fraction, Yi, for hybrid-star matter under crossover phenomenon in the P-ε interpolation
(left panel), and mass-radius relation for a hybrid star (right panel). We here adopt the CQMC model with
RH-SU3 for the hadronic EoS and the flavor-SU(3) NJL model with gV = 1.5GS for the quark EoS in both
panels. The top (middle) [bottom] figure in the left panel is for the case with ε̄ = 1100 (1430) [1790]
MeV/fm3 and Γ = 110 (190) [270] MeV/fm3.

densities, using the typical range for the crossover phenomenon in the P-ρ interpolation, namely
ρ̄ = 3ρNJL

0 and Γ = ρNJL
0 (ρNJL

0 = 0.17 fm−3) [29,30]. Here the number density of particle species,
ρi, is defined as ρi = f−(ρ)ρHM

i + f+(ρ)ρ
QM
i with ρHM

i (ρQM
i ) being that in hadronic (quark)

matter. Even if we use the soft hadronic EoS, the 2M� constraint can be easily satisfied by using
the NJL model for quark matter, because of the strong repulsive force due to the phenomenological
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Figure 4: Speed of sound as a function of baryon density in the P-ε interpolation with gV = 1.5GS.

vector-type interaction.
We next study how the crossover region affects the hybrid-star properties. In order to prevent

the quark creation at low densities, the crossover window should be moved to higher densities. In
the left panel of Fig. 3, the particle fraction for hybrid-star matter in the P-ε interpolation with
gV = 1.5GS is presented. The central energy density and width for the crossover window are here
determined so as to achieve the appearance of quarks at 0.6 fm−3. As the crossover region goes to
high densities, the amount of strangeness increases and the Ξ0 appears at around 1.0 fm−3 in the
middle and bottom figures of the left panel. It means that the hadronic EoS dominates, and then
the EoS for hybrid-star matter becomes soft. Thus, the possible maximum mass of a hybrid star is
slightly reduced as shown in the right panel of Fig. 3. We note that, in the case with gV ≤ GS, the
maximum mass of a hybrid star is smaller than that of a neutron star without quarks.

The speed of sound in the P-ε interpolation with gV = 1.5GS is given in Fig. 4. In this
case, causality and thermodynamics stability are fully satisfied in any crossover window, namely
0 < dP/dε < 1. In addition, we find that these conditions can be satisfied in the P-ε and P-ρ
interpolations, if the crossover region is located at high density. However, in the P-ρ interpolation,
it is impossible to explain the 2M� constraint form the astrophysical observations.

5. Summary

We have calculated the equation of state (EoS) for neutron stars with hyperons and quarks ex-
plicitly, where the nuclear properties and the astrophysical constraints are considered. The hadronic
EoS for neutron-star matter has been calculated using the chiral quark-meson coupling (CQMC)
model in order to include the effect of internal structure variation of baryons in matter. In addition,
not only the light non-strange (σ , ω , ρρρ , and πππ) mesons but also the strange (σ∗ and φ ) mesons
have been taken into account with relativistic Hartree-Fock (RHF) approximation. The coupling
constants for baryons are also determined so as to reproduce the saturation properties and the ex-
perimental data of hypernuclei in SU(3) flavor symmetry or SU(6) spin-flavor symmetry. We have
found that the baryon structure variation in matter, the Fock contribution, and the repulsive force
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due to the φ meson stiffen the EoS for neutron stars, and thus, the possible maximum mass of a
neutron star can reach the 2M� constraint from the astrophysical observations, even if we consider
the hyperons in the core.

On the other hand, the EoS for quark matter has been constructed with the simple MIT bag
model with the density-dependent bag constant or the flavor-SU(3) Nambu–Jona-Lasinio (NJL)
model with phenomenological vector-type interaction. The effect of hadron-quark coexistence on
the hybrid-star properties have been investigated by imposing the smooth crossover and the first-
order phase transition for chemical equilibrium. It has been found that, using the MIT bag model
with Gibbs criterion, the possible maximum mass of a hybrid star can reach 2M�, if we employ
the stiff hadronic EoS. Furthermore, we have also found that, using the hadron-quark crossover
with the three kinds of interpolations in the NJL model, both of the astrophysical constraints and
the speed of sound in hybrid-star matter can be satisfied only in the pressure-energy density (P-ε)
interpolation, if the crossover window is pushed upwards in order to prevent the creation of much
amount of quarks at very low densities.
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