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We apply a four-body version of the continuum-discretized coupled-channels method (four-body
CDCC) to 6 Li elastic scattering and investigate four-body dynamics (n + p + α + T, where T
is a target). Four-body CDCC reproduces the measured cross sections without introducing any
adjustable parameter for 6 Li + 209 Bi scattering at 24–50 MeV and 6 Li + 208 Pb scattering at 29–
210 MeV. We confirm that 6 Li breakup effects are important in a wide energy range, and then
focus on the competition between four-body (6 Li+T ↔ n+ p+ α +T) and three-body (6 Li+T ↔
d + α + T) channel-couplings. As an interesting property, we find that 6 Li is mainly broken up
into two particles d and α , and hardly into three particles n, p and α during scattering. This
property is now called “d α -dominance". Following the d α -dominance, we propose an effective
three-body model that simulates four-body CDCC calculations reasonably well.
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1. Introduction

Our interest is now going to four-body dynamics of three-body projectiles such as 6 He, 6 Li,
11 Li, etc. Three-body CDCC has been, therefore, extended to four-body CDCC in which the total
system is assumed to be a N + N + core + T four-body model, where N is a nucleon. The concept of
four-body CDCC is the same as that of three-body CDCC. However, in practice, the formulation is
not straightforward because it is not easy to prepare three-body continuum states for projectiles before coupled-channel calculations. This problem was first solved [4] by the pseudostate method [5]
using the Gaussian expansion method [6]. Four-body CDCC is one of the state-of-the-art calculations in nuclear physics.
At the beginning, four-body CDCC was applied to 6 He scattering because it is simpler than
any other four-body reaction. A clear difference can be found by comparing with 6 Li scattering.
6 He is a Borromean nucleus described by the n + n + α model. Therefore, 6 He has no bound state
in its two-body subsystems and the ground and excited continuum states consist only of three-body
configurations. On the other hand, 6 Li (n + p + α ) has a bound state (d) in the n-p subsystem.
Therefore, the ground and excited continuum states consist of both d α two-body and npα threebody configurations. This situation leads to the competition of two types of breakup processes in
6 Li scattering:
Four-body breakup process : 6 Li + T → n + p + α + T,
Three-body breakup process : 6 Li + T → d + α + T.

(1.1)

Four-body dynamics of 6 Li scattering is thus richer than that of 6 He scattering. The elucidation of
four-body dynamics scattering should be performed by four-body CDCC with the explicit inclusion
of both the processes.
In the present work, we apply four-body CDCC to 6 Li + 209 Bi scattering near the Coulomb
barrier energy Ein ≈ 30MeV. This scattering system was, in fact, analyzed by three-body CDCC
using the d + α + T model [7]. It was reported that the renormalization factor is necessary for
the optical potentials to reproduce the measured elastic cross sections [8, 9]. This result suggests
the importance of explicit treatment of the n-p subsystem. Here, we demonstrate that four-body
CDCC describes the measured cross sections without introducing any adjustable parameter. We
then investigate which of the four- and three-body breakup processes is important in the present
6 Li scattering.
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Projectile breakup is a typical dynamic property of nuclei in a scattering system. A treatment
of breakup effects is essential to describe scattering of weakly-bound nuclei. The continuumdiscretized coupled-channels method (CDCC) is a fully quantum-mechanical method for treating
dynamics among various kinds of channels including breakup (continuum) channels. CDCC was
first applied to scattering of deuteron (d) on targets (T) in the n+ p+T three-body model [1, 2]. The
breakup effects are found to be significant in a wide incident-energy range, i.e., Ein . 700 MeV [1].
Nowadays, this kind of CDCC, which treats scattering of two-body projectiles, is called “threebody CDCC". Three-body CDCC has been widely applied for describing three-body dynamics
and/or for extracting projectile properties; see Ref. [3] for the recent development.
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2. Theoretical framework
2.1 Four-body CDCC
We summarize four-body CDCC for 6 Li scattering from a target nucleus (T); interested readers
are referred to Ref. [3, 10] for further information. Since 6 Li is well described by the n + p + α
three-body model, we consider the n+ p+ α +T four-body system for 6 Li scattering. The scattering
state Ψ with the total energy E is governed by the four-body Schrödinger equation:
H = KR +Un +Up +Uα +

e2 ZLi ZT
+ hnpα ,
R

(2.1)

where KR stands for the kinetic energy operator with respect to the relative coordinate R between
T, and Ux (x = n, p, α ) represents the optical potential between x and T. The Coulomb interactions are approximated into e2 ZLi ZT /R since the Coulomb breakup process has been confirmed
to be negligible [7, 10, 12], where ZX is the atomic number of nucleus X. In Eq. (2.1), hnpα denotes
the internal Hamiltonian of 6 Li, the Schrödinger equation for 6 Li is then written as

6 Li and

(hnpα − ε )Φε = 0,

hnpα = Kr + Ky +Vnα +Vpα +Vnp ,

(2.2)

where Φε is the 6 Li eigenstate with the eigenenergy ε , Kx denotes the kinetic energy operator for
the Jacobi coordinate x (x = r or y), and Vab is the interaction between constituent particles a and b.
In CDCC, Eq. (2.1) is solved in the model space P spanned by the ground and discretizedcontinuum states:
N

P=

∑ |Φγ i hΦγ | ,

(2.3)

γ =0

where Φγ represents the γ -th eigenstate with an eigenenergy εγ , i.e., Φ0 is the ground state and
Φγ (γ = 1–N) stand for discretized-continuum states. The discretization of continuum states is
performed in the pseudostate method [5] with the Gaussian expansion method [6]. This modelspace assumption reduces Eq. (2.1) to
P(H − E)PΨCDCC = 0
for the CDCC wave function

(2.4)

N

ΨCDCC =

∑ χγ (R) |Φγ i ,

(2.5)

γ =0

where the expansion coefficient χγ describes the relative motion between T and 6 Li in its γ -th state.
Equation (2.4) leads to a set of coupled-channel equations for χγ :
[KR +Uγγ − (E − εγ )]χγ (R) = −Uγγ 0 χγ 0 (R)

(2.6)

with the coupling potentials
Uγγ 0 = hΦγ |Un +Up +Uα |Φγ 0 i +

e2 ZLi ZT
δγγ 0 .
R

This CDCC equation is solved under the standard boundary condition.
2
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(H − E)Ψ = 0,
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3. Results and Discussion
3.1 Four-body CDCC and three-body CDCC

̀̀

̀̀

̀

̀

Figure 1: Rutherford ratio of elastic cross sections for 6 Li + 209 Bi scattering at (a) 29.9 MeV and
(b) 32.8 MeV. The solid and dashed lines represent four-body and three-body CDCC calculations, respectively. The experimental data are taken from Ref.[8, 9].

3.2 Four-body breakup mechanism
We also analyze 6 Li + 208 Pb scattering since the experimental data is available in a wide energy
range. In Fig. 2, the elastic cross sections are shown as a function of the transfer momentum (q) for
the low (39 MeV) and high (210 MeV) incident energies. Four-body CDCC (solid line) describes
the experimental data well as was discussed in Fig. 1, suggesting the reliability of present fourbody CDCC. If the breakup effect is neglected, the dotted lines are obtained. We refer to these
calculations as full and 1ch calculations, respectively, for the following discussion. The difference
between the full and 1ch calculations indicates the importance of breakup channel-coupling effects.
The next question to be addressed here is which of the four- and three-body breakup channel is
dominant in the present scattering.
3
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Elastic scattering of 6 Li on a 209 Bi target is reanalyzed by four-body CDCC as well as threebody CDCC. The model settings are summarized in Ref. [10, 11, 12]. Figure 1 shows the elastic cross sections as a function of the scattering angle θc.m. in the center of mass frame at (a)
Ein = 29.9 MeV and (b) Ein = 32.8 MeV. The dashed line shows the result of the three-body
CDCC calculation, which is almost the same as in the previous study [7]. The three-body CDCC
calculation underestimates the experimental data [8, 9], as reported in Ref. [7]. We then apply
four-body CDCC in order to explain the discrepancy. As shown by the solid line, the result of the
four-body CDCC calculation is in good agreement with the experimental data with no adjustable
parameter.
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Figure 2: Rutherford ratio of elastic cross sections for 6 Li + 208 Pb scattering at Ein = 39 and 210 MeV. The
solid and dotted lines represent the results of full and 1ch calculations; note that these lines are the same in
(a) and (b). In the dot-dashed line (a), the model space is limited to P0 + Pnpα , whereas in the dashed line
(b), the model space is restricted to P0 + Pd α . The experimental data are taken from Refs. [13, 14].

In order to disentangle breakup mechanism of 6 Li scattering, we consider coupling effects of
four- and three-body breakup channels on elastic channel:
Four-body channel-coupling : 6 Li + T ↔ n + p + α + T,
Three-body channel-coupling : 6 Li + T ↔ d + α + T.

(3.1)

The definitions of four- and three-body channels are given below. In principle, the three-body 6 Li
wave function of Eq. (2.2) can be expanded in terms of the ground and excited states of deuteron
∗
{φ (d) , φ (d ) , · · · }:
∗
(d)
(d ∗ )
Φγ = φ (d) ψγ + φ (d ) ψγ + · · · ,
(3.2)
where the expansion coefficients ψ describe the relative motion between α and d in its ground (d)
and excited states (d ∗ ). As seen in Eq. (3.2), the states of 6 Li are composed of both d α (twobody) and npα (three-body) configurations. We first derive the probability of d α configurations
(d α -probability) for each Φγ state by taking the overlap between Φγ and the d ground state φ (d) :
(d α )

Γγ

2

= hφ (d) (y3 )|Φγ (y3 , r3 )i . Second, we define d α - and npα -dominant states as
(d α )

(d α )

d α -dominant state |Φγ i : |Φγ i with Γγ > 0.5,
(npα )
(d α )
i : |Φγ i with Γγ ≤ 0.5.
npα -dominant state |Φγ
4
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Figure 3: d α -probability for states of
The closed circles (open squares)
correspond to the d α -dominant
states (npα -dominant states); see
the text for the detail. The threshold
(d α )
energies of εth = −2.2 MeV and

̀

6 Li.

(npα )

= 0 MeV are also shown as the
εth
dotted line for reference.

̀

With the d α - and npα -dominant states classified above, the model space P = ∑Nγ =0 |Φγ i hΦγ |
can be decomposed in the following way. First, P is decomposed into the ground-state part
P0 = |Φ0 i hΦ0 | and the breakup-state part P∗ = ∑γN=1 |Φγ i hΦγ |. The P∗ is further separated into
the d α -dominant part Pd α and the npα -dominant part Pnpα . The model space P is then
P = P0 + Pd α + Pnpα

(3.4)

with
P0 = |Φ0 i hΦ0 | ,

(d α )

Pd α = ∑ |Φβ
β

(d α )

i hΦβ

|,

(npα )

Pnpα = ∑ |Φδ
δ

(npα )

i hΦδ

|.

(3.5)

Now, we consider coupling effects of four- and three-body channels on the elastic channel.
Again, we focus on 6 Li + 208 Pb scattering in Fig. 2. The solid and dotted lines denote the results
of full and 1ch calculations; they are nothing but CDCC calculations of P and P0 , respectively.
For the dot-dashed line in Fig. 2(a), the model space is imposed to P0 + Pnpα . The result differs
little from the 1ch calculation (dotted line). On the other hand, the CDCC calculation of P0 + Pd α
simulates the full calculation (solid line) reasonably well for both the incident energies, as shown
by the dashed line in Fig. 2(b). This result suggests that 6 Li is mainly broken up into d + α and
5
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In Fig. 3, the d α -probabilities are plotted as a function of ε for all the states in the present
(d α )
model space. For example, for the ground state of 6 Li, the d α -probability obtained is Γ0 = 0.70,
(d α )
and the spectroscopic overlap is given by (Γ0 )1/2 = 0.83. This is consistent with the value 0.86 of
the other three-body calculation [15] and the experimental estimation 0.85 ± 0.04 [16]. Below the
(npα )
= 0 MeV), all the breakup states are obtained as d α -dominant
n + p + α threshold energy (εth
(npα )
states. Above εth , most of the states are npα -dominant states and few states are d α -dominant
ones. The numbers of npα - and d α -dominant states are 140 and 15 above the d + α threshold
(d α )
energy (εth = −2.2 MeV), respectively. This is natural because the three-body phase space is
much larger than the two-body one.
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hardly into n + p + α during the scattering. We refer to this property as d α -dominance and found
that the d α -dominance is realized in the present energy range up to Ein = 210 MeV.
3.3 Effective d + α + T three-body model
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̀

̀

Figure 4: Same as Fig 1, but the results of three-body CDCC calculations with UdSF are plotted by the
dot-dashed line.

4. Summary
Four-body dynamics (n + p + α + T) of 6 Li elastic scattering has been analyzed in the framework of four-body CDCC. Four-body CDCC has reproduced elastic cross sections for 6 Li + 209 Bi
scattering at Ein = 24–50 MeV and 6 Li + 208 Pb scattering at Ein = 29–210 MeV without introducing
6
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Finally, we propose an effective d + α + T three-body model that reasonably simulates the full
four-body CDCC calculation. As the discussion mentioned above, the d α -dominance is realized
in 6 Li scattering, suggesting that the n + p subsystem in 6 Li hardly breaks up during the scattering.
It is quite different from d(= n + p) scattering in which d-breakup effects are significant up to
Ein = 700 MeV [1]. In three-body CDCC calculations for 6 Li scattering, the d-optical potential
UdOP is usually taken. However, the d α -dominance indicates that the UdOP , which includes dbreakup effects implicitly, should be replaced by the single folding potential UdSF defined by UdSF =
φ (d) Un +Up φ (d) , where φ (d) stands for the d ground state. Note that the UdSF never includes
d-breakup effects.
Figure 4 shows the validity of the effective d + α + T three-body model for 6 Li + 209 Bi scattering at (a) 29.9 MeV and (b) 32.8 MeV. The solid line corresponds to full four-body CDCC
calculations, whereas the dashed and dot-dashed lines represent three-body CDCC calculations
with UdOP and UdSF , respectively. Three-body CDCC calculations with UdSF simulate the results of
four-body CDCC calculations reasonably well. The failure of the traditional three-body CDCC
with UdOP comes form overrating the d-breakup effects which are almost absent in 6 Li scattering.
The model proposed here is much easier than four-body CDCC and hence quite useful.
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any adjustable parameter. 6 Li elastic scattering on heavy targets are thus described by four-body
CDCC.
Four-body breakup mechanisms has been investigated. The coupling between elastic and
three-body channels is strong, whereas the coupling between elastic and four-body channels is
negligibly weak, suggesting that 6 Li is mainly broken up into d + α and hardly into n + p + α . This
property is now referred to as d α -dominance and confirmed to be realized in a wide energy range.
The d α -dominance should be a key mechanism of 6 Li scattering.
Following the d α -dominance, we have proposed an effective three-body model that simulates
full four-body CDCC calculations. In the model, the single folding potential UdSF , which can be
obtained by folding Un and Up with the d ground state, is taken as a potential between d and T.
The three-body model with UdSF simulates the results of four-body CDCC very well. The effective
three-body CDCC is much easier than four-body CDCC and hence quite useful.

