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The internal structure of exotic hadron candidates are studied from the viewpoint of the compositeness of near-threshold states. We focus on the Weinberg’s weak-binding relation between
the experimental observables and the compositeness of the state. First we extend the relation for
quasibound states within the framework of the effective field theory. Next, considering the correction term, we develop a systematic method to estimate the uncertainty of compositeness in the
weak-binding relation. Finally, applying the extended relation and the error evaluation method,
we conclude that the structure of Λ(1405) is dominated by the K̄N component.
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1. Introduction

where a0 is the scattering length, B is the binding energy, µ is the reduced mass, R is the length
scale related to the binding energy and Rtyp is the typical length scale of the interaction of the
system. This relation implies that the leading term of the scattering length in the expansion of
Rtyp /R is determined only by the compositeness X. In the weak-binding limit Rtyp /R ≪ 1, the
second term is negligible and the compositeness X can be determined only with a0 and B. This
weak-binding relation has been derived by Weinberg to show that the deuteron is a proton-neutron
composite system [4]. The study of the compositeness of the physical hadrons is discussed in
Refs. [7, 8, 9, 10].
The direct determination of the compositeness with the weak-binding relation would be useful
for exotic hadrons because the sufficient amount of experimental data is not always accumulated.
In order to investigate the structure of exotic hadrons with finite decay width, the extension of
the above relation to the quasibound state is necessary, because the relation (1.1) is valid only
for the stable bound state. Furthermore, the higher order terms O(Rtyp /R) in Eq. (1.1) is finite
for the realistic hadron states and gives the finite correction to the compositeness. To perform a
systematic analysis, we need a method to evaluate the error of the compositeness in the weakbinding relation. Here we present the extension of the weak-binding relation for the quasibound
state based on the non-relativistic effective field theory and the method of the error evaluation of
the compositeness. Finally, applying the extended weak-binding relation with the error evaluation
to the Λ(1405) baryon, we show the K̄N composite dominance in its structure. All the contents in
this paper is based on Refs. [11, 12].

2. Extension of weak-binding relation to quasibound state
To generalize the weak-binding relation to the unstable quasibound states, let us consider the
coupled-channel two-body s-wave scattering system. To treat this system, we introduce the nonrelativistic effective field theory (EFT) with Hamiltonian H = Hfree + Hint :
[
)
(
∫
1
1
3
Hfree = d r ∑
∇ψi† · ∇ψi +
∇ϕi† · ∇ϕi
2mi
i=1,2 2Mi
1
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With the discoveries of many candidates of the exotic hadrons [1, 2, 3], which are not interpreted as the qqq state nor the qq̄ state, the investigation of the internal structure of these states
is one of the most important topics in hadron physics. To characterize the internal structure of
these states, one of the useful methods is to evaluate the compositeness of the state, which is the
probability of finding the composite component in the state, defined by the wave function [4, 5, 6].
Given a certain model to calculate the wave function of the state or the scattering amplitude,
the compositeness can be determined. On the other hand, it is known that the compositeness X of
the weakly-bound state can be determined directly from a few experimental observables, thanks to
the weak-binding relation:
{
(
)}
√
Rtyp
2X
a0 = R
+O
, R = 1/ 2µ B,
(1.1)
1+X
R
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]
1
†
†
†
†
+
∇B · ∇B0 − νψ ψ2 ψ2 − νϕ ϕ2 ϕ2 + ν0 B0 B0 ,
2M0 0
]
[
∫
(
)
† †
† †
†
3
= d r ∑ g0,i B0 ϕi ψi + ψi ϕi B0 + ∑ λ0,i j ψ j ϕ j ϕi ψi ,

(2.1)
(2.2)

i, j=1,2

i=1,2

∑

| QB ⟩ = c| B0 ⟩ +

∫

i=1,2

d3 p
χi (pp)| p i ⟩,
(2π )3

(2.3)

√
√
where | p i ⟩ = ψ̃i† (pp)ϕ̃i† (−pp)/ V | 0 ⟩ and | B0 ⟩ = B̃†0 (00)/ V | 0 ⟩ with the creation operators ψ̃i† (pp),
the vacuum | 0 ⟩, and V = (2π )3 δ 3 (00).
The unstable state cannot be normalized with the ordinary normalization condition in the
framework of quantum mechanics, ⟨QB|QB⟩ = 1. To normalize the unstable state, we introduce
the Gamow state |QB⟩ ≡ |QB⟩∗ . With the convergence factor, one can show that the normalization
condition ⟨QB|QB⟩ = 1 is well defined [13]. The compositeness and the elementariness are defined
as
∫

Z ≡ ⟨ QB | B0 ⟩⟨ B0 | QB ⟩ = c ,
2

Xi =

d3 p
⟨ QB | pi ⟩⟨ pi | QB ⟩ =
(2π )3

∫

d3 p 2
χ (pp),
(2π )3 i

(2.4)

which satisfy
Z + X1 + X2 = 1,

Z, Xi ∈ C.

(2.5)

The complex nature of Xi and Z reflects the fact that the expectation value of an arbitrary operator
for the unstable state becomes complex. Nevertheless, the sum rule (2.5) is guaranteed owing to
the normalization of | QB ⟩.
The forward scattering amplitude of the channel 1 is given by
f11 (E) = −

µ1
1
,
2π [v(E)]−1 − G1 (E)

(2.6)

where v(E) and G(E) are defined as
(
v(E) = λ0,11 +
Gi (E) =

g20,1
E − ν0

∫ Λ 3
d p
0

(2π )3

+

λ0,12 +

g0,1 g0,2
E−ν0

)2
g2

[G2 (E)]−1 − (λ0,22 + E−0,2ν0 )

E − p2 /(2µ
2

1
,
+
i ) + δi,2 ν + i0

,

(2.7)

(2.8)
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with h̄ = 1 and λ0,12 = λ0,21 . We consider that this EFT is applicable below the cutoff momentum
Λ. The cutoff scale is related to the typical length scale of the interaction Rtyp as Λ ∼ 1/Rtyp . We
set the threshold of the channel 2 (ψ2 ϕ2 ) is lower than that of channel 1 (ψ1 ϕ1 ). To express the
energy difference between the thresholds, we introduce ν ≡ νψ + νϕ > 0. We consider the system
in which a quasibound state | QB ⟩ with eigenenergy EQB lies near the threshold energy of channel 1;
H| QB ⟩ = EQB | QB ⟩. Due to the completeness relation which follows from the phase symmetry of
the Hamiltonian, the physical quasibound state | QB ⟩ can be written as a linear combination of the
scattering state and the discrete state as
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with µi = mi Mi /(mi + Mi ). By using these expressions, the compositeness of the channel 1, X1 , can
be written as
X1 =

1
1 + G21 (EQB )v′ (EQB )[G′1 (EQB )]−1

.

(2.9)

√
where l = 1/ 2µ1 ν is defined with the energy difference between the thresholds ν . Now we see
that the first two terms are the same with Eq. (1.1) and the contribution of the coupled channel
appears as the third term in this extended weak-binding relation. The origin of this term is the
expansion of the loop function of the decay channel G2 (E). This term is characterized with the
additional length scale l. When the energy difference ν is so small that l satisfies |l/R|3 ≪ 1, the
higher order terms O(|l/R|3 ) is negligible. In that case, Eq. (2.10) reduces to the same form with
the weak-binding relation for the bound state (1.1).
In the relation (2.10), a0 and R are the model-independent physical quantities, which are the
experimental observables. On the other hand, the compositeness X1 defined by the wave function
of the state and the term of O(|Rtyp /R|) related to the detail of the interaction are model-dependent.
When the length of the wave function |R| is much larger than the scale of the interaction Rtyp ,
O(|Rtyp /R|) is small and can be neglected. By neglecting this term, the compositeness can be
directly determined with model-independent quantities, a0 and R. This means that the modeldependence of the compositeness X1 is also small in this case. Thus we understand that only if
the state is weakly bound, the compositeness can be model-independently determined by a few
experimental observables.
When X1 is determined model independently, we can also determine Z + X2 from Eq. (2.5). In
this case, however, separation of Z and X2 is model dependent. In the following, we rewrite X1 as
X and Z + X2 as Z. The sum rule is then given by Z + X = 1 and Z represents any contributions
other than the channel 1.
The compositeness of the quasibound state with the definition (2.4) takes complex value,
which cannot be interpreted as the probability. In Refs. [11, 12], we have introduced new quantities
which allow us the probabilistic interpretation. The real-valued compositeness (elementariness) X̃
(Z̃) and the uncertainty of the interpretation U are defined by X and Z as
X̃ ≡

1 − |Z| + |X|
,
2

Z̃ ≡

1 − |X| + |Z|
,
2

U ≡ |Z| + |X| − 1.

(2.11)

One can easily check that X̃ and Z̃ satisfy X̃ + Z̃ = 1 and 0 ≤ X̃, Z̃ ≤ 1, which are the necessary
conditions to interpret X̃ and Z̃ as the probabilities. A geometric illustration of this definition is
given in Fig. 2. In the bound state limit, Im Eh = 0, X̃ and Z̃ equal to original X and Z, X̃ = X, Z̃ = Z
and U = 0. In this limit, X̃ and Z̃ are safely interpreted as the probabilities. When the state has a
small decay width, X and Z have a small finite imaginary part which makes the value of U small
but finite. In this case, from Fig. 2, we can guess that X̃ and Z̃ acquire the uncertainty of ±U/2.
3
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√
Now we redefine R by R ≡ 1/ −2µ1 EQB . Expanding the scattering length a0 in powers of
1/R, we obtain the weak-binding relation for the quasibound state:
(
{
)}
(
)
Rtyp
2X1
l 3
+O
+O
a0 = R
,
(2.10)
1 + X1
R
R
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Im

Thus, we regard the real-valued X̃ and Z̃ as the meaningful probabilities when the calculated U/2
is small enough.

X

Z

U/2

X̃

Z̃

Re

Figure 1: Geometric illustration of X̃, Z̃ and U defined in Eq. (2.12) quoted from Ref. [12].

3. Estimation of the compositeness with error evaluation
Here we consider the practical method to apply the weak-binding relation to the physical
hadrons, when the higher order terms is small but not negligible. Before discussing the quasibound
state, let us consider the stable bound state.
In Eq. (1.1), the magnitude of the higher order terms of O(Rtyp /R) cannot be determined
from the experimental observables because it is a model-dependent term. However, for the shallow
bound state with the small binding energy, this term should be irrelevant in Eq. (1.1) and gives just
a small correction to the estimation of the compositeness. By neglecting this correction term, the
central value of the compositeness Xc can be determined by a0 and R. To evaluate the error which
comes from the small correction term, we rewrite the relation as
{
}
2X
a0 = R
+ ξr ,
(3.1)
1+X
where ξr represents the higher order terms. We consider to vary ξr in the region to estimate the
uncertainty of the compositeness :
|ξr | ≤ Rtyp /R.

(3.2)

One can determine Rtyp by the lowest mass of the meson mediating the interaction as Rtyp = 1/mtyp .
For the specific model calculation, Rtyp can be determined with, for instance, by the spatial extent
of the potential, or by the inverse of the momentum cutoff. With Eq. (3.2), we obtain the central
value and the upper and lower bounds of the compositeness as
Xc =

a0 /R
,
2 − a0 /R

Xu =

a0 /R + ξ
,
2 − a0 /R − ξ

Xl =

a0 /R − ξ
,
2 − a0 /R + ξ

ξ = Rtyp /R.

+(X −X )

(3.3)

Namely, the uncertainty band of the compositeness is estimated by Xc −(Xuc −Xlc) .
As an example, let us consider the compositeness of the deuteron. The deuteron is a bound
state in the n-p scattering. The typical length scale in the n-p system is determined by the π
4
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U/2
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Then the compositeness is obtained by
X=

a0 /R + ξc
.
2 − a0 /R − ξc

(3.5)

In the present case, ξc is made of two components O(|Rtyp /R|) and O(|l/R|3 ). Both terms are in
general complex with an unknown relative phase. As a conservative error estimation, we allow ξc
to vary in the region
|ξc | ≤ |Rtyp /R| + |l/R|3 .

(3.6)

In other words, the largest magnitude of ξc is determined when two terms are coherently added.
We then evaluate X̃ with Eq. (2.11) by varying ξc with Eq. (3.6) being the constraint. Denoting the
maximum (minimum) value of X̃ as X̃u (X̃l ), we consider the uncertainty band of X̃ as X̃u < X̃ < X̃l .

4. Application to Λ(1405)
Here we apply the extended weak-binding relation with the error analysis to the Λ(1405)
baryon to discuss its internal structure. The Λ(1405) resonance with J P = 1/2− lies near the K̄N
threshold energy [1]. By the resent studies with the chiral SU(3) dynamics, it is pointed out that
this resonance is associated with two poles in the complex energy plane [15, 16, 17, 18, 19]. In the
present study, we focus on the K̄N compositeness of the pole which is closer to the K̄N threshold
energy.
With the chiral SU(3) dynamics, the eigenenergy of the pole Eh and the I = 0 K̄N scattering
length a0 are obtained in the experimental analyses of Refs. [15, 16, 17, 18, 19] as shown in Table 1.
The parameter sets 1, 2, 3, 4 and 5 are based on the NLO amplitude of Refs. [15, 16], Ref. [17], Fit
II of Ref. [18], solutions # 2 and # 4 of Ref. [19], respectively. Because the values of Eh and a0 are
scattered among the analyses, we estimate the systematic error by comparing all of these results.
5
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exchange interaction as Rtyp = 1/mπ = 1.43 fm. With the binding energy of the deuteron B =
2.22 MeV and the n-p scattering length a0 = 5.42 fm [14], the n-p compositeness X is estimated
as X = 1.68+2.15
−0.83 . We note that the central value Xc is greater than unity, which cannot be interpreted
as the probability. However, the uncertainty band includes the X ∼ 1 region. The large uncertainty
band is caused by ξ = 0.331, which is not very small even for the binding energy 2.22 MeV due
to the π exchange. In this way, the adequate treatment of the correction term confirms the n-p
composite nature of the deuteron.
Now let us consider the estimation of the compositeness of the quasibound state. Again the
central value of the compositeness X and X̃ are determined from the scattering length a0 and the
eigenenergy EQB by neglecting the correction terms in Eq. (2.10). When we consider the contribution of the correction term to the compositeness X, we evaluate the uncertainty band of the
real-valued X̃, for which the probabilistic interpretation is applicable. To estimate the effect of the
higher order terms, we first introduce a complex quantity ξc in the expression of the weak-binding
relation as
{
}
2X
a0 = R
+ ξc .
(3.4)
1+X
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Table 1: Properties and results for the higher energy pole of Λ(1405). Shown are the eigenenergy Eh , the
K̄N(I = 0) scattering length a0 , the magnitude of higher order terms |Rtyp /R| and |l/R|3 , the K̄N compositeness XK̄N and X̃K̄N and the uncertainty of the interpretation U/2.

a0 [fm]
1.39 − i0.85
1.81 − i0.92
1.30 − i0.85
1.21 − i1.47
1.52 − i1.85

|Rtyp /R|
0.17
0.10
0.16
0.10
0.12

|l/R|3
0.14
0.03
0.11
0.03
0.04

XK̄N
1.2 + i0.1
0.6 + i0.1
0.9 − i0.2
0.6 + i0.0
1.0 + i0.5

X̃K̄N
1.0+0.0
−0.4
0.6+0.2
−0.1
0.9+0.1
−0.4
0.6+0.3
−0.1
0.8+0.2
−0.2

U/2
0.3
0.0
0.1
0.0
0.3

Before estimating the compositeness, let us check the magnitude of the higher order terms. We
estimate the interaction range Rtyp from the ρ meson exchange as Rtyp = 1/mρ ∼ 0.25 fm, because
√
the pion exchange interaction is prohibited between K̄ and N. The length scale l = 1/ 2µν can
be determined by the the difference between the threshold energies of the K̄N channel and the π Σ
channel, ν = 104 MeV. Because |Rtyp /R| ≲ 0.17 and |l/R|3 ≲ 0.14 are not so large, the estimation
of the compositeness with the weak-binding relation is applicable to Λ(1405).
Now applying the method constructed in Secs. 2 and 3, we calculate the compositeness XK̄N
and X̃K̄N with the error analysis, and the uncertainty of the interpretation U/2 as summarized in
Table 1. The results of U/2 show the small uncertainty of the interpretation of X̃K̄N , which comes
from the unstable property of Λ(1405). Thus we can interpret the value of X̃K̄N as the probability.
From the results of X̃K̄N with the error analysis, the central values of X̃K̄N in all cases are
consistently close to unity. With the uncertainty band, the value of the X̃K̄N is larger than 1/2. Thus
we conclude that Λ(1405) is dominated by the K̄N composite component.

5. Conclusion
We have discussed the application of the weak-binding relation to the physical hadron state.
We have presented the derivation of the extended weak-binding relation of the quasibound state
based on the non-relativistic effective field theory. The relation tells us that the compositeness can
be model-independently determined with the experimental observables in the weak-binding limit.
The interpretation of the complex value of the compositeness is discussed by introducing the new
quantity X̃. We also discuss the contribution of the higher order terms in the weak-binding relation.
The way to estimate the error of the compositeness by the higher order terms is constructed. Finally,
using the extended relation with the error analysis, we find that the K̄N composite component is
dominant in Λ(1405). We consider that the present approach facilitates the future investigation of
the hadron structure.
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