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1. Introduction

In the collision of two hadrons, double parton scattering® @) describes interactions in the
form of two hard processes, each initiated by a separatd pattons. DPS was already considered
long ago [1, 2] and its understanding is relevant for stuglyihysics at particle colliders such as the
LHC [3, 4]. In these proceedings we will focus on DPS with caimglet final states. An example
of such a process is e.g. double Drell-Yan (DY), for which@dazation formula was first written
down in the Refs. [5, 6].

In DPS processes, correlators are described by doublenpdigtribution functions (DPDFs)
and double transverse momentum dependent distributiom$1(@¥). In configuration space the
correlator is described by a combination of the parameiees andy, see Fig. 1 for an illustration.
The transverse distanges a measure for the separation between the two hard pracgs<g 7].

In momentum space the situation is described by a combmafithe momenté#,, k, andr. For
the discussion in these proceedings, we will consider thet-glistance expansion, where the two
hard processes have a large spatial separation and whérérdnasverse momenta andk; are
perturbative. As suctg; andz, are small compared with a nonperturbative scald andy is of
the order ¥A. Although we use these approximations, many results weeptese valid beyond
it.

In these proceedings, we will give details of factorizing DPS soft factor int@;, z; and
y-dependent parts. An evolution kerri€| familiar from the context of single parton scattering
(SPS) [8, 9, 10, 11], is related to this soft factor. Furthemn one can choose the two hard pro-
cesses to have separate renormalization sgalesd ;. There is a scalé on top that plays the
role of a rapidity regularization scale. We will solve thearresponding evolution equations. Fi-
nally, we provide the matching equations of DTMDs onto DPEdfsgorocesses with a colorless
final state, which is the main goal of these proceedings. Fwemetails we refer to a forthcoming
paper [12].

2. Soft factors and color

In DPS not only the two hard interactions have to be treatksh, Wilson lines have to be
taken into account. First of all there are Wilson lines neefte ensuring gauge invariance of
the correlators. Such Wilson lines come from diagrams wliiorgs coupling to partons involved
in the hard scatterings. Furthermore, the presence of daftir is required, coupling the two

ki—3r ke +3r ;kQ*%T ki+ r

Figure 1. The momenta involved in double parton scattering illustlgbr a double parton correlator. The
momentum space configuration involves the momé&nsadr, whereas; andy (blue color online) are the
configuration space variables.
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Figure 2: lllustration of interactions in a single pair of two Wilsoinés in the soft function. As explained
in the main text, short-distance interactions (red onlare)located in the boxed section in the center of this
figure.

correlators to each other. Factorization proofs ensuretiieadifferent contributions to the cross
section factorize, see e.g. Ref. [13] and references thefigie soft factor ensures a cancellation
of the rapidity divergence and is required to define the sgbéd DTMDs from the unsubtracted
ones. We note that in the situation where all transversariss are short (this is different from
our situation), the soft factor for DPS has been calculatédeatwo loop level [14].
We focus on a single pair of two Wilson lines first, which isigtrated in Fig. 2. Each double
line in the Feynman graph represents a Wilson line given by
0 z'=z2"=0
Wj(zv) = Zexp {—igta/ dA VA% (z+Av) (2.1)

ij

and similarly for the adjoint representation. For the Wildimes, the first argument indicates the
position of the gauge field, whereass a vector that is associated with the rapidity.

Consider a short-distance expansion of the Wilson lineaipesstructure of the soft function
that contains Wilson lines of the foriw (& + %z,v) aroundz = 0. Short-distance interactions
are then located closest to the pofit = &~ = 0 of the Wilson lines, since this will result in a
minimization of the number of Eikonal propagators with ageamomentum. This is illustrated in
Fig. 2 for a single pair of two Wilson lines, where these kiriccontributions are located in the
boxed region in the center. It is necessary to keep opendadar the Wilson lines in this region,
since this obect will appear in the matching procedure. Aisdpair of two Wilson lines should be
included for DPS with the same type of short-distance ictévas as the pair of two Wilson lines
in Fig. 2. Although these short-distance interactions fiar Vilson lines then are pairwise at the
same point, the structure still contains nonperturbatieractions between Wilson lines separated
by y. In Fig. 2 this corresponds to the gluons outside the boxefeltically, the structure of the
soft function reads

S(z1,22,y) = Cs(21)Cs(22) §y), (2.2)
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Figure 3: (a) The soft function for double parton scattering decoredas individual Wilson lines. Color
projectors act on the indices in the middle. We have showzsfer z, = 0 that it is equivalent to contract
the indices in the middle and let the color projectors acttenindices at the ends of the Wilson lines,
schematically giving us the structure in (b). Note that tietyse includes gluon exchanges between the
Wilson lines.

whereS(y) has half as many indices &z;,2,,Y), since it includes the open indices in the middle
of the soft function. The coefficients are the contributions to the soft factor that contain all the
Z, or Zp contributions respectively.

The most general soft factor for DPS is illustrated in Figa)3(Regarding the soft function
in this figure, the indices$ at the top and the indicdsat the bottom represent the start and end
of the Wilson lines at the two correlators, whereas the iglicandk in the middle involve the
coupling of these Wilson lines. The indices are not contéget because we wish to do matching
later on. Hard scattering in the DPS couples four partors|irier which we choose to insert
color projectorshy in order to simplify the color structure. The ind®dabels the different color
configuration that are possible (singlet, octet, etc.),[sBlce the color structure for DPS has more
possible configurations than for the SPS case. Two coloegimjs coupling the various indices in
the middle of Fig. 3(a) are required, since there are twogs®es involved. Examples are the color
singlet and octet quark projectors, given as

pjiteti — Nic5jljfld<lk'1, PR — 208 2 (2.3)
For gluons more color projectors exist and mixed quark-glpojectors also have to be consid-
ered [7, 15], since in double parton scattering one of thioparcould be a quark and the other one
a gluon. We generalize the notation for the projectors thioed in Eq. 2.3 aEF’{“/W. In SPS the
situation is simple and we would hanj,'jl only.

Coming back to simplifying the soft function, we would in pewlar like to simplify the non-
perturbative contributiors(y). Transforming the soft function in Fig. 3(a) to that in FigbBis a
convenient and simple way of ensuring this. For the nonpegaitive sector, where it is desirable
to have as few functions as possible, a simplification is @afie helpful, since a procedure trans-
forming the soft function in Fig. 3(a) to that in Fig. 3(b) temks the number of open indices in the
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Figure 4: lllustration of moving the color projector through the Vidifsline structure. As explained before
and illustrated in a previous figure, this allows for contirag the Wilson lines in the center region for
2, = 2, = 0. As before, note that the picture includes gluon exchahgeseen the Wilson lines.

soft factor significantly. This transformation can be agb@by using color projectors f&(y) for
21=2=0.

In order to prove that the Wilson lines can be contracted iraq thiat would allow the above
sought simplification, we have to prove that we can commul& goojectors acting on the Wilson
lines in the soft factor through the Wilson lines. Then, thgjgctors would no longer be acting on
the indices in the middle, but on indices at the ends of theMiillines and we could contract the
Wilson lines, which would reduce the number of open indidds identity we have to prove is

e
W P W, = wi P T wy (2.4)

which is illustrated graphically in Fig. 4. We have proveisfidentity using the color Fierz identity
1
262ty = & & — 3G Oy (2.5)
C

Note that this relation only holds for the collinear sitoati where the Wilson lines are at the same
transverse position. For our purposes this is fine, since euse it to study matching. The
factorization also works for adjoint Wilson lines, which weed as soon as gluons are involved,

implying
bb'.cc/ /,bb
W, PR W =W PP W (2.6)

Using the color projector identity in Fig. 4, we can relate full soft factor in Fig. 3(a) to the
soft function in Fig. 3(b), where the indices in the middle apntracted. Rather than making the
color projections at the color indices of the field€dt= £~ = 0, the same projection can be made
for the indices of the fields at infinity. The fact that thisatén holds implies that the collinear soft
matrix for DPS is diagonal in the color representations efléft and right moving Wilson lines.
The color structure of Eq. 2.2 then reads

RR,Salaz (Zlv 2, Y) = RCS~al (Zl) RCS.az (22) RRS(Y) 5RR’ . (2.7)

Using projector identities one can also show that the sofbf&R/S(y) is color diagonal. It follows
from the proof of the above equation that the soft fa&%ﬁalaz(zl,zl,y) is diagonal in the color
representation® andR in the limit |z, |z, < |y
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Now we come back to DPDs. They evolve with the evolution ke, which is closely
related to the soft factdi? Sin a similar way as for SPS, but more complicated. The miidtpive
structure of Eq. 2.7 results in

RR Kagao (20, Y5 i) = Brre [FKay (225 1) + RKap (223 12) +RI(Y; )] (2.8)

see a forthcoming paper for the details [12]. In Eq. 2.8 ahfbbwing equations,u; implies a
dependence on botfim and i, and similarly for the other parameters where this notationsed.
It should further be stressed that in contrast to SPS botlsaftfunction®* S and the evolution
kernel®RK are matrix valued expressions. The fact that the evolutené{ in Eq. 2.8 is a sum of
three separate contributions simplifies dealing with eiatu

3. Evolution equations

A description of DTMDs involves rapidity and scale paramgtéor which evolution equations
have to be derived and solved. Earlier descriptions of éslufor DTMDs using a different
framework can be found in literature, see e.g. the Refs.§}, We give results for the situation
|z1], |22] < |y|, but as was the topic of the talk of M. Diehl at this conferemoany of our results
have a wider applicability than the small distance expansidy. In these proceedings, on the other
hand, we are looking at the small distance expansion, whereamo hard processes are separated
from each other. As such, we have two different renormadimagcalesy; and i, for which we
need two separate evolution equations, namely

9 R

Y Falaz(xi7zi7y; I«li7Z) = VEal(I«lLXlZ/XZ) RFalaz(Xi,Zhy; I-'li7Z) (31)
dlog

and a similar equation for thg evolution. Furthermore, the DTMD carries a color represgon
index R. Here, they: 5 are anomalous dimensions of the DTMDs, equal to the sametshje
the TMD evolution [11, 17]. Alsoy: 4 depends only on whether one is dealing with (anti)quarks,
involving fundamental Wilson lines, or with gluons, involg adjoint Wilson lines. In theu-
evolution equations, the anomalous dimensignslepend on the rapidity regularization scéle

A closer analysis shows thgthas to be rescaled with /x» or Xo/x;. This rescaling is required,
since we have chosen to use a singlecale per DTMD. It then follows from Eq. 3.1 that tie
evolution of DTMDs is given by

RFalaz(Xi7Zi7y; I«li7Z) :RFalaz(Xi7Ziay; NOhZ)

Hdu H2 du
xexp/ —VF,al(u,xlz/XzH/ — Vea (M, X2l /x1)| (3.2)
por M toz M

1

from the starting scalegg;, and Lip, for py and . The rapidity evolution of DTMDs is given by

1
WRFalaz(XiaZh% Hi, ) = égRRKalaz(ziay; Hi) R/Falaz(xiazi»y; ui.Q), (3.3)

where we can split the evolution kern€lin the short-distance limit into the three separate contri-
butionsRKj, (215 1), RKa, (22; 2) andRI(y; i) as in Eq. 2.8.



Double parton scattering for perturbative transverse momenta Maarten G.A. Buffing

The anomalous dimensions in the u evolution equations contain @dependence and the
evolution kerneK in the ¢ evolution equation igt-dependent. Before we can write down the full
DTMD evolution equation, it has to be understood how theynazoT he evolution kernéfR K can
be written as a sum of terms as in Eq. 2.8. Taking the deratith respect tq, of the separate
contributions gives

R . _ R
ST Ka(z 1) = —"Yk.a(H1), (3.4)

3Toon RIy; i) = —"ya () (3.5)

and similar equations for the derivative with respectuto The anomalous dimensions in the
Egs. 3.4 and 3.5 satisfy

Wealt) = Ryka(p) +Fys (). (3.6)
Furthermore, the rapidity dependence of the anomalousrdilmey: 5, that came from thei-scale

equation is given by

0 1
W Vea(l,{) = 5 Ye.a(l)- (3.7)

Note that theu dependence of the anomalous dimensions is understood hodugh the coupling
as(u) only. Combining the above information regarding the evohlutwith respect tqu, p, and
{, the solution of the evolution equations for DTMDs is thevegi by

RFalaz (XI 9 z| 9 yl I-'li 9 Z) - RFalaz (XI 9 ZnY- “Oi 9 ZO)

X exp{ / " %” [vaal(u, %) — Yk, (1) log 7)(1;/)9}
m]
u

H2 d
+ 7” [w,az(u,uz) — ¥k.a (1) log

Ho2

4
+ [RKal(ZL Hot) + "Kay (22, Hoz) + RI(Y, Hoi )] log \/—\/% } (3.8)
for the starting scalegpz, o2 and{p.

4. Matching
The matching equation for DTMD/DPDF matching is given by][12
RFaa, (1,2, Y5 14,0) = b% "Coubs (04,203 i, 15) © R Canby (40, 223 H, H3) © P, (4, ¥ 14 €),
. (4.1)

where the convolution between two functiohsndB is given by

A(X) © B(X) :/chi(—)f,A(x’)B<%>. 4.2)

X
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The summation oveb; andb, is over parton species and polarization as in Ref. [7]. The tw
coefficient functions are both TMD/PDF matching coeffici@umictions, a statement that can be
seen more easily when writing down the formalism for DTMDIDFPmatching at the level of
operators [12].

In Eq. 3.8 the evolution of DTMDs from a set of starting scasegiven. Combining this result
with the matching equation in Eq. 4.1, we can write the maiglgquation for the DTMD in the
short-distance limit, where the rapidity dependence ofcthefficient functions will be split off in
separate terms containifa, (21, Ho1) andRKs, (22, Loz). It can be shown that this transforms the
matching equation into

RFalaz(Xi 9 Z| 7y1 I«li 9 Z)
=Y RCayn, (¥4, 215 Hox, 1Gy) ?}1’ RCaoby (%, 22; o2, ) % RFoub, (X, Y; Hoi» {o)

b1b
1d
X exp{ / on [w:.al(u, H?) — Wy (H)log @} +RKay (21, Hoa) m,@
por M u Lot
2d
5 )10 LT
toz H u Loz
¢
(Y, Loi) log NS 4.3)

For color singlet configurations the above combined evatuéind matching equation in essence
consists of doubling the single TMD/PDF formalism. For othelor configurations there is an
additional Sudakov suppression coming fr&dy, uoi), which is zero for color singlet configu-
rations. Note that the evolution kernel contributi&lsil(zl,um) and RKaz(zz,uoz) have a color
dependence.

At the level of the cross section for DPS in proton-protoriisioins, two DTMDs have to be
involved. The matching equation for a cross section camiiidln involving two such objects is
given by

Hdp 2 AN 5
Wargey = §( Zexp{/ _{VE U, 1) = Yk ag (M) 109 =5 | + 7Kg, (21, Ho1) log —5
i ciCoidy Ho1 o ) a (k) p? (21, o) ué

H 01

2 d 2 2
+ [ 2H [w,az(u,uz) — .a, (1) log 93} + FKay (22, Ho2) log%z}
oz M U “02

x RCoyay (X1, 245 Hot, HE1) ?(_9 R Gy, (% Z2; Hoo, MEp) ©

1 X2

x RCaycy (X4, 215 Hot, HG1) % RCaser (%6, 22; Loz, L3,) %

VA
Qo

In this equation, the energi€s andQ of the two hard partonic interactions are related to thesscal
parameters, and{ of the two DTMDs through the relatiod = QfQ%. Coming from Eq. 4.3,
each DTMD contributes two coefficient functions, giving ag total of four for the cross section
contribution. In addition, there isyacontribution in the form oi[d)(vy)]z. This function regulates

X [CD(vy)]zeXp [RJ(y, Hoi) log ]RFdldz(X_i,y; Hoi, o) "Feyc, (%, Y5 Hois Qo). (4.4)
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the ultraviolet region and ensures that the integral cgegeat small distances [18]. It should be
noted that the Eqgs. 4.3 and 4.4 are valid for both quarks amahg|

5. Discussions and conclusions

In our work we use the short-distance expansion, valid iftihe partons initiating the two
different hard processes in DPS have perturbative trassveoment&; andk,. We also consider
the largey situation, such that the hard processes are spatially wptirated from each other. In
this limit the DPS soft function can be factorized in threpasate contributions, namegs, z,
andy-dependent ones. From this, it follows that the evolutiom&khas three separate terms.
Using this important result we have given the evolution ¢éigua for DPDs and solved them.
We furthermore presented the matching equations for DTM®well as for the cross section
contribution for the production of colorless final states.

An important result is that the matching equation for the DO$IE(Q. 4.3, has two coefficient
functions, with each of them equal to a single TMD/PDF cogdfitfunction. The reason for this is
the use of the short-distance expansion and consideringripy situation. As such, for DPS the
coefficient functions can be recycled from the coefficientctions for the TMD/PDF matching. In
a derivation at the level of operators this is apparent froenstart. In our forthcoming paper [12]
we will give the matching coefficients for all polarizatiorones, complementing results for TMDs
in SPS[11, 17, 19, 20].
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