Unintegrated Gluon Densities from Hadronic Wilson
Loops
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We briefly overview several operator definitions of gauge-invariant unintegrated (transverse momentum dependent) gluon density function available in the literature, with emphasis on the structure of the Wilson lines or loops. We propose a gauge-invariant formulation of a generating
function with maximal path-dependence, which, as distinct from the other approaches, includes
an arbitrary Wilson loop, not necessary containing light-like segments, and with no reference to
any factorization scheme. After suitable area differentiation, this object can be associated with
fully unintegrated gluon distribution function, which allows to apply this approach in lattice simulations.
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1. Unintegrated gluon density functions in the study of high-energy hadronic
processes

1
Leff = − gφ Φ F µν Fµν ,
4

(1.1)

where gφ stands for the effective coupling, Φ is the scalar boson field, and F µν is the gluon field
strength. The main contribution to the effective theory comes from the top quark loop as the masses
of the other quarks are negligible compared to the mass of the top quark. For a recent discussion of
the NNLO corrections within the effective theory, see, e.g., Ref. [11]. Hence, the Higgs production
via the gluon-gluon fusion naturally introduces the gluon TMD pdfs (gTMDs), given that the gluons
1
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The strong interest in transverse-momentum dependent (TMD) parton distribution functions is
brought about by the rapid theoretical and experimental development and impressive recent results
achieved in the study of the three-dimensional structure of the nucleon, which suggests that not
only the longitudinal fraction of the struck parton momenta, normally associated with the Bjorkenx variable, but also the two transversal components ~k⊥ = (kx , ky ) are taken into account. Experimental programs dealing with high-energy semi-inclusive reactions with polarized and unpolarized
hadrons, where the transverse motion and the spin-orbit correlations of the partons are directly accessible, call for an appropriate development of the theory. In well-understood inclusive processes,
such as deep-inelastic ep−scattering (DIS) or electron-positrion annihilation to hadrons, where no
more than one hadron is identified in the initial state, the so-called collinear QCD factorisation
approach is applicable. The latter suggests that the longitudinal (parallel to a large light-like momentum in a suitable system) momenta of the patrons are intrinsic (non-perturbative), while their
transverse momenta can be created by perturbative radiation effects (parton showers). In less inclusive processes, such as the Drell-Yan lepton pair production, semi-inclusive DIS, hadron-hadron
annihilation to jets, Higgs and heavy-flavour production, where two or more hadrons in the initial or final state are detected, one is tempted to go beyond the collinear approximation [1]. The
reason is that now the momenta of the particles participating and detected in the process entail a
non-planar kinematical setting, which makes it natural to keep not only the collinear but also the
transverse components of the parton momenta unintegrated. The so-called transverse-momentum
dependent, TMD factorization framework is considered as a unifying QCD-based framework with
both mechanisms of the transverse-momentum creation taken into account, that is intrinsic (essentially non-perturbative) as well as the perturbative radiation in parton showers [2].
In practice, factorization theorems provide an important computation tool for the QCD-based
study of the intrinsic structure of the nucleon visible in high-energy processes. The TMD or k⊥ dependent approach to the factorization beyond the collinear approximation [3, 4, 5] enables the
description of both collinear and transverse momenta, as well as polarizations of the quarks and
gluons in terms of the TMD parton distribution functions (TMD pdfs). This approach is particularly
helpful in the calculation of the differential cross-section in such semi-inclusive processes as the
Drell-Yan process and the semi-inclusive deep inelastic scattering [6, 7].
At the LHC, the TMD pdfs are suitable for the low-qT heavy particle production and for the
high-energy (small-x) factorization [2]. Consider, for instance, the Higgs boson production through
the gluon-gluon fusion. The effective Lagrangian is given by [8, 9, 10]
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dominate at high energies in colliders such as the LHC. Presently several approaches to define the
gTMD exist in the literature, each being formulated within certain regularization framework to get
rid of the specific rapidity (or light-cone) divergences1 :
• If we don’t make any assumptions about the magnitude of the Bjorken-x and, therefore,
cannot use the ln x as a rapidity cutoff, the “natural” gTMD definition [3, 13] must be supplied
with an extra rapidity regulator η

Z

(1.2)
+ z− +ik

dz− d 2 z⊥ e−ixP

hh| F il (z)W † LC (z) WLC (0) F l j (0) |hi
Z
D
E
+ −
joint
= dz− d 2 z⊥ e−ixP z +ik⊥ z⊥ h| F il (z)WLC (z, 0) F l j (0) |h ,

∼

⊥ z⊥

(1.3)

where WLC stands for a system of Wilson lines with light-like parts (see below). We assume
that the two subsystems of the Wilson lines can combine to a ‘joint’ one:
joint

W † LC (z) WLC (0) = WLC (z, 0).
• In the small-x approximation one can neglect the x-dependent contribution in the exponential
exp[ixP+ z− ] ≈ 1,
so that the ln x provides a natural rapidity cutoff and the gTMD can be written as [14]

j
Gismall−x
(x, k⊥ ; ln x; h)

∼

Z

dz− d 2 z⊥ eik⊥ z⊥ hh| Di WLC (z) W † LC (z)D j WLC (0) W † LC (0) |hi

Z

dz− d 2 z⊥ eik⊥ z⊥ hh| F il (z)WLC (z, 0) F l j (0) |hi,

=

joint

(1.4)

where z = (0+ , z− , z⊥ ) and Di is a sort of the covariant derivative with certain boundary
conditions.
• Another way to regulate the rapidity singularites is to shift the Wilson lines from the light
cone. To this end one adopts a new regulator, ζ = (2v · P)/v2 , where v stands for a non-lightlike vector [10, 15]
j
Gioff−LC
(x, k⊥ , ζ ; h)

Z

=

∼

Z

+ z− +ik

dz− d 2 z⊥ e−ixP

+ z− +ik z
⊥ ⊥

dz− d 2 z⊥ e−ixP

joint

hh| F il (z)Wζ

1 More

⊥ z⊥

(z, 0) F l j (0) |hi.

(1.5)

detailed analysis of the singularities entails a more sophisticated approach to the TMD pdf definition with a
system of the Wilson lines and the soft factors [4, 12].
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j
Ginatural
(x, k⊥ ; η; h)
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• Recently another approach has been developed in Refs. [16], which makes use of the
hadronic matrix element a Wilson loop operator
Γ0 (k; h) ∼

Z

d 4 z e−ikz hh|WC |hi,

(1.6)

where the non-trivial path C can be deduced from the analysis of colour flows in the factorization formula [21].

µν|µ 0 ν 0

Ggen.

0 0

(z; h) = hh| F µν (z)Wγ (z, 0) F µ ν (0) |hi,

(1.7)

where Wγ is a generic Wilson line (gauge link) evaluated along a path γ 2 .
Note that the evolution equations of the gTMDs differs from those ones of the parton distributions in the collinear case due to the dependence on rapidity regulators. The evolution of the TMDs
is determined by the Collins-Soper evolution equation, which is a generalization of the renormalization group equation that governs the evolution of parton densities in the collinear case (for a
recent discussion, see Ref. [12] and Refs. therein).

2. Generating matrix element for fully-unintegrated gluon density
Following the generally accepted procedure to obtain an operator definition of unintegrated
pdfs one starts from the formulation of relevant factorisation framework in a convenient gauge. This
obviously yields a gauge-dependent object. Then, through the resummation of gluon corrections
in an appropriate approximation one gets a pdf where gauge-invariance is restored by a system of
the Wilson lines. Their geometrical situation is uniquely determined by the hard part of a given
factorized cross-section, which affects the structure of the gauge links via the relevant colour flows.
An alternative approach starts from a very general function, which is associated to a given unintegrated pdf via the relevant quantum numbers [17]. Such a generic gauge-invariant and strongly
path-dependent function is supposed to obey certain evolution equations, defined in the coordinate
space, which make it possible to adjust the geometrical structure to a specific factorisation scheme.
Therefore, we end up with a gauge-invariant pdf with the Wilson lines, whose path-dependence
is prescribed by the factorisation, but the path-dependence comes in a reversed order as compared
with the standard approach.
Let us define the operator-valued Wilson exponential evaluated along a given trajectory γ from
a point y to a point x as

 Zx
µ
(2.1)
Wγ [x, y] = P exp ig dζµ Â (ζ ) .
y

2 The

γ

presence of the gauge links not only ensures the gauge invariance of the gTMDs, but is also a result of the
resummation of soft gluons [23].
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Numerous technical details related to the regularization of the rapidity/light-cone singularities, the
structure of the Wilson lines which save gauge-invariance for the TMD pdfs, their geometrical
layout, universality and breakdown on universality, relation to the colour flows, etc. are discussed,
in, e.g., Refs. [4, 18, 19, 20, 21, 22].
Whatever definition of gTMD is adopted, its quantum numbers must correspond to those of
the generating matrix element defined in the coordinate space:
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It obeys the differential equation
∂µ W [x, y] = igÂµ (x)W [x, y],

(2.2)

path

δν

area
(x) δµν
(x) hvac|Wγ1 |vaci = Nc g2

I
γ

dzµ δ (4) (x − z)hvac|Wγ2xz γzx |vaci,

(2.3)
path

where W n stands for the n−th order product of Wilson exponentials [24]. The so-called path δν
area differential operators are introduced in the loop space to formally define the shape
and area δµν
variations of contours. These operators can also be used to formulate the generating function for
fully-unintegrated gluon pdfs.
More specifically, making use of non-Abelian Stokes’ theorem
I

Z

ρ
ρρ 0
Wγ = Pγ exp
dζρ Â (ζ ) = Pγ Pσ exp
dσρρ 0 (ζ )F (ζ ) ,
(2.4)
γ

σ

where Pσ denotes the area-ordering, and the Mandelstam formula
I

δ
area
ρ
Pγ exp
dζρ Â (ζ )
δµν (x)Wγ =
δ σµν (x)
γ
I

µν
ρ
= Pγ F (x)exp
dζρ Â (ζ ) ,

(2.5)

γ

we see that the generating matrix element (1.7) can be re-written as
µν|µ 0 ν 0

G̃gen.

area
(z; h) = δµν
(z)δµarea
0 ν 0 (0)hh|Wγ [z,0] |hi
area
0
0
= δµν
(z)δµarea
0 ν 0 (0) ∑ hh|W γ [z] |XihX|W γ [0] |hi,

(2.6)

X

where the underlying (arbitrary) path γ [z,0] must contain the points z and 0. The key feature of
this approach is that one first calculates the generating matrix element hh|Wγ [z,0] |hi, choosing its
underlying integration path to fit a specific factorization framework.
Let us demonstrate how this approach works in practice by considering the Abelian gauge
theory, where the Wilson loops exponentiate
I

ρ
hh|Wγ |hi = hh|Pγ exp
dζρ A (ζ ) |hi
γ

 2I
I
g
0
ρρ 0
0
dζρ dζρ 0 D (ζ − ζ ) .
(2.7)
= exp −
2 γ
γ
The hadronic correlator
0

0

Dρρ (ζ − ζ 0 ) = hh|Pγ Aρ (ζ )Aρ (ζ 0 )|hi
4

(2.8)
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which doesn’t suggest any changes in the underlying contour γ. A Wilson line (a loop for closed
paths) can be introduced as a matrix element of the operator (2.1) in a vacuum |vaci or a hadronic
|hi state. We are interested now in the laws which govern the behaviour of such matrix elements
under variations of the form of the contours. It is known that the shape variations of arbitrary
Wilson loops in vacuum can be consistently formulated in terms of the equations of motion in the
loop space, namely the Makeenko-Migdal loop equations, Refs. [24]:
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can be parameterized as
Dρρ 0 (z) = gρρ 0 D1 (z, P) + ∂ρ ∂ρ 0 D2 (z, P) + {Pρ ∂ρ 0 } D3 (z, P) + Pρ Pρ 0 D4 (z, P).

(2.9)

Hence the area derivative can be calculated straightforwardly


I
I
g2
δ
hh|Wγ |hi = −
dζρ dζρ0 0 Dρρ 0 (ζ − ζ 0 ) hh|Wγ |hi
δ σµν (z)
2 δ σµν (z) γ
γ

 I
I
2
g
0
0
0
0
=−
∂µ dζρ 0 Dνρ 0 (z − ζ ) − ∂ν dζρ 0 Dµρ 0 (z − ζ ) hh|Wγ |hi,
2
γ
γ
δ

and expressed in terms of the invariant functions D1,2,3,4 . Eq. (2.10) determines, in fact, the shape
variations of the hadronic Wilson loops, as distinct from the Makeenko-Migdal equations, which
deal with the vacuum Wilson loops. By means of this equation, one can manipulate with the
structure of the underlying contours to make them suitable for a given factorization scheme.
To conclude, we have shown that
• Fully unintegrated gluon distribution function can be defined within a completely gaugeinvariant and path-dependent framework based on the loop space formalism in the coordinate
representation;
• This approach goes the other way round with respect to the standard one: we start from a
gauge-invariant generating function, and then obtains a gluon unintegrated pdf, which is, at
least, in principle, adjustable to any specific factorisation scheme;
• The main ingredients of this approach are the hadronic matrix elements of Wilson loops
hh| Wγ |hi, calculable on the lattice given that the underlying contours γ can be chosen in the
most convenient way.
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