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The preservation of sum rules andpositivity constraints is naturally provided by the kinetic descriptution of QCD evolution equations. It implies the irreversibility manifested in the existence
of "scale arrows". The sign change in the course of TMD evolution at Q ∼ QT is interpreted as
change of scale arrow direction. The Burkardt sum rule is related to momentum conservation
and equivalence principle by a sort of analytic continuation. The claimed way of its evolution
means its "spontaneous" conservation implied by the boundary condition, analogously to twist-3
contribution to Burkhardt-Cottingam sum rule. It is compatible with its validity separately for
each flavour.
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1. Introduction

2. Kinetic evolution and scale arrows
The DGLAP, BFKL and ERBL equations may be represented in the form of master equation
dq(x,t)
=
dt

Z

dy [w+ (y → x)q(y,t) − w− (x → y)q(x,t)] .

(2.1)
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The positivity constraints [1] and sum rules play the important role in the description of various
parton distributions. Their stability against various types of QCD evolution is naturally explained in
the framework of the kinetic interpretation of the latter leading to the phenomenon of irreversibility
[2, 1] described by the appropriate "scale arrow". Here we address the issue of TMD evolution and
suggest that it implies the "scale reversal" of the arrow at Q ∼ QT and substitution W → Y may be
considered as its cure.
We also recall how Burkardt sum rule [4] may be related [3] to energy-momentum conservation by a sort of analytic continuation to complex domain of partonic momentum fractions. Its
validity after account of QCD evolution [5] is due to the boundary condition and is similar to the
stability of twist-3 contribution to Burkhardt-Cottingham sum rule [6]. Such mechanism allows for
validity of Burkardt sum rule separately for each flavour.

Here q is a generic parton distribution and the role of “time" t is played by the logs of either longitudinal momentum fraction for the Balitsky-Fadin-Kuraev-Lipatov (BFKL) equation or of the transverse momentum for the Dokshitzer–Gribov–Lipatov–Altarelli–Parisi (DGLAP) and Efremov-RadyushkinBrodsky-Lepage (ERBL)equations. Also, the gain w+ and loss w− probabilities are, generally
speaking different, like in BFKL case, where relation w+ (t) ≥ w− (t) leads to the gluons fission.
The master form implies the irreversibility of equations, so that the positivity of distribution
is preserved for growing t and should be violated for backward evolution. The later can be also
understood as an impossibility, in general, to represent boundary collision at some t0 as a result of
the evolution from smaller t1 .
The "scale arrow" selecting the proper direction of evolutiion is directed to UV for DGLAP
and ERBL equations and to IR for BFKL equation, and this distinction may be understood as a
manifestation of "angle arrow".
For the TMD evolution the asymptotic nullification of the moment of TMD pdf much discussed here [7] means the violation of positivity for large QT . One may understand that as a
reversal of scale arrow at QT ∼ Q which is also supported by the sign change of the corresponding
log. The substitution of W by Y term [7] may be interpreted as a restoration of the direction of
scale arrow.

3. Energy momentum conservation and Burkardt sum rule
The contribution of gluonic pole to energy momentum should be nullified [3] due to the absence of the relevant structure pµ ε νSpn in the matrix element < p|T µν |p >. As a result
Z

∑

q,G

dx1 dx2

T (x1 , x2 )
= 0.
x1 − x2
1

(3.1)
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As it seems that the pole coming from EOM should be treated in p.v. sense, this is an identity
due to the symmetry of T (x1 , x2 ) coming from the T-invariance. However, incorporating the imaginary prescription implied by contour gauge and electromagnetic gauge invariance [8], one get the
analytic continuation:
Z
T (x1 , x2 )
(3.2)
∑ dx1 dx2 x1 − x2 + iε = 0,
q,G
resulting in the non-trivial relation equivalent to Burkardt sum rule
Z

dxT (x, x) = 0.

(3.3)

Recent study of its evolution [5] resulted in multiplicative renormalization, so that the sum rule is
satisfied ("spontaneously") provided it is valid at some scale. This is similar to the situation with the
twist 3 contribution to Burkhardt-Cottingham sum rule [6]. It interesting that this sum rule is related
to rotational invariance. The resuting angular momentum conservation, in turn, is combined with
momentum conservation when the Ji’s sum rules and equivalence principle is considered, being
related to Burkardt sum rules [9].
Note that such way of preservation of Burkardt sum rule allows one to generalize it [3] to
be valid for each flavour separately, which should lead to nodes [10] and may be related to the
extension of equivalence principle [11].

4. Conclusions
The breaking of the positivity of TMD distributions may be related to the scale arrow reversal
cured by substitution of W by Y. evolution of Burkardt sum rule may be similar to that BurkhardtCottingham sum rule implying its validity for separate flavours.
I am indebted to Daniel Boer, Piet Mulders and Alexei Prokudin for invitation to this interesting conference, warm hospitality in Amsterdam and interesting discussions.
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