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Multi-Meson Model applied to D+→ K+K−K+
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The description of processes involving multi-body nonleptonic decays is very challenging. Data
sets are very large nowadays, and demand better models. In this work we focus on three-kaon
weak matrix elements 〈(KKK)+|Aµ |0〉, expressed as a relatively simple structure, which gen-
eralizes the concept of form factor. This is particularly important for D+ → K+K−K+ decay
considering the dominance of annihilation weak topology. Here, we present the first version of a
model to D+→ K+K−K+ decay which encompass naturally all final states topologies, including
a proper multi-particle structures that cannot be decomposed into simpler two-body processes.
All the structures are derived from a chiral effective theory and dressed with coupled channels
where appropriate. The final amplitude contain only 3 free parameters related to f0(980) that are
predicted by the theory but needs to be fine-tuned by a fit to data. This approach represents a
significant improvement when compared to isobar model, often employed in analyses of heavy-
meson decay data.

VIII International Workshop On Charm Physics
5-9 September, 2016
Bologna, Italy

∗Speaker.
†this work of was supported by CNPq Grant No. 157857/2015- 8.

c© Copyright owned by the author(s) under the terms of the Creative Commons
Attribution-NonCommercial-NoDerivatives 4.0 International License (CC BY-NC-ND 4.0). http://pos.sissa.it/

mailto:pmagalhaes@cbpf.br


P
o
S
(
C
H
A
R
M
2
0
1
6
)
0
8
6

Multi-Meson Model applied to D+→ K+K−K+ Patricia C. Magalhães

1. Introduction

Three-body nonleptonic decays of heavy-flavoured mesons are sequential processes, domi-
nated by intermediate resonant states that requires a full amplitude analysis to be determined. The
usual experimental approach is the isobar model. However, the analysis of the gigantic samples of
B and D decays collected by the LHCb and Bes III experiments demands better models. A partic-
ularly important issue is the representation of the nonresonant component of the decay amplitude.
In general, the nonresonant amplitude used to fit data is parametrized by ad hoc functions that are
not compromised with any theory.

In a recent work[1], we propose a model for the decay D+ → K+K−K+ as an alternative to
isobar model, with few free parameter predicted by the theory to be fine-tuned by a fit to data.
The advantage of this specific process is the dominance of annihilation weak topology where the
process can be understood as D+ →W+ → K+K−K+. In this topology, the decay amplitude is
driven by an axial weak current and may be written as A = 〈(KKK)+|Aµ |0〉〈0|Aµ |D+〉, where the
latter is associated with the matrix element

〈0 |Aµ |D+(P)〉 = −i
√

2FD Pµ , (1.1)

with FD being a constant and P = (p1+p2+p3). The matrix elements 〈(KKK)+|Aµ |0〉, is what we
called Multi-Meson Model, or Triple-M for short. The Triple-M amplitude includes two-body final
state interactions, within the K-matrix approximation, and contains three components: (KKK)+

nonresonant, f0(980)K+ and φK+, all derived from a chiral effective theory and dressed with
coupled channels where appropriate.

The universal character of this matrix elements allow one to easily extend this formalism to
other heavy meson decays into three kaons, together with other topologies that must be considered.

2. Model

The Triple-M concentrates on effects associated with the matrix element 〈K−K+ K+|Aµ |0〉,
which is especially relevant for the decay D+→K−K+ K+ if we assume the decay to be dominated
by the process shown in Fig. 1. Our main target with this first model is identify the simplest possi-
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Figure 1: The decay D+→ K−K+ K+ (left) is assumed to proceed thought quark-annihilation topology in
the steps D+→W+ and W+→ K−K+ K+ (right).

ble structures which could be instrumental to empirical data analyses. Therefore, one consider only
resonances with isospin zero, and the tree-level matrix element 〈K−(p1)K−(p2)K+(p3)|Aµ |0〉 is
given in Fig. 2. The top line displays the leading order (LO) contact terms, whereas NLO cor-
rections are given within brackets. All matrix elements are calculated by means of chiral effective
Lagrangians including resonances, developed by Ecker, Gasser, Pich and De Rafael [4], where all
the formalism needed can be found.
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Figure 2: Tree-level structure for the Aµ → K−K+ K+ matrix element: the top line is LO and terms within
brackets, which involve φ and f0 intermediate states, are NLO; there are two different forms for the WKφ

coupling, indicated by a yellow box and a black dot.

The treatment of the φ -meson includes the πππ intermediate channel and one consider the
propagator dressed by ρπ intermediate states, denoted by [Dπρ

φ
]−1. For the scalar f0(980), given

that the SU(3) structure is not clear, we allow it to be either a singlet or a member of an octet. In
the sequence these two possibilities are labelled by γ0 = 8 and γ8 = 1, respectively.

Adding all the contributions together, the tree amplitude can be written as:

Ttree = C

{[
M2

D +M2
K−m2

23
]
−
[

sin2
θ

3G2
V

4F2
K

] [
m2

12

Dπρ

φ
(m2

12)

(
m2

13−m2
23
)
+2↔ 3

]
(2.1)

−
[

γn

6 F2
K

] [
1

m2
12−m2

f0

[
cd
(
m2

12−M2
K
)
− (cd−2cm)M2

D
] [

cd m2
12−2(cd− cm)M2

K
]
+2↔ 3

]}
.

where θ is the ω − φ mixing angle; GV and cd , cm are the vector and scalar coupling constants
defined in Ref. [4]; and C is the constant

C =

[
GF√

2
sin2

θC

]
2FD

FK

M2
K

M2
D−M2

K
; (2.2)

where θC is the Cabibbo angle and FD, FK the vacuum expectation value for D and kaon mesons.

2.1 Final State Interactions

The full decay amplitude is obtained by including final state interactions in the processes of
Fig. 2. Here we consider only two-body rescattering process with I = 0 and angular momentum J =
0,1. In diagrams (1a) and (2a) we consider the K̄K rescattering associated only with the φ channel.
The second class of FSI accounts for production amplitudes which endow the φ and f0 propagators
with their full widths. In practice, the φ production amplitude accounts for independent widths for
K−K+, K̄0K0, and ρπ decay modes, whereas f0(980) production amplitude accounts for K̄K, ππ

and ηη . We work within the K-matrix approximation and, therefore, skip loop contributions from
off-shell states.
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Figure 3: Dynamical structure of the Aµ → K−K+ K+ matrix element, including final state interactions:
the top line, diagrams (1) and (2), is the LO nonresonant contribution, diagrams (1a) and (2a) include a KK
rescattering, indicated by the red blob; whereas diagrams (3-7) describe φ and f0 contributions with their
full widths; there are two different forms for the WKφ coupling, indicated by a yellow box and a black dot.

The nonresonant contribution is determined at tree-level. Dynamically, it is a proper three-
body amplitude, a direct consequence of chiral symmetry, which predicts multi-meson topologies.

TNR = C
[

M2
D +M2

K−m2
23
]
, (2.3)

= C
[
(m2

12−M2
K) +2↔ 3

]
. (2.4)

The second form makes it clear that TNR contains just S-waves.
Our studies for the φ channel shows that contact interactions have little numerical relevance in

the phase-space accessible to the D+→ K+K−K+ decay. Also, one find out that the relevance of
dressing the φ propagator with πρ , Dπρ

φ
, is small and, for the sake of simplicity, both can be safely

removed from the model. Then, the final contribution for this channel became:

Tφ = −C
[

sin2
θ

3G2
V

4F2
K

] [
m2

12
[m2

13−m2
23]

Dφ (m2
12)

+2↔ 3
]
, (2.5)

Dφ (s) = s−m2
φ + imφ Γφ (s) , (2.6)

mφ Γφ (s) =
√

s

[
ΓKK

(Q3
c +Q3

n)

(Q̃3
c + Q̃3

n)
+Γπρ

s
m2

φ

Q3
πρ

Q̃3
πρ

]
. (2.7)

where Qπρ = 1
2

√
s−2(M2

π +m2
ρ)+(M2

π −m2
ρ)

2/s , Qc =
1
2

√
s−4M2

K+ , Qn =
1
2

√
s−4M2

K0 and

Q̃ = Q(s = m2
φ
). There are no free parameters in Tφ . All the couplings and constants are extracted

from previous references [4, 5, 8].
The most interesting feature in φ channel is the factor m2

12 in the numerator of eq.(2.5), and
the
√

s outside the bracket in eq.(2.7), which are signatures of resonance couplings in chiral per-
turbation theory. Moreover, these signatures are the main difference if one compare the φ structure
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with the standard Breit-Wigner and the modulus of the latter falls faster than that of the Triple-M
at high values of s.

In the f0 channel, one found that the contribution for ηη is negligible and can be excluded.
The final amplitude for the singlet(n = 0) and the octet (n = 8) is:

Tf0 = −C
[

γn

6FK

] [[
cd
(
m2

12−M2
K
)
− (cd−2cm)M2

D
] GK(m2

12)

Dn(m2
12)

+2↔ 3
]
, (2.8)

Dn(s) = s−m2
f0
+ im f0 Γn(s) , (2.9)

m f0 Γ0 =
G2

π

4πF2
π

Qππ√
s
+

G2
K

3πF2
K

QKK√
s

, m f0 Γ8 =
G2

π

8πF2
π

Qππ√
s
+

G2
K

24πF2
K

QKK√
s

;

GP(s) =

[
cd s−2(cd−cm)M2

P
]

FP
, QPP(s) =

1
2

√
s−4M2

P ,

for P = π,K. The mesons decay constants are extracted from literature [3, 8], and the values of
cd and cm are to be determined by fits to data. In ref.[4] they estimates cd , cm = 0.032, 0.042GeV
which provides an educated guess of departure.

The most striking feature of the f0 in the Triple-M is the presence of s-dependent couplings,
predicted by chiral perturbation theory. This means that the amplitude Tf0 is somewhat flexible,
since it depends on two free coupling parameters: cd and cm. We obtained different values for cd

and cm by fixing our amplitude at the energy of the resonance with the standard Flatté function
[6], using parameters obtained by BES II [gππ = 0.165GeV and gKK = 0.695GeV ] [7]. In Fig.4,
we compare the result of Tf0/[−C] using this new values together with those obtained by ChPT[4].
Indeed, our studies showed that the final line shape for the amplitude is rather sensible for the
values of those constants.
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Figure 4: Moduli(left) and phases(right) of the ratio Tf0/[−C] for the singlet (blue curves) and octet (red
curves) cases, based on the values of cd and cm extracted from Flatte function[7] (continuous curves) and on
those given in Ref. [4] (dashed curves).
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3. Monte Carlo simulation

The full Triple-M amplitude include a nonresonant contribution (NR), supplemented by φ and
f0 resonant terms, and is formally written as

TMMM = TNR + Tφ + Tf0 . (3.1)

We generate a toy monte-carlo with parameters discussed above and the resulting Dalitz Plot is
presented in Fig. 5.
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Figure 5: Dalitz plot with MC simulation of the full Triple-M amplitude. The f0 is assumed to be a singlet
state. The hypothesis of the f0 being an octet state yields a nearly identical distribution.

One interesting feature is the distribution of events in the φ region. One of the lobes is depleted
with respect to the other, resulting in a peak and a dip. This is caused by the interference between
the φ and the f0 components of the Triple-M amplitude. In this region the strong phases are
rapidly changing. Interestingly, the D+ → K+K−K+ LHCb data presented by A. C. dos Reis at
this conference1 shows the same kind of interference. It also, very important to emphasize that the
resulting distribution of events is very sensitive to the details of the parametrization of these two
components.

4. Final remarks

We presented a first version of the Multi-Meson-Model, or Triple-M, applied to D+→K+K−K+

decay. Details of the calculations can be found in Ref. [1] and a more complete model is on the
way [9]. The most important feature of the Triple-M amplitude is that the relative contribution and
phase of each component is fixed by theory, an important difference from the isobar model. The
resonant contributions involve expressions which are very different from the Ak used in the isobar
model amplitude A = ∑ck Ak [10], although these expressions yield a similar line shape. In the
Triple-M, the free coefficients ck are absent, because the intensity of each resonance is predicted

1A. C. dos Reis contribution to these proceedings
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by the underlying dynamics. In particular, the φ contribution is completely fixed, for its intensity is
related directly with the decay width into K̄K. The case of the f0 is different because one does not
have precise values for its mass and couplings. Therefore, the three parameters in the amplitude,
namely m f0 , cd , and cm, are left to be determined by fits to data.
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