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1. Introduction

One of the challenges that arises in performing calculations at next-to-next-to-leading order
(NNLO) in quantum chromodynamics (QCD) is handling the infrared singularities which appear
at intermediate stages of the calculation while maintaining a complete description of the final state.
Infrared singularities arise from either virtual corrections or from real emission corrections. The
former give rise to poles which are explicitly present in the amplitudes, while the poles in real
corrections originate from regions of phase space where partons become unresolved, and therefore
are only manifest after integrating over the phase space. It is necessary to devise a procedure to
treat the infrared singularities in such a way as to allow fully differential results to be computed.

The past few years have seen impressive progress in the development of such techniques. This
work may be broadly divided into two categories. The first is slicing-based methods, such as qT
slicing [2, 3] or N-jettiness slicing [4, 5]. The basic idea in these approaches is to divide the emis-
sion phase space into two kinematic regimes. In the first, the real emissions are unresolved. The
phase space can be treated as Born-like, while the amplitudes can be calculated in a soft-collinear
approximation. In the second, the real emissions are always resolved, and the calculation can be
treated as at next-to-leading order (NLO). The second category is subtraction schemes. Here the
idea is to identify a subtraction term which reproduces the singular structure of the real emission
amplitude. By construction, the difference between the real emission amplitude and the subtraction
term has no singularities, and may be integrated in four-dimensional phase space to give a finite
result. One then needs to add back the subtraction term integrated over the d-dimensional phase
space; this term contains the explicit infrared singularities. There are a number of different subtrac-
tion schemes, including antenna subtractions [6], sector decomposition-based approaches [7, 8, 9],
projection-to-Born [10], and CoLoRFullNNLO subtraction [11].

Both slicing and subtraction methods have proven highly successful, and have allowed the
calculation of fully differential NNLO QCD results for a large number of phenomenologically in-
teresting production processes at the Large Hadron Collider (LHC). Nevertheless, there is room for
improvement. Current implementations of subtraction schemes are complicated and consequently
require substantial runtimes to produce stable results. Moreover, infrared singularities have clear
physical origins, which are often obscured in the development of the subtraction scheme. Slic-
ing methods, on the other hand, require the introduction of an unphysical slicing parameter, and
considerable effort must be taken to ensure that the final results are independent of this param-
eter. In trying to improve NNLO subtraction schemes, one may look to the status of next-to-
leading order (NLO) calculations for guidance. At this order, subtraction schemes exist which
are fully local, process-independent, clearly expose the physical origin of singularities while also
allowing their explicit analytic cancellation, and allow all amplitudes to be evaluated in four di-
mensions [12, 13, 14]. Developing a NNLO subtraction scheme with the above properties would
greatly improve the stability and speed of NNLO calculations.

In these proceedings, I will summarize some recent progress in this direction [1] within the
framework of residue-improved sector decomposition. The central idea of this framework, devel-
oped in Ref. [7], is to extend the highly successful FKS subtraction scheme [12, 13] – which is valid
for NLO calculations – to NNLO by using sectors to separate overlapping divergences. However,
in previous implementations of this method, the expected simplification of terms on recombining
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sectors is not apparent. The approach proposed in Ref. [1] focuses on gauge-invariant matrix ele-
ments and makes use of the color coherence property of QCD, allowing the decoupling of the soft
and collinear limits. This leads to relatively compact expressions once the sectors are recombined
and an explicit (although numerical) cancellation of the poles for different kinematic structures.
Moreover, it allows all matrix elements to be evaluated in four dimensions.

The remainder of this proceeding is organized as follows. In Sec. 2, I will outline the subtrac-
tion scheme at NLO as a precursor to the NNLO calculation, which is discussed in Sec. 3. I present
some results from a proof-of-concept computation in Sec. 4, and conclude in Sec. 5.

2. Next-to-leading order calculation

In this section, I will illustrate the subtraction scheme by considering the NLO QCD correc-
tions to color singlet production. At this order, the method is identical to FKS subtraction [12, 13].
I focus on the real emission corrections, q1q̄2→V +g4, where V represents the color singlet final
state. This contribution can be written as

dσ
R =

1
2s

∫
[dg4]FLM(1,2,4)≡ 〈FLM(1,2,4)〉, (2.1)

introducing the averaging sign 〈. . .〉 to indicate integration over the final state phase space. In the
above equation, s is the partonic center-of-mass energy, the phase space integration measure of the
emitted gluon is

[dg4] =
dd−1 p4

(2π)d−12E4
θ(Emax−E4), (2.2)

with Emax an arbitrary energy parameter defined in the partonic center-of-mass frame, and

FLM(1,2,4) = dLipsV |M (1,2,4,V )|2 Fkin(1,2,4,V ). (2.3)

In the above, dLipsV is the Lorentz-invariant phase space for the colorless particles, including the
momentum-conserving delta function; M (1,2,4,V ) is the matrix element for the process q1q̄2→
V +g4, and Fkin defines an infrared-safe observable.

The real emission contribution dσR develops singularities when g4 becomes soft and/or collinear
to either initial state parton. I introduce soft and collinear operators

SiA = lim
Ei→0

A, Ci jA = lim
ρi j→0

A, (2.4)

where ρi j = 1− ni · n j and ni is a unit vector that describes the direction of the momentum of the
i-th particle in (d−1)-dimensional space. I then rewrite the real emission corrections as

〈FLM(1,2,4)〉=〈S4FLM(1,2,4)〉+ 〈(C41 +C42)(I−S4)FLM(1,2,4)〉
+ 〈(I−C41−C42)(I−S4)FLM(1,2,4)〉.

(2.5)

The first term in the above equation corresponds to the soft limit, in which the gluon decouples com-
pletely and the integration over its phase space can be performed immediately. However, since the
soft operator removes the momentum of the gluon from the momentum-conserving delta function
inside FLM(1,2,4), an additional parameter is required to provide an upper bound on the gluonic
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energy. This is the reason for introducing the parameter Emax. This parameter is arbitrary provided
that it is sufficiently large; in practice, we use the partonic center-of-mass energy. The second term
of Eq. (2.5) describes the collinear and soft-collinear singularities, in which the gluon decouples
either partially or completely. The final term is manifestly finite, all its singularities having been
removed through the nested subtraction of the soft and collinear limits, and it may be numerically
integrated in four dimensions. The singularities associated with the soft and collinear limits can be
made explicit by integrating over the phase space of the emitted gluon in the first two terms. In the
special case of color singlet production, the soft and soft-collinear limits cancel and one need only
consider the collinear limits. The effect of the collinear operator C41 is

C41FLM(1,2,4) =
g2

s,b

E2
4 ρ41

(1− z)Pqq(z)
(

FLM(z ·1,2)
z

)
, (2.6)

where gs,b is the bare QCD coupling, z = 1−E4/E1, and the splitting function Pqq = P(0)
qq +O(ε).

Since the gluonic angles decouple, we can immediately integrate over these to obtain a 1/ε pole.
On the other hand, the function FLM(z ·1,2) still depends on the gluonic energy through z, and since
FLM is process-dependent we cannot integrate over the energy in general. Nevertheless, it is still
possible to demonstrate the cancellation of poles by observing that the collinear singularities must
cancel against a redefinition of the pdfs. I therefore rewrite the integral over the gluonic energy as
an integral over z and introduce a plus-prescription for the singularity at z = 1, which makes the
singularity explicit. The result is

〈C41FLM(1,2,4)〉=− [αs]s−ε

ε

Γ2(1− ε)

Γ(1−2ε)
×
[
−
(

CF

ε
+

3CF

2

)〈
FLM(1,2)

〉
+

1∫
0

dzPqq,R(z)
〈

FLM(z ·1,2)
z

〉
.

] (2.7)

In the above, Pqq,R(z)= P̂(0)
qq (z)+εP

(ε)
qq,R(z)+O(ε2) with P̂(0)

qq (z) the leading-order (LO) Altarelli-

Parisi splitting kernel, and the expression for P
(ε)
qq,R(z) is given in Ref. [1]. I have also introduced

[αs] =
αs(µ)

2π

µ2εeεγE

Γ(1− ε)
. (2.8)

A similar approach may be followed for the collinear limit C42. The pole structure is remarkably
straightforward; indeed, the poles proportional to FLM(1,2) cancel against the poles from the virtual
amplitude, while the poles proportional to convolutions of FLM with the splitting function cancel
against the pdf renormalization.

After cancelling the poles, one can take the limit ε → 0 and compute all quantities in four
dimensions. Including the virtual corrections and the pdf renormalization terms, the renormalized
differential cross section at NLO is

2s ·dσ̂
NLO =

〈
Ffin

LV (1,2)+
αs(µ)

2π

[
2
3

π
2CFFLM(1,2)

]〉
+
〈
ÔNLOFLM(1,2,4)

〉
+

αs(µ)

2π

1∫
0

dz
[

ln
s

µ2 P̂(0)
qq (z)−P

(ε)
qq,R(z)

]〈
FLM(z ·1,2)

z
+

FLM(1,z ·2)
z

〉
,

(2.9)
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where ÔNLO =(I−S4)(I−C41−C42). Equation (2.9) is the sum of lower multiplicity terms, with or
without convolutions with splitting functions; a real emission term, whose singular configurations
have been removed by nested subtractions; and a finite remainder of the virtual amplitude. The aim
now is to devise a similar procedure and obtain an analogous result at NNLO.

3. Next-to-next-to-leading order calculation

Having studied nested soft-collinear subtractions at NLO, we are now in a position to consider
the NNLO calculation. I am interested in the double-real emission contribution.1 The differential
cross section from q1q̄2→V +g4g5 is

2s ·dσ
RR =

1
2!

∫
[dg4][dg5]FLM(1,2,4,5). (3.1)

The singularity structure of this contribution is much more complicated than at NLO: either g4

or g5 may become soft, or either may become collinear to either initial state parton, or g4 and g5

may become collinear to each other. A combination of these configurations may also occur, so one
needs to consider different approaches to each limit. The key to extracting the poles is to separate
these singular regions.

In doing so, I will make use of an important feature of onshell, gauge invariant QCD scattering
amplitudes, namely color coherence. A simple explanation of this property is as follows. Consider
the emission of a soft parton from a hard parton which subsequently undergoes multiple splittings,
which may or may not be collinear. The wavelength of the soft parton is too large to resolve the
details of the splitting; it only “sees” the total color charge of all the partons resulting from the
splitting. Thus soft and collinear configurations decouple and can be treated independently of one
another. In the context of a subtraction scheme, this means that soft and collinear limits can be
removed separately. Therefore, energies and angles may be independently parametrized, without
the need for energy-angle ordering. Not only does this provide greater flexibility in the numerical
implementation of the subtraction scheme, but also allows us to reduce the number of required
sectors from five to four.

I will now describe the treatment of the double-real emission singularities in the nested soft-
collinear subtraction scheme. I begin by introducing additional operators for the double-soft and
double-collinear limits

SSA = lim
E4,E5→0

A, at fixed E5/E4

CCiA = lim
ρ4i,ρ5i→0

A, with non vanishing ρ4i/ρ5i,ρ45/ρ4i,ρ45/ρ5i.
(3.2)

I then order the gluon energies by imposing E4 > E5, and define

2s ·dσ
RR =

∫
[dg4][dg5]θ(E4−E5)FLM(1,2,4,5)≡

〈
FLM(1,2,4,5)

〉
, (3.3)

where the ordering of the gluon energies has removed the 1/2! symmetry factor. As at NLO, the
gluon energies E4 and E5 are bounded from above by Emax, and the bounds on the gluon energies
are imposed in the partonic center-of-mass frame.

1The details of other contributions, e.g. the double-virtual or real-virtual, are discussed in depth in Ref. [1], and are
not considered in these proceedings.
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As a result of the energy ordering E4 > E5, soft singularities only occur when either g5 is soft
or when both g4 and g5 are soft. The soft singularities may then be removed by writing〈

FLM(1,2,4,5)
〉
=
〈
SSFLM(1,2,4,5)

〉
+
〈
S5(I−SS)FLM(1,2,4,5)

〉
+
〈
(I−S5)(I−SS)FLM(1,2,4,5)

〉
.

(3.4)

The first term on the left-hand side in Eq. (3.4) corresponds to the double-soft limit, in which both
gluons decouple completely. The second term captures the limit where g5 is soft but singularities
from S4 are removed. The final term has all soft singularities removed. All three terms, however,
contain (potentially overlapping) collinear singularities, which must be disentangled.

I will tackle the collinear singularities in two steps. First, I partition the phase space by writing

w14,15 +w24,25 +w14,25 +w15,24 = 1. (3.5)

The expressions for the partitions w in terms of the angles between the partons are given in Ref. [1]
and are not repeated here. The important point is that these factors vanish in various collinear
limits, and as a result only certain limits need to be considered in each partition. The triple-collinear
partitions wi4,i5 (for i = 1,2) only have singularities corresponding to operators C4i, C5i and C45,
while the double-collinear partitions w14,25 and w15,24 only have singularities corresponding to,
respectively, C41 and C52, and C51 and C42.

The double-collinear partitions are now free of overlapping singularities, but this not yet the
case for the triple-collinear partitions. I therefore define an angular ordering, e.g. in partition w14,15

1 =θ

(
η51 <

η41

2

)
+θ

(
η41

2
< η51 < η41

)
+θ

(
η41 <

η51

2

)
+θ

(
η51

2
< η41 < η51

)
≡θ

(a)+θ
(b)+θ

(c)+θ
(d).

(3.6)

which divides the triple-collinear partitions into four sectors, each of which only contains one
collinear limit. Sectors a and c have limits C51 and C41, respectively, while sectors b and d only
have the C45 limit. Note that sectors b and d are not the same, as the energy of the gluons are
ordered. The partition w24,25 may be treated in a similar manner.

I have now split up the phase space in such a way that there are no overlapping singularities.
The collinear singularities can therefore be subtracted in a straightforward way in each partition
and sector, in a similar manner to what was done at NLO. The third term of Eq. (3.4) can be written
as〈
(I−S5)(I−SS)FLM(1,2,4,5)

〉
=
〈
Fsrcs

LM (1,2,4,5)
〉
+
〈
Fsrct

LM (1,2,4,5)
〉
+
〈
Fsrcr

LM (1,2,4,5)
〉
. (3.7)

The full expressions for the three terms on the right-hand side of the above equation are given in
Ref. [1] and are not repeated here. It suffices to note that the third term has all singularities – soft
and collinear – removed by nested subtractions. As a result, it can be evaluated in four dimen-
sions and integrated numerically. It is the only term which involves the fully-resolved double-real
matrix element. The first two terms of Eq. (3.7) contain the single-collinear and triple-collinear
singularities, respectively. Together with the first two terms of Eq. (3.4) these are the integrated
subtraction terms, which completely describe the singular structure of the double-real emission. In
each of these four terms, the unresolved gluons decouple either partially (in the case of a collinear
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singularity) or completely (in the case of a soft singularity). If the gluon decouples completely, one
can integrate over its energy and angles. If the gluon decouples partially, one can integrate over
its angles and rewrite its energy integral as a convolution with a splitting function. The resulting
expressions contain explicit poles in 1/ε multiplying matrix elements of lower multiplicity con-
voluted with splitting functions, which can then be cancelled against poles coming from the other
NNLO corrections (e.g. the double-virtual).

The above procedure has the drawback that one is left with expressions from multiple parti-
tions and sectors. However, it turns out that combining sectors in a judicious manner can lead to
dramatic simplifications. I will sketch one such simplification here, which appears in the double-
collinear partition

DC =

〈[
I−SS

][
I−S5

][
(C41[dg4]+C52[dg5])w14,25 +(C42[dg4]+C51[dg5])w15,24

]
×FLM(1,2,4,5)

〉
.

(3.8)

Note that the collinear limits are defined to act on the phase space measures which are explic-
itly written to their right. The first term involves the limit C41, so g4 decouples partially. Upon
integrating over the phase space of g4 I obtain

〈[
I−SS

][
I−S5

]
C41[dg4]w14,25FLM(1,2,4,5)

〉
=− [αs]s−ε

ε

zmax(E5)∫
zmin

dz
(1− z)1+2ε

Pqq(z)

×
〈
w̃14,25

4||1
[
I−S5

]
FLM(z ·1,2,5)

〉
,

(3.9)

with w̃14,25
4||1 = limρ14→0 w14,25. The limits of integration zmin = 1−Emax/E1 and zmax(E5) = 1−

E5/E1 follow from the definition z = 1−E4/E1 and the restrictions Emax > E4 > E5. Eq. (3.9)
should be written as a convolution with a splitting function, so ideally the integration should run
over 0 < z < 1. The lower integration limit can be extended to 0, since if z < zmin there is not
sufficient energy to produce the color singlet final state, but the upper limit cannot be extended in
this manner. However, if I now look at the fourth term, I find

〈[
I−SS

][
I−S5

]
C51[dg5]w15,24FLM(1,2,4,5)

〉
=− [αs]s−ε

ε

1∫
zmin(E4)

dz
(1− z)1+2ε

P̂
(−)
qq (z)

×
〈
w̃15,24

5||1 FLM(z ·1,2,4)
〉
,

(3.10)

where I have now defined z = 1−E5/E1 leading to the requirement z > zmin(E4) = 1−E4/E1. I
now rename the resolved gluon in Eq. (3.9) g5→ g4 and combine this with Eq. (3.10), finding〈[

I−SS
][

I−S5
][(

C41[dg4]w14,25 +C51[dg5]w15,24)FLM(1,2,4,5)
〉

=− [αs]s−ε

ε

1∫
0

dz
(1− z)1+2ε

〈
w̃15,24

5||1

(
P̂

(−)
qq (z)

[
I−S4

]
FLM(z ·1,2,4)+

θ(z4− z)2CF
[
I−S4

]
FLM(1,2,4)+θ(z4− z)P̂(−)

qq (z)S4FLM(z ·1,2,4)
)〉

,

(3.11)
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Figure 1: Comparison of the NNLO QCD contribution dσNNLO/dQ computed using the nested soft-
collinear subtraction scheme with the analytic results in Ref. [15].

where the integration runs from 0 to 1, as desired. The situation is still not ideal since the splitting
functions in Eqs. (3.9) and (3.10) are different, and this results in the restrictions on z from the
θ -functions in Eq. (3.11). However, if one combines this result from the double-collinear partition
with results from the triple-collinear partition, one sees further simplifications which remove the
need for any restrictions. I refer interested readers to Ref. [1] for more details.

Before displaying the results of a proof-of-principle calculation, it is useful to recapitulate
this section. I considered the double-real corrections to color singlet production qq̄→V +gg, and
regulated the soft singularities first and then the collinear singularities. It is possible to treat soft
and collinear singularities independently because of the color coherence property of gauge invari-
ant QCD amplitudes. The phase space is then decomposed into sectors to ensure that there are
no overlapping collinear singularities. The singularities in each sector may be removed through
nested subtractions, leading to a finite piece which can be evaluated in four dimensions, as well
as integrated subtraction terms which contain lower-multiplicity matrix elements convoluted with
splitting functions. The 1/ε poles are made explicit in the integrated subtration terms, and these
can be cancelled against the poles from other NNLO contributions. Indeed, this cancellation occurs
within each different particle multiplicity. I note that, since the double-soft and triple-collinear sin-
gularities are evaluated numerically, the cancellation is also performed numerically. The situation
at NNLO is thus identical to that at NLO, as was the goal.

4. Numerical results

In this section I present NNLO QCD results for the process pp→ γ∗+X→ e−e++X at the 14
TeV LHC. This process is particularly well-suited to a proof-of-concept calculation since analytic
results for each partonic channel at NNLO have been known for some time [15]. I again focus on
the channel qq̄→ γ∗+ ng, but all other partonic channels display a similar level of agreement to
what we show below. I include lepton pairs with an invariant mass 50 GeV < Q < 350 GeV. I use
NNPDF3.0 parton distribution functions [16] and take the renormalization and factorization scale
µ = 100 GeV.
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The NNLO contributions for this channel, from our calculation and from the analytic results
of Ref. [15], are

dσ
NNLO = 14.471(4) pb dσ

NNLO
analytic = 14.470 pb, (4.1)

in agreement below the level of one per-mille. I display the differential cross section in Q in Fig. 1,
in which we see that the level of agreement is at the level of a few per-mille to a few percent across
five orders of magnitude. This level of agreement on the NNLO contribution translates into almost
absolute precision for the physical cross sections and kinematic distributions.
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Figure 2: Rapidity distribution of the lepton (upper row) and pT distribution of the lepton (lower row) at
different orders of perturbation theory. The upper panes show the differential distributions, the lower panes
shown the NNLO/NLO ratio for a given observable. Plots on the left show results from a runtime of O(10)
CPU hours; plots on the right show results from a runtime of O(100) CPU hours.

As mentioned in the introduction, one of the important issues for NNLO calculations is their
practicality, and in particular their ability to produce high precision predictions in the presence
of fiducial cuts imposed by experiments. To illustrate this aspect of our subtraction scheme, I
show the differential distributions of the rapidity and transverse momentum of the lepton in Fig. 2.
The figures on the left are obtained with O(10) hours of CPU runtime; those on the right with
O(100) hours of CPU runtime. My purpose here is not to investigate the exact CPU requirements
of the subtraction scheme but rather to get an overall idea of the time taken to produce results with
different precision requirements. The lepton rapidity distribution has bin-to-bin fluctuations at the
percent level after only O(10) CPU hours of runtime, and increasing this to O(100) hours of CPU
runtime decreases the bin-to-bin fluctuations to the permille level. The transverse momentum of
the lepton is less stable, and O(100) hours of CPU runtime are required to obtain percent-level
stability. I point out that the feature at pT,`+ = 25 GeV is physical and not a statistical fluctuation,
caused by the smearing of the peak due to the NNLO corrections. A similar feature is found when
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comparing LO and NLO results. The less stable behavior of the transverse momentum distribution
reflects that this is quite a delicate observable, a result of the fact that it receives contributions from
a wide range of values of invariant mass Q. The stability of this observable is expected to improve
once the Z-boson propagator is introduced, as this should localize the bulk of the cross sections in
a smaller range of Q values. However, I note that even without this, the subtraction scheme allows
for high precision computations while also delivering phenomenologically acceptable results from
very short runtimes.

5. Conclusion

In these proceedings, I have presented a new NNLO subtraction scheme, based on the sector-
decomposition framework for extending FKS subtraction to NNLO. The scheme is characterized by
the independent treatment of the soft and collinear limits. We have developed a nested subtraction
procedure, resulting in a manifestly regulated finite term and integrated subtraction terms which are
expressed as convolutions of splitting functions with lower multiplicity matrix elements. The inte-
grated subtraction terms have explicit poles in 1/ε allowing the singularities to be cancelled within
each lower-multiplicity structure. Although I have presented results for one particular partonic
channel in these proceedings, we have tested the subtraction scheme in Drell-Yan and W -boson
production for all partonic channels, as well as in the decay H → bb̄, and found excellent agree-
ment with previous results. The details of these calculations will be presented in a forthcoming
publication.
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