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1. Introduction

The increasing precision of the LHC data sets very high demands on the accuracy of theo-
retical predictions. The latter involve, in particular, corrections from higher perturbative orders of
Quantum Chromodynamics. In this regard, the state of the art for most processes of interest has
very recently changed from NLO to NNLO. Some gaps still need to be filled, however, and addi-
tional work is required to fully test the NNLO results and implement them in efficient public codes
such that they can benefit experimental analyses. At the same time, the seminal calculation of the
N3LO cross section for the Higgs boson production from gluon fusion [1] has marked the first step
on the way towards pushing the accuracy of QCD predictions to the next level.

One of the most important processes measured at the LHC is the production of the top quark
pair. It is relevant both in studies of properties of the Standard Model, as well as in searches for
new physics, as it forms significant backgrounds to many signatures. The cross section for this
process is currently known up to NNLO [2, 3, 4, 5, 6, 7].

In this proceedings, we present a proof-of-concept calculation of the n f part of the NNLO
soft function for top quark pair production. This result, together with the framework and tools
developed to obtain it, form key elements of an alternative calculation of the complete NNLO cross
section for that process.

The motivation behind our work is two-fold. On one hand, it will lead to a second, independent
result for the NNLO top pair production cross section, which, given the complexity of the calcu-
lation, is highly desirable. At the same time, our work forms a stepping stone towards developing
a general framework for calculations of N3LO QCD corrections to a wide range of processes of
relevance for hadron colliders.

2. Theoretical framework

The approach for achieving NNLO accuracy for the top pair production, presented in this
proceedings, is part of a wider strategy for calculating NmLO contributions to processes of the type

h1 +h2→ F (qT )+X , (2.1)

where two hadrons, h1 and h2, collide and produce an object F , which is registered in a detector,
together with an undetected QCD radiation X . Our framework is suitable both when F , whose
transverse momentum is denoted by qT , is a colour-neutral object (single EW boson, pair of EW
bosons, the Higgs) as well as when it carries colour, like in the case of the top quark pair.

We use the qT -slicing method, which allows us to write the cross as a sum of two components,
each of which is separately finite [8, 9]

σF
NmLO
dΦ

=
∫ qT cut

0
dqT

dσF
NmLO

dΦdqT
+
∫

∞

qT cut

dqT
dσ

F+jet
Nm−1LO

dΦdqT
. (2.2)

The advantage of this approach is that the second term in Eq. (2.2), which represents resolved
emissions, is required only at the Nm−1LO accuracy, and, in most interesting cases, it is already
known. On the contrary, the first term, which combines virtual and unresolved real corrections, is
usually unknown. However it is needed only in the small-qT approximation.
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In order to calculate the latter we use the Soft Collinear Effective Theory (SCET) [10], in
which the cross section factorizes at small qT according to the formula

dσF
NmLO

dΦdqT
=BNmLO

1 ⊗BNmLO
2 ⊗HNmLO⊗SNmLO +O

(
q2

T

q2

)
, (2.3)

where q2 is an invariant mass of the object F . The functions appearing in the above equation
account for contributions from different phase space regions of X . Specifically, the beam functions
Bi sum up emissions of collinear and anti-collinear partons, the hard functions, H, accounts for
hard radiation, and the soft function, S, sums emissions from soft, real gluons. Calculation of
each of these functions is significantly simpler than calculation of the complete cross section. In
addition, some of the functions are already available from literature.

In the case of the top quark pair production, the beam functions are known up to NNLO [11,
12] and the NNLO hard function can be extracted from Refs. [13, 14]. However, the small-qT soft
function is only known up to NLO [15, 16]. Hence, in order to achieve the NNLO accuracy of the tt̄
cross section, one needs to calculate the missing NNLO correction to the soft function appearing in
Eq. (2.3) (We note that such calculation shares many features with that of the NNLO soft function
for boosted tops in the threshold limit [17]. However, the result for the latter is not of direct use in
our context.)

The soft function for our process of interest can be schematically defined with the following
equation

S(qT ,β ,θ) = ∑ δ (qT −|∑i ki⊥|)∏i δ+(k2
i ) . (2.4)

To this end, we focus on the qq̄→ tt̄ subprocess and introduce the following notation for the 4-
momenta: pq = mtn, pq̄ = mt n̄ and pt = mtv3 + l3, pt̄ = mtv4 + l4, where n = (1,0,0,1), n̄ =

(1,0,0,−1). We see that in the definition (2.4), the transverse momenta of real emissions are
restricted to sum up to a fixed value of qT . Because the gluons are soft, li�mtvi, and the velocities
satisfy Born kinematics, n+ n̄= v3+v4, at each perturbative order. Apart from qT , the soft function
of Eq. (2.4) depends on β =

√
1−4m2

t /q2 and θ , where the latter is the scattering angle of the top
quark in the tt̄ rest frame.

The NNLO soft function corresponds to a sum of all O
(
α2

s
)

contributions from Eq. (2.4).
They take forms of 2d-dimensional integrals which exhibit soft and rapidity singularities. The
latter arise when the light-cone components of gluons 4-momenta become very small or very large,
and are not removed by dimensional regularization. In our calculation, we adopt the prescription
of Ref. [18] which turns the above divergences into poles in a new regulator α . Even though the
individual integrals suffer from rapidity divergences, their complete sum, hence the soft function,
is finite in the limit α → 0 [15, 18].

To calculate the soft function at this order, we designed the following integration strategy that
can be algorithmically applied to evaluate each of its contributions. We start from analytically
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integrating 3 out of 2d dimensions. Then, we map the remaining momenta into a unit hyper-
cube (splitting the integral if necessary) and apply sector decomposition [19, 20] to disentangle
overlapping singularities. Finally, we expand the result in α and ε and numerically integrate the
coefficients with help of the CUBA library [21].

3. Proof of concept

In order to validate our framework, we calculated the complete n f contribution to the NNLO
soft function, which involves diagrams from Eq. (2.4) with one gluon on each side of the cut and
the blob replaced with the quark loop.

The n f contribution has the advantage that it can be also obtained analytically. Integration over
the quark loop momentum proceeds in a similar manner to the standard calculation of the vacuum
polarization, only that now the tensor structure involves also the vector n, which is a consequence
of introducing the rapidity regulator discussed above. One is then left with the integral over gluon
momentum which we performed with help of the method of differential equations. The n f part of
the NNLO soft function can be also singled out from the prediction of the Renormalization Group
allowing for an additional cross check.

As mentioned in the previous section, all α poles have to cancel in the complete soft function.
They also need to cancel within the subset of diagrams contributing to the n f part. And indeed, our
analytic result contains contributions like

wwwqq̄
13I13 +wwwqq̄

24I24 = wwwqq̄
13

(
− 8

3εα
+

8
3εα
− 8(5+3γE +2ln2)

9α
+

8(5+3γE +2ln2)
9α

+ . . .

)
, (3.1)

while from the numeric, sector decomposition-based approach, we obtain

wwwqq̄
13I13 +wwwqq̄

24I24 = wwwqq̄
13

(
−2.66597

εα
+

2.66597
εα

− 4.13986
α

+
4.13986

α
+ . . .

)
. (3.2)

In the above equations, wwwi j and Ii j correspond, respectively, to the colour matrix and the phase
space integral parts of graphs in which the soft gluons are attached to the external lines i and j,
where we identify (1,2,3,4)↔ (n, n̄,v3,v4).

As a second step of our validation, we checked that the result for the n f part of the NNLO soft
function obtained through direct calculation with the strategy described in the preceding section
reproduces exactly all terms predicted by the Renormalization Group (see [15, 17] for details), i.e.

terms proportional to
1
ε2 ,

1
ε

, ln2
µ and ln µ .

As a final step in the proof of concept of our approach to calculation of the NNLO soft function
for top pair production, we compared numerical results for combinations of quark-bubble graphs,
obtained with the sector decomposition-based method, and the analytic results from the method
of differential equations. An example comparison is presented in Fig. 1 (see Ref. [22] for another
example) where points (lines) correspond to numeric (analytic) coefficients of different powers in
the expansion in α and ε . We observe per-mille-level agreement for this and all the remaining
graphs that contribute to the n f part of the NNLO soft function.
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Figure 1: Comparison of numeric and analytic results for example graphs contributing to the n f part of the
NNLO soft function. See text for details.

4. Conclusions

We presented a proof-of-concept calculation of the α2
s n f contribution to the small-qT soft

function for top quark pair production. In order to evaluate the necessary divergent integrals we
developed a framework based on sector decomposition. We performed a three-step validation of our
results: by verifying that rapidity singularities cancel, by cross-checking that our direct calculation
reproduces all terms predicted by the Renormalization Group and, finally, by finding a perfect
agreement between numeric results from the sector decomposition-based framework and analytic
results for individual graphs. The concepts and tools developed in our study allow for evaluation
of all remaining integrals needed for calculation of the NNLO soft function and are generalizable
to higher orders. Together with the qT -slicing method, they offer a approach for calculation of the
top quark pair production cross section at NNLO.
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