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Recent results by the Fermilab Lattice and MILC collaborations on the hadronic matrix elements
entering Bs,d − B̄s,d mixing have reached an unprecedented precision. Interestingly the Standard
Model (SM) predictions using these updated values, together with the CKM elements obtained
from tree-level decays, exhibit a significant tension with the measured values of the mass differences ∆Ms , ∆Md and their ratio. Assessing this tension in a model-independent way, it can be
shown that models with Constrained Minimal Flavour Violation can not improve the situation
with respect to the SM, in particular when the correlation with the CP-violating parameter εK is
taken into account. The new lattice results, if eventually confirmed by independent calculations,
therefore imply the presence of new sources of flavour violation in the ∆F = 2 sector.
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In the absence of direct signals of new particles, one of the most promising ways to discover
beyond the Standard Model (BSM) physics is through its indirect contributions to low energy precision observables. Over the past years, flavour physics has become an important player in this field,
due in particular to new experiments and an improved accuracy of the theoretical predictions. For
the latter, the progress made in calculations of hadronic matrix elements on a discrete space-time
lattice, has been crucial.
In early 2016, the Fermilab Lattice and MILC collaborations presented new and improved
results [1] for the hadronic matrix elements entering Bs,d − B̄s,d mixings,
q
B̂Bs = (274.6 ± 8.8) MeV,

as well as their ratio

FBd

q
B̂Bd = (227.7 ± 9.8) MeV ,

q
FBs B̂Bs
q
= 1.206 ± 0.019 .
ξ=
FBd B̂Bd

(1)

(2)

Determining ∆Md , ∆Ms and their ratio, using these values as well as the CKM matrix determined
from tree-level decays as input, results in values that deviate by 1.8σ , 1.1σ and 2.0σ from the data.
Note that the tension is smaller when instead of the recent Fermilab-MILC results, the input values
quoted by the Flavour Lattice Averaging Group [2] are used. An independent confirmation of the
results in (1) and (2) is therefore of utmost importance.
Taking the observed tension at face value, it is instructive to analyse what kind of BSM physics
is required to reconcile the ∆F = 2 sector with the data. To this end, its implications on the most
minimal extension of the SM flavour sector, namely models with Constrained Minimal Flavour
Violation (CMFV) [3, 4, 5], have been studied in [7]. In these models the SM Yukawa couplings
are the only source of flavour and CP violation, and no new effective operators are generated
beyond those that are already relevant in the SM. Consequently, all CMFV contributions to the
∆F = 2 sector can be described by a single real and flavour-universal function S(v) that replaces
the SM loop function S0 (xt ). It can be shown that [6]
S(v) ≥ S0 (xt ) = 2.322 .

(3)

In CMFV models the unitarity triangle can be constructed in a universal manner from ∆F = 2
observables [3], using only the precisely known value of |Vus | as tree-level input. The length of
the side Rt and the angle β are determined by the ratio ∆Md /∆Ms and the time-dependent CP
(ρ,η)
α
Rt

Rb

γ

β

(0,0)

(1,0)

Figure 1: Universal unitarity triangle 2016. Figure taken from [7].
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Figure 2: left: CKM angle γ as a function of the hadronic parameter ξ . The violet range corresponds to the
new lattice determination of ξ in (2), and the yellow range displays the tree-level determination of γ in (5).
right: CKM elements |Vub | versus |Vcb | in CMFV (green) compared with the tree-level exclusive (yellow)
and inclusive (violet) determinations. The squares display the results in strategies S1 (red) and S2 (blue).
Figures taken from [7].

asymmetry SψKS , respectively. Updating this determination using the most recent value of ξ in (2),
one obtains an impressively precise picture for the universal unitarity triangle (UUT), as shown in
Fig. 1, where the green rectangle displays the uncertainties in the apex of the UUT [7].
From the determined UUT one can deduce other CKM parameters, like the angle γ or the ratio
|Vub /Vcb |. The results are shown in Fig. 2 [7]. It is interesting to note that the obtained value for γ,
γUUT = (63.0 ± 2.1)◦ ,

(4)

◦
γtree = (72.2+6.8
−7.2 ) .

(5)

is below its tree-level value [8]
Moreover, the inclusive value of |Vub | is clearly disfavoured in CMFV models.
One more input is then required to determine |Vcb | and thereby the full CKM matrix. As
in all BSM models this is possible using tree-level charged current decays. However, due to the
significant uncertainties and the tension between various determinations, we stay within the ∆F = 2
sector and determine |Vcb | as a function of S(v). This can be done using either ∆Ms (strategy S1 ) or
εK (strategy S2 ) as input, with the outcome [7]

1/2

1/4
−3 2.322
−3 2.322
|Vcb |S1 = (39.7 ± 1.3) · 10
,
|Vcb |S2 = (43.3 ± 1.1) · 10
.
(6)
S(v)
S(v)
As can be seen from Fig. 3, these determinations yield inconsistent results, making apparent the
tension between ∆Md,s and εK present in CMFV models. It is interesting to note that, due to the
lower bound in (3), the tension is smallest in the SM limit S(v) ≡ S0 (xt ) and can only be increased
by new CMFV contributions. Even if the bound (3) was relaxed, which is in principle possible
in some contrived CMFV scenarios [6], the tension would not disappear, but rather be shifted to
a tension between the |Vcb | values determined from ∆F = 2 processes and from tree-level decays.
Flavour non-universal BSM contributions to the ∆F = 2 sector are therefore implied the Fermilab
Lattice and MILC results in (1) and (2).
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Figure 3: |Vcb | versus the flavour-universal BSM contribution ∆S(v) obtained in S1 (red) and S2 (blue). The
horizontal bands correspond to the inclusive (yellow) and exclusive (violet) tree-level measurements. Figure
taken from [7].

Before having a closer look at BSM models beyond the CMFV hypothesis, it is instructive to
consider the SM limits of the strategies S1 and S2 . Table 1 collects the results for various CKM
elements obtained using the strategies S1 and S2 . As a consequence of the lower bound in (3), these
numbers serve as upper bounds in CMFV models. Table 2 shows the SM predictions for various
rare decay branching ratios, using the obtained CKM elements. Again we observe significant
differences between the results of strategies S1 and S2 [7].

S1
S2

|Vts |
39.0(13)
42.6(11)

|Vtd |
8.00(29)
8.73(26)

|Vcb |
39.7(13)
43.3(11)

|Vub |
3.43(15)
3.74(14)

Imλt
1.21(8)
1.44(7)

Reλt
−2.88(19)
−3.42(18)

Table 1: CKM elements in units of 10−3 and of λt = Vtd Vts∗ in units of 10−4 obtained using strategies S1 and
S2 in the SM limit S(v) = S0 (xt ). Table taken from [7].

S1
S2

B(K + → π + ν ν̄)
7.00(71) · 10−11
8.93(74) · 10−11

B(KL → π 0 ν ν̄)
2.16(25) · 10−11
3.06(30) · 10−11

B(Bs → µ + µ − )
3.23(24) · 10−9
3.85(24) · 10−9

B(Bd → µ + µ − )
0.90(8) · 10−10
1.08(8) · 10−10

Table 2: SM predictions for rare decay branching ratios using the strategies S1 and S2 . Table taken from [7].

As mentioned above, flavour non-universal BSM contributions are required to resolve the
tension in the ∆F = 2 sector. In generic BSM models, the ∆F = 2 observables can be described by
six independent new parameters. It is therefore always possible to fit the available data and bring
the ∆F = 2 sector in agreement with the CKM elements measured in tree-level decays. Concrete
models can then be tested by using the correlations between ∆F = 2 and ∆F = 1 processes which
arise in specific scenarios, but are hidden in the effective theory picture.
The more constrained models with a minimally broken U(2)3 flavour symmetry [9, 10, 11, 7]
can however be tested by means of ∆F = 2 observables and tree-level CKM elements only, without
making use of ∆F = 1 rare decays. In this scenario, a triple correlation between the CP-asymmetry
SψKS , the phase φs of Bs − B̄s mixing and the ratio |Vub /Vcb | is predicted [11] and will be tested by
3
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future more accurate measurements. In addition, the low value of γ in (4), that also holds in U(2)3
models, may turn out to be problematic one day.
In summary, the tension in the ∆F = 2 sector implied by the recent results by the Fermilab
Lattice and MILC collaboration [1] has profound implications for the BSM flavour structure. As
CMFV models have been shown [7] to always increase the tension, new sources of flavour and
CP violation are required. Before being able to draw definite conclusions, we however have to
wait for an independent cross-check of the lattice results for the hadronic matrix elements entering
Bs,d − B̄s,d meson mixing.
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