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Figure 1: The strong coupling αs (µ) = ḡ2 (µ)/(4π) in the MS scheme taken from Ref. [5].

1. Lattice QCD
This introductory section on lattice Quantumchromodynamics (QCD) will be brief. More
details can be found in [1]. QCD is the theory of strong interactions with the Euclidean Lagrangian
LQCD (g0 , mq ) = −

1
tr {Fµν Fµν } +
∑ q̄ (γµ (∂µ + Aµ ) + mq ) q
2g20
q=u,d,s,c,b,t

(1.1)

The free parameters of the theory are the gauge coupling g0 and the quark masses mq . For small
g0 calculations in QCD can be performed by an asymptotic expansion in g0 called perturbation
theory. The interaction vertex of a quark, an anti-quark and a gluon is proportional at tree level to
the gauge coupling g0 . When higher order effects in perturbation theory are included the strength
of the interaction is given by an effective coupling ḡ(µ) which depends on the magnitude µ of
the energy-momentum transferred by the gluon to the quarks, see [2]. Asymptotic freedom is the
property that for large µ the coupling ḡ(µ) goes to zero as [3, 4]
µ→∞

ḡ2 (µ) ∼

1
,
2b0 log(µ/Λ)

(1.2)

where b0 is a known coefficient and Λ is a mass scale called the Λ parameter of QCD. Asymptotic
freedom is verified experimentally as shown in Fig. 1.
At zero temperature and zero chemical potential QCD has two energy regimes:
1. at high energy µ & 2 GeV, αs (µ) ≡ ḡ2 /(4π) is small and quarks and gluons are (almost)
free;
2. at lower energies, quarks and gluons are confined into hadrons.
1
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(g)

Uµ (x) = Ω(x)Uµ (x) Ω−1 (x + aµ̂) .

(1.3)

Integration over link variables is performed using the group invariant (Haar) measure dU:
Z

Z

I[ f ] =

dU f (U) =
SU(N)

dU f (VUW ) ,

I[1] = 1 ,

(1.4)

SU(N)

where the matrices V and W are in SU(N). Plaquettes are the elementary (Wilson) loops on the
lattice which are defined by
Pµ,ν (x) = Uµ (x)Uν (x + aµ̂)Uµ−1 (x + aν̂)Uν−1 (x)

(1.5)

−1 (x) = P† (x) = P (x). Under gauge transformation the plaquette transwith the property Pµ,ν
ν,µ
µ,ν
(g)

forms as Pµ,ν (x) = Ω(x) Pµ,ν (x) Ω−1 (x). Wilson’s gauge action is defined by
Sw [U] =

β
∑ Re tr [1 − Pµ,ν (x)] .
N∑
x µ<ν

(1.6)

It is positive, gauge invariant and has a parameter β ≥ 0. The latter is related at the classical level
to the continuum gauge coupling g0 through the relation
β=

2N
.
g20

(1.7)

The Euclidean path integral on the lattice is formulated as a statistical mechanical system with
partition function
Z
Z = D[U] e−Sw [U] , D[U] = ∏ dUµ (x)
(1.8)
x,µ

with a compact Haar measure. This is a non-perturbative definition of the Euclidean path integral.
An observable is a function of the gauge field O[U] and its expectation value is
hOi =

1
Z

Z

D[U] O[U] e−Sw [U] .

(1.9)

Gauge fixing is not required for gauge invariant observables.
Quark fields ψiα (x) are Grassmann variables with indices α = 1, . . . , 4 (Dirac) and i = 1, . . . , N
(gauge; fundamental representation). Antiquark fields ψ̄iα are independent Grassmann variables in
the complex conjugate representation. They obey the anticommutation relations
β

{ψiα (x), ψ j (y)} = 0 ,

β

{ψ̄iα (x), ψ̄ j (y)} = 0 ,
2

β

{ψiα (x), ψ̄ j (y)} = 0 .

(1.10)
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While perturbation theory works in regime 1. we need a different tool to extract the properties of
hadrons from LQCD (regime 2.). The latter is provided by the lattice formulation which is amenable
to computer simulations.
QCD can be formulated as a path integral. Wilson [6] and independently Smit [7] formulated
this path integral on a four-dimensional Euclidean hypercubic lattice with lattice spacing a. The
points of the lattice are denoted by x = (n0 , n1 , n2 , n3 )a, nµ = 0, 1, . . . and the four directions by µ =
0, 1, 2, 3. For simulations a finite lattice of size T × L3 is considered. A SU(N) gauge field consists
of matrices Uµ (x) ∈ SU(N) associated with oriented links between two nearest-neigbor points on
the lattice. A local gauge transformation is a set Ω(x) ∈ SU(N). The gauge links transform as
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Under local gauge transformation quark fields transform as
(ψ̄ (g) )αi (x) = ψ̄ αj [Ω(x)−1 ] ji .

(ψ (g) )αi (x) = [Ω(x)]i j ψ αj (x) and

(1.11)

Wilson’s action for the quark fields is defined by
SF = a4 ∑ ψ̄iα (x)[Dw + m0 ]i j ψ j (x) ,
αβ

β

(1.12)

x

(1.13)

and contains the covariant difference operators
(∇µ ψ)αi (x) = {[Uµ (x)]i j ψ αj (x + aµ̂) − ψiα (x)}/a ,
(∇∗µ ψ)αi (x)

=

(1.14)

{ψiα (x) − [Uµ−1 (x − aµ̂)]i j ψ αj (x − aµ̂)}/a .

(1.15)

Dw is a large sparse matrix of dimension 12T /a(L/a)3 × 12T /a(L/a)3 . The Nielsen-Ninomiya
theorem states that it is impossible to construct a local (free) lattice operator D with {D, γ5 } = 0
without doubling the quark species. The property {D, γ5 } = 0 guarantees the invariance under (continuum) chiral transformations of the quark fields. The term − 2a ∇∗µ ∇µ in eq. (1.13) removes the
doublers (fermion copies) in the continuum limit but since {Dw , γ5 } = −a∇∗µ ∇µ 6= 0 it violates chiral symmetry at O(a). By including the Sheikholeslami-Wohlert term in the Wilson–Dirac operator
these violations can by reduced to O(a2 ) [8, 9]. A consequence of the breaking of chiral symmetry
is that the bare quark mass parameter m0 in eq. (1.12) has to be tuned to a non-zero negative critical
value in order to realize zero physical quark mass.
A way to avoid the Nielsen–Ninomiya theorem goes back to an old suggestion by Ginsparg
and Wilson [10] by demanding only {D, γ5 } = aDγ5 D. This idea was revived in 1997 [11, 12, 13]
and Lüscher showed that there exists a lattice form of chiral symmetry which is exactly preserved
in this case.
At this point we can formulate QCD on the lattice in terms of a gauge field Uµ (x) ∈ SU(3) and
Nf quark fields ψ f , f = 1, . . . , Nf with bare masses m0 f . The partition function is
Z

Z=

D[U]

Nf

∏ D[ψ̄ f ] D[ψ f ]

Nf

e−Sw [U]+∑ f =1 ψ̄ f (Dw +m0 f )ψ f ,

(1.16)

f =1

with D[ψ f ] = ∏x,i,α d(ψ f )αi (x). Using the Matthews–Salam formula:
det(M) we arrive at the expression
Z

Z=

D[U] e−Sw [U]

R

D[η]D[η̄] eη̄i Mi j η j =

Nf

∏ det(Dw + m0 f ) .

(1.17)

f =1



A lattice operator for a nucleon at rest is N ∼ ∑x εi jk u(x)i u(x)Tj Cγ5 d(x)k in terms of up and down

quark fields u and d, see [14]. Assuming the existence of an (effective) transfer matrix1 the nucleon
1 Its

existence for the lattice gauge theory with Wilson fermions and Wilson plaquette action has been rigorously
proven in [15].

3
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where m0 is the bare quark mass. The Wilson–Dirac operator is
o
1 n
αβ
[Dw ]i j = ∑ [γµ ]αβ (∇∗µ + ∇µ )i j − a[δ ]αβ (∇∗µ ∇µ )i j
2 µ
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two-point function
Z

N(t = na, p = 0)N(0)

∝

D[U] D[q̄] D[q] e−S[U,q̄,q] N(t, 0)N(0)

n large −n/ξN (g0 ,...)
∼ e

(1.18)
(1.19)

decays exponentially with exponent t mN = n (amN ) where amN (g0 , . . .) = 1/ξN (g0 , . . .) is the nucleon mass in lattice units. ξN is the nucleon correlation length, which depends on the bare gauge
coupling g0 and other parameters like the quark masses.

We consider for simplicity a QCD-like theory with massless quarks. The input parameter is
the lattice gauge coupling β = 6/g20 . The value of the lattice spacing a is not an input. In order to
determine the lattice spacing (what is called scale setting, see [16] for a recent discussion) we can
compute for example a mass, like the nucleon mass amN (g0 ) and declare
amN (g0 )
,
(2.1)
mN
where mN is the physical value of the nucleon mass in units of MeV. Note that the value of a
depends on the chosen hadron mass. Evenually we want to take the continuum limit a → 0. If
we consider the physical nucleon mass mN fixed this implies that the nucleon correlation length
ξN → ∞ diverges in the continuum limit. The continuum limit can therefore be taken if a critical
value of the gauge coupling gcrit exists such that ξN → ∞ when g0 → gcrit . The conventional wisdom
is that
gcrit = 0 ,
(2.2)
a(g0 ) =

in other words the continuum limit of lattice QCD is asymptotically free. There is strong evidence
in support of this statement (coming from perturbation theory and simulation results) but it is not
yet rigorously proven. Eq. (2.2) also holds when the quark masses are non-zero. In that case the
values of the bare quark masses are fixed by matching to experimentally determined quantities.
Consider the mass spectrum of QCD amk , k = 1, 2, . . . near the continuum limit. Presently
attained values of ξk = 1/(amk ) are not so large and one needs extrapolations
 
 
mk
mk
(g0 ) =
(gcrit ) + ck O((am1 ) p ) , k > 1 ,
(2.3)
m1
m1
where p = 1, 2, . . . and the powers of a can be modulated by logarithmic factors. Symanzik’s
conjecture is that as a → 0 the lattice theory can be described by an effective continuum theory
with the lattice spacing a as an expansion parameter [17]. Only local operators with the same
symmetries as the lattice theory appear. The expectations based on Symanzik’s analysis are
a) generic O(a2 ) (p = 2) artifacts in pure SU(N) theory but O(a) (p = 1) effects with pure
Wilson fermions;
b) it is possible to construct improved lattice actions, for which the leading cut-off effects are
cancelled, in particular O(a2 )-improved lattice action for SU(N) theory and O(a)-improved
Wilson fermions.
We refer to a review by P. Weisz [18] for a review on Symanzik’s effective theory of lattice artifacts.
4
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3. Monte Carlo simulations

Except for simple cases, it is not possible to generate independent configurations in a sample.
Instead one uses a Markov chain where Uk is obtained from Uk−1 by a stochastic process. The
chain depends on U1 and a transition probability function T (U,U 0 ) with the properties [19]
1. T (U,U 0 ) ≥ 0 ∀U ,U 0 ,
2. Stability:

R

R

D[U 0 ] T (U,U 0 ) = 1 ∀U.

D[U] Π(U)T (U,U 0 ) = Π(U 0 ) ∀U 0 .

3. Aperiodicity: T (U,U) > 0 ∀U.
4. Ergodicity: for any given subregion of configuration space S one can find U ∈ S and
U0 ∈
/ S such that T (U,U 0 ) > 0.
Usually it is easier to construct a transition function which fulfills the detailed balance condition:
Π(U)T (U,U 0 ) = Π(U 0 )T (U 0 ,U) for all pairs U 0 , U. Detailed balance implies stability. As an
example, a simple algorithm to update gauge links in a Markov chain is defined as follows:
1. Choose a link (x, µ) at random.
2. Choose X ∈ su(3) randomly in a ball ||X|| ≤ ε with uniform distribution, where ε > 0.
3. Generate a random number r uniformly distributed in the interval [0, 1] and accept the new
0
link Uµ0 (x) = eX Uµ (x) if e−Sw [U ] ≥ re−Sw [U] , otherwise keep the old link Uµ (x).
For large-scale simulations we need excellent random number generators, e.g RANLUX [20]. For
the description of more efficient gauge link updates as well as algorithms of full QCD including
dynamical quarks we refer to [1] and references therein.
In a Markov chain consecutive configurations are not statistically independent. There are
autocorrelations which effectively reduce the number of independent measurement of an observable
O by n −→ n/(2τint (O)), where τint (O) is called the integrated autocorrelation time. The latter
depends on the algorithm as well as on the observable, see [21]. Critical slowing down is the
property that in the continuum limit autocorrelation times diverge with some power of the inverse
lattice spacing τint (O) ∝ (1/a)z(O) . The power z(O) is called dynamical critical exponent. The
state of the art algorithm for lattice simulations of QCD is the Hybrid Monte Carlo (HMC) [22].
With this algorithm the dynamical critical exponent can be as large as z ≈ 5 [23]. Employing open
boundary conditions in time on can achieve z = 2 [24].
5
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We restrict the discussion of Monte Carlo simulation to the case of a pure gauge theory. The
task is to compute expectation values of functions of observables O[U] defined by the integral in
eq. (1.9). The dimension of this integral is (N 2 − 1) × 4 × (T /a) × (L/a)3 , which can be O(109 ).
It is not possible to solve it anlytically but it can be estimated by a Monte Carlo simulation. The
latter consists of generating a sequence {U1 ,U2 , . . . ,Un } (called an ensemble) drawn at random
from the probability distribution Π(U) = e−Sw [U] /Z. The integral eq. (1.9) is then approximated by
the ensemble average
1 n
hOi = ∑ O(Ui ) + O(n−1/2 ) .
(3.1)
n i=1
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4. Static quark potential

4.1 Continuum results
Before we turn to the lattice, we mention some continuum results which are known for the
static potential. At small distances r → 0 perturbation theory can be applied thanks to the property
of asymptotic freedom. At leading order the potential is determined by the exchange of one gluon
and is given by
g2
r→0
V (r) ∼ −CF 0 , CF = (N 2 − 1)/(2N) .
(4.1)
4πr
The expansion of V (r) in the MS strong coupling αs = ḡ2MS (1/r)/(4π) has been computed to two
loops [25, 26, 27, 29] and is now known to three loops [30, 31, 32, 33, 34] . The potential contains
an additive constant which originates from the self-energy of the static quarks and diverges when
the ultra-violet cut-off is taken to infinity. The static force
dV (r)
dr

F(r) =

(4.2)

is a renormalized quantity. A running strong coupling αqq (µ) ≡ ḡ2qq (µ)/(4π) can be defined from
the static force as
1
αqq (µ) = r2 F(r) .
(4.3)
CF
The coupling ḡqq (µ) runs with the energy scale µ = 1/r according to the renormalization group
equation
d
µ ḡqq (µ) = βqq (ḡqq (µ)) ,
(4.4)
dµ
where the βqq is the beta function. The latter is known up to the 4-loop term
3

(qq)

(qq)

6
2
8
βqq (ḡqq ) = −ḡ3qq [ ∑ bn ḡ2n
qq + b3,l ḡqq log(3ḡqq /(8π)) + O(ḡqq )] ,

(4.5)

n=0

(qq)

where b0

= b0 =

1
(4π)2


(qq)
11 − 32 Nf and b1 = b1 =
(qq)

(qq)

cients. The non-universal coefficients b2 , b3

and

6

1
102 − 38
3 Nf are the universal coeffi(4π)4
(qq)
b3,l are derived from the 3-loop expression
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The energy levels of a static quark and anti-quark pair at distance r exhibits several of the
fundamental properties of QCD and can be studied by lattice QCD simulations. We denote the
energy levels by Vn (r), n = 0, 1, . . .. The ground state V0 (r) ≡ V (r) is called the static potential.
In pure SU(N) gauge theory the static potential is for small distances r < 0.1 fm well described
by a Coulomb potential ∝ 1/r. At large distances r  1 fm it becomes a confining potential which
grows lineraly with the distance r. This linear growth extends to r → ∞ in the pure gauge theory.
In this case a flux tube forms between the static quarks which is called (QCD) string. When sea
quarks are present the situation changes and the string breaks at a distance rb ≈ 1.5 fm when the
energy of the flux tube is sufficient to create a sea quark and anti-quark pair which, together with
the static quarks, form a pair of static-light mesons.
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r
Figure 2: Wilson loop (left) and correlator of Polyakov loops (right).

of the static potential in Appendix B of [40]. The renormalization group equation eq. (4.4) can be
integrated in the form
−b1 /(2b20 ) −1/(2b ḡ2 )
0 qq
Λqq = µ b0 ḡ2qq
e
 Z ḡ


qq
1
b1
1
−
+
,
(4.6)
× exp −
dx
β (x) b0 x3 b20 x
0
where Λqq is the Λ parameter in the qq scheme. The latter can be computed from the Λ parameter
in the MS scheme. Given a value for µ/Λqq , the numerical n-loop solution ḡqq = ḡqq (µ/Λqq ) to
(qq)
eq. (4.6) is obtained by truncating the βqq function in the integrand after the bn−1 term and solving
for ḡqq .
As r → ∞ the potential in the pure gauge theory can be computed using an effective bosonic
string theory [35, 36, 37, 38]. The string describes a flux tube in d − 1 dimensions joining the static
sources and fluctuating in d − 2 transverse directions
γ
V (r) = σ r + µ + + O(1/r3 ) ,
(4.7)
r
where σ is the string tension, µ a mass parameter and the coefficient γ = −π(d − 2)/24 depends
only on d. The width of the string increases logarithmically in the distance r [39].
4.2 The static potential on the lattice
On the lattice the static potential can be extracted from Wilson loops, which are shown on the
left of Fig. 2. A planar Wilson loop is defined as the trace of the product of gauge links along a
rectangle of size r × t

W (r,t) = tr P(0, 0; 0, rk̂)P(0, rk̂;t, rk̂)P† (t, 0;t, rk̂)P† (0, 0;t, 0) .
(4.8)
Here P(x0 , 0; x0 , rk̂) is the product of spatial links joining the static sources at time x0 . It represents
a string-like state. P† (0, x;t, x) is the product of temporal links at position x. It represents the
propagator of the static quark. Assuming that the theory has an (effective) transfer matrix the
expectation value of the Wilson loop has the spectral representation
t→∞

hW (r,t)i ∼

∑ cn c∗n e−V (r)t .
n

n

7

(4.9)
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This representation is for example derived explicitely in Appendix B of [41]. In pure gauge theory
for large values of r and t one expects an area law hW (r,t)i ∼ e−σ rt .
The standard way to extract the energy levels Vn from eq. (4.9) is to use some technique of
gauge link smearing to replace the spatial lines in the Wilson loops by Pi (x0 ,~0; x0 , rk̂), where i is
the smearing index. One then has a correlation matrix Wi j (r,t) (the smearing index i refers to
time 0 and j to time t. For fixed distance r the correlation matrix Ci j (t) = Wi j (r,t) is used to
build the generalized eigenvalue problem
C(t)vn (t,t0 ) = λn (t,t0 )C(t0 )vn (t,t0 ) ,

λn > λn+1

(4.11)

with exponential corrections εn = O(e−∆Ent ). We refer to [43] for a derivation of the corrections
∆En .
The static potential can also be extracted from the spatial correlator of temporal Polyakov
loops, which is shown on the right of Fig. 2:
P(x)∗ P(y)|y=x+rk̂ ,

(4.12)

where the Polyakov loop is defined as the trace of the path through x which winds once around the
time axis P(x) = tr {Uµ (x)Uµ (x + aµ̂) . . .Uµ (x + (T − a)µ̂)}|µ=0 . The static potential is obtained
as [47]
T →∞

V (r) ∼ −

1
ln hP(x)∗ P(yi |y=x+rk̂ .
T

(4.13)

Using the Polyakov loop correlator requires simulations of lattices with different temporal extents
T to take the limit T → ∞.
Wilson loops are not good operators when it comes to compute the static potential in QCD
with dynamical quarks (in the fundamental representation of SU(3)) at large distances r. As we
mentioned above at large r due to string breaking the ground state potential is the energy of two
static-light mesons which results in a flattening of the static potential. As it was shown in previous
studies in the case of the SU(2) Higgs model [49, 50, 51] and then in QCD [52], in order to see
string breaking and the flattening of the potential one has to construct a matrix correlation which
includes Wilson loops, off-diagonal matrix elements describing the transition between a stringlike state and a state made of two static-light mesons and a diagonal element describing only two
static-light mesons. Schematically the matrix is represented as


√


Nf






(4.14)
,



√

 N

−N
+
f

f

8
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The energy levels Vn can be computed as [42]


λn (t + a,t0 )
1
+ εn (t,t0 )
Vn (r) = − ln
a
λn (t,t0 )

(4.10)
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Figure 3: Left: the static potential in the pure gauge theory, from [57]. Right: the static force in the pure
gauge theory, from [47].

where Nf degenerate dynamical quarks are assumed and the diagrams are from [52].
Due to confinement, the Wilson loop has a signal which decays exponentially with the area
of the loop: hW (r,t)i ≈ exp(−σ rt). This is the result of cancellations in the average between
positive and negative values of the loop. The variance of the Wilson loop is instead dominated
by W (r,t)2 which is approximately a constant (being the average of positive values). Therefore
the signal-to-noise ratio of Wilson loops decays exponentially with the area of the loop. The same
problem arises with Polyakov loops. The deterioration of the quality of the signal can be tamed by
the following techniques:
• In pure SU(N) theory, an exponential reduction with the temporal extent t of the error of
Wilson loops can be achieved by using the one-link integral to replace the temporal link
[44]. An even more effective technique to reduce exponentially the error of the Polyakov loop
correlator is the multilevel algorithm [45]. These methods are not applicable with fermions.
• With fermions, HYP smearing [46] can be used to smear the temporal gauge links in the Wilson loops [40]. This minimizes the self-energy contribution of the static quarks and therefore
improves the signal-to-noise ratio [48]. Still the signal-to-noise ratio falls off exponentially.
Smearing is also applied to the quark fields in the correlation matrix eq. (4.14) to improve the
overlap with the physical states. An efficient quark smearing technique is distillation [53].
4.3 Lattice results
The static potential can be used to define a physical scale by solving the following equation
for the static force
r2 F(r)|r=r(c) = c .
(4.15)
Specifying a value for the constant c and solving for r = r(c) leads to a value r(c)/a in lattice
units. If r(c) is known in physical units of fm (fermi) the lattice spacing can be determined. Taking
9
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Figure 4: Left: the running coupling αqq (1/r) in the Nf = 2 theory compared to perturbation theory and
Nf = 0 data from [57]. Right: the slope of the static force c(r), which is proportional to a running coupling,
compared to pertutbation theory, potential models and Nf = 0 data from [47]. The plots are taken from [58].

c = 1.65 leads to the Sommer scale r0 = r(1.65) which has a value of about 0.5 fm in QCD [54].
The physical value can be determined by comparing to phenomenological potential models. Alternatively it can be extracted by computing the product with another scale, for example with the kaon
decay constant r0 fK and using the physical value of fK , see [55]. Other choices for c in eq. (4.15)
are r1 = r(1.0) [56] and rc = r(0.65) [57].
In this section we present a selection of results about the static potential obtained from lattice
simulations which illustrate fundamental properties of QCD. In Fig. 3 we show results for the static
potential (left) and the static force (right) in the pure gauge theory. The left plot is taken from [57]
and shows the static potential after taking the continuum limit (black circles). At short distances it
is compared to the perturbative expansion (continued line). The latter is computed from the static
force by integrating the renormalization group equation for αqq as in eq. (4.6) with the 3-loop β (qq)
function (i.e. using the coefficients of the βqq function up to and including b2 in eq. (4.5)). The
dotted line is the parameter free prediction from the bosonic string in eq. (4.7), where the string
tension is fixed by σ r02 = 1.65−π/12. One sees that the bosonic string model agrees very well with
the data for the static potential already at distances around r0 . This is confirmed by the right plot in
Fig. 3, which is taken from [47] and shows the static force as a function of 1/r2 . The bosonic string
predicts F(r) = σ − γ/r2 + O(1/r4 ). Indeed the data are well approximated by a linear function in
1/r2 (dotted line, fitted to the four points at the largest distances) as soon as r ≥ r0 ' 0.5 fm. Still
there is a curvature in the data which can be measured by computing the slope
1
c(r) = r3 F 0 (r) ,
2

(4.16)

which is shown in the right plot of Fig. 4. The slope c(r) can be used to define a running coupling
αc = ḡ2c /(4π) for small r
1
αc (µ) = − c(r)
(4.17)
CF
at the renormalization µ = 1/r. The beta function for the coupling αc can be found in Appendix B
of [40].
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Figure 5: Left plot: the static potential (red circles) and its first excited state (blue pentagrams), from [52].
Right plot: the modification of the static potential in the presence of a hadrons, from [65].

The coupling αqq and the slope c(r) have been measured in the theory with Nf = 2 dynamical fermions. The results are shown in Fig. 4. We used the ensembles of gauge configurations
labelled “F7” and “O7” in [55] which were generated by CLS (Coordinated Lattice Simulations
consortium) using the Wilson gauge action and Nf = 2 flavors of O(a) improved Wilson quarks.
The lattice spacings are a = 0.066 fm (blue circles) and a = 0.049 fm (red squares) and the quark
mass corresponds to a pion mass mπ = 270 MeV. In Fig. 4 we also plot the perturbative curves
obtained from eq. (4.6) (and a similarly for the coupling ḡc ). The Λ parameters are known from
[59] for the Nf = 0 theory and from [55] for the Nf = 2 theory. The band of the perturbative curves
reflects the uncertainty of the Λ parameter. A quantitative comparison to the perturbative curves
requires a careful continuum limit and, certainly for the Nf = 2 theory, smaller lattice spacings to
reach small enough distances r. In the right plot about c(r) in Fig. 4 we compare the Nf = 2 data
to the value c = −0.52 (dashed line)2 that it takes in the phenomenological Cornell potential [60]
and to the curve (dotted) derived from the Richardson potential [61]. The slope c is an interesting
but difficult quantity for holographic QCD models [62].
The energy levels for the ground state and the first excited state potentials in QCD with Nf = 2
dynamical quarks have been calculated in [52] from the correlation matrix eq. (4.14). The simulations are done at a lattice spacing a = 0.083 fm and pion mass mπ = 400 MeV and the results are
shown in the left plot of Fig. 5. The string breaking distance was calculated to be rb /r0 ≈ 2.5. The
cyan bands are a qualitative sketch of the expected behavior with Nf = 2 + 1 dynamical quarks,
where a second breaking happens. Calculations of string breaking with Nf = 2 + 1 are under way
[63]. The continuum limit and the dependence on the quark mass of string breaking are still open
issues. String breaking is a fundamental aspect of QCD with dynamical quarks. It provides input
for phenomenological potential models which can shed light on the nature of recently-discovered
exotic heavy-flavor hadrons, see [64] for a recent discussion.
The static potential is modified by the presence of a hadron. The difference ∆VH = VH − V0
of the static potential in the presence of a hadron VH and the static potential in the vacuum V0 can
be computed from the correlator of a Wilson loop W (r,t) and a hadron two-point function CH,2pt
2 This

is approximately twice the asymptotic value c(r = ∞) = −π/12 in the pure gauge theory.
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defined as [65]
CH (r, δt,t) =

hW (r,t)CH,2pt (t + 2δt)i
.
hW (r,t)ihCH,2pt (t + 2δt)i

(4.18)

5. Conclusions
More than 40 years after its invention, lattice QCD has developed into an active field of research connecting physics, mathematics and informatics. As it was shown in this lecture using the
example of the static potential, there are still important open questions to be answered.
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