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We propose a simple and totally covariant model which may solve the fine–tuning problem. The
model is given by a topological field theory and the model has an infinite numbers of the BRS
symmetries. The BRS symmetries are, however, spontaneously broken in general. In this pro-
ceeding, we investigate the BRS symmetry in more details and show that there is one and only
one BRS symmetry which is not broken and the unitarity can be guaranteed. In the model, the
quantum problem of the vacuum energy, which may be identified with the cosmological constant,
reduces to the classical problem of the initial condition. We investigate the cosmology given
by the model and specify the region of the initial conditions which could be consistent with the
evolution of the universe. We also show that there is a stable solution describing the de Sitter
space-time, which may explain the accelerating expansion in the current universe.
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1. Introduction

The energy density generating the accelerating expansion of the universe is called as dark
energy. The ΛCDM model of the dark energy could be a cosmological term with a small cosmo-
logical constant, Λ1/4 ∼ 10−3 eV. The cosmological term can be regarded as the energy density of
the vacuum in quantum field theory ρvacuum . When we introduce the cutoff scale Λcutoff, which
might be the Planck scale, the vacuum energy ∼ Λ4

cutoff is much larger than the observed value(
10−3 eV

)4 of the energy density in the universe. We may use the counter term in order to obtain
the observed very small vacuum energy

(
10−3 eV

)4 but very very fine-tuning is necessary and it
looks extremely unnatural.

2. Simple model

In [1], motivated by the unimodular gravity theories, a new model has been proposed. One of
the action of this model is given by,

S′ =
∫

d4x
√
−g

{
R

2κ2 −Λ−λ +∂µλ∂ µφ −∂µb∂ µc
}
+Smatter . (2.1)

Here λ and φ are scalar fields, and b and c are also scalar fields but they are fermionic (Grassmann
odd) and later b is identified with the anti-ghost and c with ghost and R is the Ricci scalar and κ is
gravitational coupling constant. In (2.1), we express the action of matters by Smatter can be that of
arbitrary model. When we redefine the scalar field λ by λ → λ −Λ, the action (2.1) is rewritten as,

S′ =
∫

d4x
√
−g

{
R

2κ2 −λ +∂µλ∂ µφ −∂µb∂ µc
}
+Smatter ≡

∫
d4x

√
−g{L +Smatter} . (2.2)

Then the obtained action (2.2) does not include the constant Λ, which tells that the constant Λ does
not affect the dynamics. The model in (2.1) includes ghosts [1], which generates the negative norm
states in the quantum theory and therefore the model is inconsistent but the negative norm states
can be excluded by defining the physical states by using the BRS symmetry [3]. In fact, the action
is invariant under the infinite numbers of the BRS transformation,

δλ = δc = 0 , δφ = εc , δb = ε (λ −λ0) . (2.3)

Here ε is a fermionic parameter and λ0 is a solution of the equation,

0 = ∇µ∂µλ , (2.4)

which can be obtained by the variation of the action (2.1) with respect to φ . We now impose the
following gauge condition in order to fix the gauge symmetry,

1+∇µ∂ µφ = 0 . (2.5)

Then the gauge-fixing Lagrangian [7] is given by the BRS transformation (2.3) of −b
(
1+∇µ∂ µφ

)
.

In fact, we find

δ
(
−b

(
1+∇µ∂ µφ

))
= ε (L +λ0 +(total derivative terms)) . (2.6)
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Therefore the Lagrangian density (2.2) is surely BRS exact up to the total derivative terms if λ0 = 0
and we find that the theory in (2.2) is surely a topological field theory. Then by using Eq. (2.3),
λ −λ0 is BRS exact, which tells that the vacuum expectation value of λ −λ0 must vanish[8, 9, 10].
If the vacuum expectation value of λ −λ0 does not vanish, the BRS symmetry is spontaneously
broken . We should note that there is only one unbroken BRS symmetry in when λ = λ0. Therefore
in the real world, only one λ0 is chosen and the corresponding BRS symmetry is not broken.

3. Cosmological evolution

The values λ or Λ+ λ could be determined by the initial conditions in the classical theory.
Then in the following, we investigate the cosmology given by the model (2.1) and specify the region
of the initial conditions which could be consistent with the evolution of the observed universe. We
may assume the FRW metric with flat spacial part,

ds2 =−dt2 +a(t)2
3

∑
i=1

(
dxi)2

, (3.1)

and λ and φ are assumed to only depend on the time coordinate t. In (3.1), a(t) is called as the scale
factor. By the variation of λ in the action (2.1), we obtain Eq. (2.5). Neglecting the contributions
from matters, we consider the FRW cosmology. Then the first and second FRW equations are

3
κ2 H2 = Λ+λ − dλ

dt
dφ
dt

, − 1
κ2

(
3H2 +2

dH
dt

)
=−Λ−λ − dλ

dt
dφ
dt

. (3.2)

We find that there is a solution, where λ is a constant λ = λ1. In fact, λ = λ1 is one of the solution
of (2.4) with FRW metric (3.2). Then Eq. (3.2) tells that H is a constant, H = H0 and therefore the
space-time is the de-Sitter space-time. We now investigate the stability of the solution under the de
Sitter space-time. For this purpose, we consider the perturbation from the solution,

H = H0 +δH , λ = λ1 +δλ , φ = φde Sitter +δφ . (3.3)

Then by using (2.4), (2.5), and (3.2), we can write the equations in the matrix form, δ λ̇
δ η̇
δ φ̈

= A

 δλ
δη
δφ̇

 , A ≡

 0 1 0
0 −3H0 0
κ2

18H2
0
− κ2

54H3
0
−3H0

 , η ≡ λ̇ . (3.4)

The eigenvalues of the matrix A is given by −3H0 and two 0’s. Because there is not positive
eigenvalues, the solution is stable or at least quasi-stable. We now investigate what could be the
initial condition corresponding to the value of the vacuum energy in the present universe. In the
radiation-dominated era, the matter-dominated era, and the dark energy-dominated era, the scale
factor is given by

a(t) = aradt1/2 ,a(t) = amatt2/3 ,a(t) = aΛeH0
√

ΩΛt . (3.5)

respectively. Here arad, amat, and aΛ are constants depending on the energy density of the radiation,
the matter density, and the dark energy density, respectively, and H0 is Hubble rate in the current
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universe and ΩΛ is the dark energy density parameter. In the FRW universe, from (2.4), (2.5),and
(3.5), the scalar fields λ (t) and φ(t) in the radiation-dominated era are given by

φ(t) = φrad(t)≡ φrad2 −
2φrad1

a3
rad

t−1/2 +
1
5

t2 , λ (t) = λrad(t)≡ λrad1 −
2λrad2

a3
rad

t−1/2 . (3.6)

Here, φrad1,φrad2,λrad1,λrad2 are some constant. In the matter dominant era and the dark energy
dominant era, we can also express φmat(t),φΛ(t),λmat(t) and λΛ(t) by using φrad1,φrad2,λrad1,λrad2

if we assume the following approximations. Where the radiation-dominated era transited to the
matter-dominated era at the time t = t1, we assume φmat(t1) = φrad(t1) and φ̇mat(t1) = φ̇mat(t1).
Similarly, we connect the matter dominant era to the dark energy dominant era and express all era
of scalar field only by using φrad1,φrad2,λrad1,λrad2. We impose the two constraints on the above
constants which may explain the initial condition of the scalar fields. First constraint could be
obtained by requiring Λ+ λ should become a constant corresponding to the cosmological con-
stant. Second constraint requires that the matter should be surely dominant compared with the
contributions from λ and φ . Then we may have the following constraint[11],

Λ+λrad1 −λrad2 ×
(
3.1×1065 [eV−1]

)
∼ 10−11 [eV4] , |λrad2| ≪ 10−47 [eV5] , (3.7)∣∣λrad2

(
φrad1 +1.4×1016 [eV−1])∣∣≪ 10−23 [eV4] , |λrad2φrad1| ≪ 10−62 [eV4] . (3.8)

The first constraint in (3.7) seems to tell that we need the fine tuning for the initial conditions.
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