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Relativistic hydrodynamic simulations play a key role in exploring the QGP bulk property and the
QCD phase transition in analyses of high-energy heavy-ion collisions at RHIC and LHC. For the
quantitative understanding of the QGP property, hydrodynamic calculation with high-precision is
important. Using a Riemann solver based on the two-shock approximation, we construct a new
3+1 dimensional relativistic viscous hydrodynamics code. The new hydrodynamics algorithm has
less numerical viscosity, which is important to discuss the physical viscosities at RHIC and LHC.
For one of applications of the new hydrodynamics code, we argue the possible development of
Kelvin-Helmholtz instability in high-energy heavy-ion collisions.
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1. Introduction

The experimental results at RHIC and LHC suggest that strongly interacting quark-gluon
plasma (QGP) is created. The relativistic hydrodynamic simulation is one of promising phe-
nomenological model for description of the space-time evolution of hot and dense matter after
collisions. Recently analysis of higher flow harmonics using relativistic viscous hydrodynamic
simulations with the event-by-event initial fluctuations has shown a significant development of un-
derstanding of the QGP property [1]. In particular, the shear viscosity of the QGP has been actively
evaluated from the comparison between hydrodynamic calculations and experimental data. In ad-
dition, new observables which are sensitive to the QGP property are also reported. The study of
the experimental data gives a possibility of quantitative determination of values of shear and bulk
viscosities and their temperature dependence.

Recently, we constructed a new relativistic viscous hydrodynamics code in Cartesian coor-
dinates toward a quantitative understanding of the QGP property [2]. We employed the Riemann
solver with the two-shock approximation which is stable even with small numerical viscosity. Then
we extended the algorithm to that in Milne coordinates to describe the strong and rapid longitudinal
expansion of the hot matter at RHIC and LHC [3]. Furthermore we constructed a new relativistic
hydrodynamics code with viscosity effects in Milne coordinates based on the algorithm of Ref. [2].
Using our hydrodynamics code, we shall argue the Kelvin-Helmholtz (KH) instability in high-
energy heavy-ion collisions. The KH instability in high-energy heavy-ion collisions was argued
using ideal fluid calculations in Ref. [4]. However, since the hydrodynamic instability is sensitive
to the viscosity effects, the analysis with our relativistic viscous hydrodynamics code may reveal
the detailed mechanism of the KH instability in high-energy heavy-ion collisions.

2. Relativistic viscous hydrodynamic equation

The relativistic hydrodynamics is based on the conservation equations,

Nµ
;µ = 0, T µν

;µ = 0, (2.1)

where Nµ is the net charge current and T µν is the energy-momentum tensor. In the Landau frame,
the net charge current and energy-momentum tensor are decomposed as Nµ = nuµ +nµ and T µν =

euµuν − (p+Π)∆µν +πµν , where nµ ,Π, and πµν are the charge diffusion current, bulk pressure,
and shear tensor respectively. In the relativistic Navier-Stokes theory, the viscous tensors are given
by,

nµ
NS = σT ∇µ

(µ
T

)
, (2.2)

πµν
NS = η

(
∇µuν +∇νuµ − 2

3
∆µνθ

)
, (2.3)

ΠNS =−ζθ . (2.4)

We define the convective time derivative D and the spatial gradient operator as DAµ1···µn ≡ uβ Aµ1···µn
;β ,

∇αAµ1···µn ≡ ∆β
αAµ1···µn

;β . Naive extension of relativistic Navier-Stokes theory suffers from the
acausality and instability. The second-order hydrodynamics resolves this problem [5]. In the
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second-order hydrodynamics, the viscous tensors are treated as dynamical variables. The con-
stitutive equations for the evolution of viscous tensors are given by

∆µ
αDnα =− 1

τn
(nµ −nµ

NS)− Iµ
n , (2.5)

∆µ
α∆ν

β Dπαβ =− 1
τπ

(πµν −πµν
NS )− Iµν

π (2.6)

DΠ =− 1
τΠ

(Π−ΠNS)− IΠ, (2.7)

where Iµ
n , I

µν
π , and IΠ are second-order terms, τn,τπ , and τΠ are relaxation times.

3. Numerical algorithm

We construct a new algorithm to solve the second-order hydrodynamic equations Eqs. (2.1),
(2.5)-(2.7) in the Milne coordinates. Using the Strang splitting method, we split the conservation
equations into two parts; an ideal part and a viscous part. The ideal part is solved by the Riemann
solver [3] based on the two-shock approximation. We also split the constitutive equations of vis-
cous tensors into convection equations, relaxation equations, and equations with source terms. The
convection equations are solved by the high-resolution upwind scheme with the third-order piece-
wise parabolic method (PPM). The relaxation equations are solved by the finite difference method
if the relaxation time is larger than the time step size. If the relaxation time is smaller than the time
step size, the finite difference method for the relaxation equation become unstable. To avoid this
problem, we use the piecewise exact solution (PES) method when the relaxation time is smaller
than the time step size. The space derivatives in source terms and Navier-Stokes value of viscous
tensors are evaluated by the second-order MC limiter.

We check validity of our algorithm of solving the relativistic viscous hydrodynamic equation
for the viscous Bjorken flow and the viscous Gubser flow [6]. We can obtain good agreement
between numerical results and analytic solutions in the test problems.

4. Kelvin-Helmholtz instability in heavy-ion collisions

We argue the development of the KH instability in high-energy heavy-ion collisions using the
new relativistic viscous hydrodynamics code. Detailed arguments can be seen in Ref. [6]. The
KH instability can happen on the boundary between two horizontal streams which have different
fluid velocities. The color-flux tube structure is considered as the initial condition of high-energy
heavy-ion collisions (left panel of Fig. 1). We suppose different color-flux tubes start to expand
from different points. Then the shear flow exists between different color-flux tubes. Assuming
two flux-tubes are located in x > 0 and x < 0, we consider following initial condition on the (x,η)

plane.

e(τ0,x,η) =
eU(τ0,η)+ eD(τ0,η)

2
+

eU(τ0,η)− eD(τ0,η)

2
tanh

(
x− xb

∆

)
, (4.1)

vη(τ0,x,η) =
vη

U(τ0,η)+ vη
D(τ0,η)

2
+

vη
U(τ0,η)− vη

D(τ0,η)

2
tanh

(
x− xb

∆

)
, (4.2)
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Figure 1: Left:The color-flux tube structure in the initial state of high-energy heavy-ion collisions. Right:
The initial condition of Eqs. (4.1) and (4.2). The color profile shows the vorticity −wy = −(∂ux/∂η −
τ2∂uη/∂x)/τ . The arrows stand for the velocity field in (τvη ,vx).

where eU and eD are the energy density in x > 0 and x < 0, vη
U and vη

D are the rapidity component
of velocity in x > 0 and x < 0, xb is the boundary between two flux tubes. We assume the boundary
has fluctuations xb = 0.01sin(2πη/λ ). The state in x > 0 (x < 0) is derived by translating the
Bjorken’s scaling solution eB = e0(τ0/τ)4/3 and vη

B = 0 to −∆z (+∆z). As a result, the energy
density and velocity are given by eU(τ,η) = eB(t,z+∆z), vη

U = vη
B(t,z+∆z), eU(τ,η) = eB(t,z−

∆z), vη
U = vη

B(t,z−∆z), respectively. The right panel of Fig. 1 shows the initial conditions Eqs.
(4.1) and (4.2). We start the numerical calculation from the initial conditions Eqs. (4.1) and (4.2)
with τ0 = 1 fm, λ = 0.4, ∆ = 0.02 fm, and the initial energy density (temperature) e0 = 741
GeV/fm3(T0 = 800 MeV). We use the ideal gas equation of state e= 3p. We set the grid (∆x,∆η) =

(0.005 fm,0.00625) and the time-step size ∆τ = 0.2∆x.
Figure 2 shows the results of ideal fluid calculations at τ = 4 and 7 fm. The vortex formation

due to the KH instability is observed. The vortices expand and are weakened at later times because
of the Bjorken flow. Figure 3 shows the results of viscous fluid calculations at τ = 4 and 7 fm. We
set the shear viscosity η/s = 0.01. In contrast to the ideal fluid calculation, we can not observe
the clear vortex formation. In viscous fluids, a small size vortex compared with the Kolmogorov
length scale is smeared by the viscosity and can not exist. The fluctuation with the wave length
λ = 0.4 at τ0 = 1 fm may be smaller than the Kolmogorov length scale. On the other hand, since the
growing speed of fluctuations with larger wave length is slower, the fluctuations with large wave
length (λ > 0.5) are smeared by the Bjorken expansion before the vortex formation is achieved.
Therefore, fluctuations with any scale wave length can not cause the KH instability at mid-rapidity
(|η |<0.8). However, since the initial conditions Eqs. (4.1) and (4.2) have larger shear flow at larger
rapidity, there is a possibility the KH instability occurs at forward rapidity. Meanwhile, if the initial
longitudinal flow is smaller than the Bjorken flow, a fluctuation with long wave length survives and
can cause the KH instability.

5. Summary

We construct a new relativistic viscous hydrodynamics code. In the test calculations, the new
code can reproduce the analytic solutions of the viscous Bjorken flow and the viscous Gubser flow
with good accuracy. We argue the KH instability in high-energy heavy-ion collisions using the new
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Figure 2: The evolution of KH instability in Bjorken expansion. The results of the ideal fluid calculation at
τ = 4 fm (left) and 7 fm (right) are shown.
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Figure 3: The evolution of KH instability in Bjorken expansion. The results of the viscous fluid calculation
with η/s = 0.01 at τ = 4 fm (left) and 7 fm (right) are shown.

hydrodynamics code. At mid-rapidity, the KH instability is suppressed due to the viscosity and
Bjorken expansion effects.
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