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We present a simple model to show that the spectral slopes of large-scale turbulent magnetic
fields in young supernova remnants (SNRs) can be derived from spatial correlation analysis of the
polarized synchrotron intensities. The statistical nature of the polarized synchrotron emission is
spatially variable owing to the shell-like geometry of the SNR. Setting a synthetic shell that contains two types of turbulent magnetic fields, we analyze the spatial correlations between polarized
synchrotron signals from the shell. We find that the correlations that are evaluated at points along
the concentric circular-arc of the shell projected onto the sky can recover the spectral slope of
given turbulent magnetic fields.
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1. Introduction
Galactic cosmic-rays (CRs), which inhabit the energy range below the so-called Knee energy
eV; e.g., [8]), are believed to be accelerated by diffusive shock acceleration (DSA; [1, 3])
in supernova remnants (SNRs). Although the magnetic field plays an essential role in the DSA by
scattering accelerated particles, properties of magnetic field are remain one of the most unsettled
issues in the SNRs, and essential properties of CRs, such as the power-law index of their energy
spectra and their maximum energies realized in the SNRs, remain unclear.
Polarized radio synchrotron observations can play a crucial role, in providing valuable information on the SNR magnetic field. Lazarian & Pogosyan (2012,2016; [9, 10]) recently suggested
that the properties of MHD turbulence with respect to the spectral slope of the magnetic field can
be studied by analyzing the fluctuation in polarized synchrotron emissions in the ISM. Zhang et al.
(2016) and Lee et al. (2016) numerically confirmed this suggestion for a synthetically reproduced
turbulent magnetic field in the cubic domain, however, the SNR has a spherical, shell-like geometry, which affects the observed polarization characteristics. Moreover, there can be multiple types
of magnetic field fluctuations driven by different mechanisms, as discussed above. In this study, we
analyze a turbulent spherical shell model, which contains two statistically independent magnetic
field fluctuations, to demonstrate that the spectral slope of the turbulent magnetic field can be measured by future observations of young SNRs. As typical Very Long(Baseline
Interferometer radio
( ∆θ ) d )
observations with an angular resolution of ∆x ≤ 0.01 pc 1 arcsec 1 kpc can resolve the length
( E ) ( B )−1
, we emphasize that we can
scale of the gyroradius of Knee energy CRs, rg ∼ 1 pc PeV
10 µ G
measure the spectrum of magnetic field fluctuations that resonate with CRs around Knee energy.
(1015.5

In this paper, we use a statistical description of turbulence as a widely accepted method for
characterizing many of its essential properties (e.g., [2]). One of the simplest descriptions of the
spatial variations of a physical variable, f (rr ), is the so-called correlation function

ξ (ll ) =

∫ 3
d r f (rr ) f ∗ (rr + l )
∫

d3r
∗
≡ ⟨ f (rr ) f (rr + l )⟩r ,

(2.1)

where ⟨...⟩r indicates the average over the entire volume of interest. If we consider incompressible
and isotropic turbulence, the correlation function of the fluid velocity should show Kolmogorov
scaling, ξ ∝ l 2/3 , in the inertial range. In this case, the Fourier component of ξ , Pk (kk ) ∝ k−11/3 ,
indicates that the kinetic energy spectrum of turbulence, Ek (k) ≈ Pk k2 , has Kolmogorov scaling
k−5/3 . More generally for the scaling relation, when the correlation function of f (rr ) can be written
as ξ ≈ l m at a finite interval of l and f (rr ) has isotropic fluctuations on a finite scale, the Fourier
component of ξ , Pk , and the Fourier power spectrum, Ek ≈ Pk k2 , can be approximately written as
Pk (kk ) ∝ k−m−3 ,

(2.2)

Ek (k) ∝ k−m−1 ,

(2.3)
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2. Statistical description of polarized synchrotron emission induced by a turbulent
magnetic field
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respectively, from dimensional analysis.
Using the above descriptions, we can statistically describe the polarized synchrotron emission
induced by the turbulent magnetic field.
2.1 Basic definition of synchrotron polarization
We define the observed synchrotron polarization intensity following Burn (1966) and Lazarian
& Pogosyan (2016),
∫ L
0

R, z)e2iλ
dzPi (R

2 Φ(R
R,z)

,

(2.4)

where Pi is the intrinsic polarized synchrotron intensity density, R marks the two-dimensional position of the source on the sky, z is the direction of the line of sight, L is the extent of the source
along the line of sight, and λ is the wavelength of emission. The Faraday rotation measure (RM)
is given by
R, z) = 0.81
Φ(R

∫ z
0

R, z′ )Bz (R
R, z′ ) rad m−2 ,
dz′ ne (R

(2.5)

where ne is the thermal electron density in units of cm−3 , Bz is the magnetic field component
parallel to the line of sight in µ G, and z is the line of sight distance in parsecs. (e.g., [4]).
2.2 Statistical description of observed synchrotron polarization
In this section, following Lazarian & Pogosyan (2016), we consider the following correlation
function of synchrotron polarization intensity,
R, λ 2 ) ≡ ⟨P(R
R, λ 2 )P∗ (R
R + ∆R
R, λ 2 )⟩R
ξ p (∆R
∫
R + ∆R
R, λ 2 )d 2 R
R, λ 2 )P∗ (R
P(R
∫
=
2
d R
∫ L1

∫ L2

R, z1 )Pi∗ (R
R + ∆ R , z2 )
dz1
dz2 ⟨Pi (R
0
0
2
×e−2iλ (Φ(RR,z1 )−Φ(RR+∆RR,z2 )) ⟩R ,

=

(2.6)

where we interchange the order of the integrations concerned the average of the correlation, ⟨...⟩R ,
∫
and the projection along the line of sight, (...)dz1 dz2 . For simplicity, we neglect the Faraday
rotation effect so that λ 2 Φ ≪ 1. Therefore, the observed correlation is simply written as
R) ≈ =
ξ p (∆R

∫ L1
0

∫ L2

dz1

0

R, z1 )Pi∗ (R
R + ∆ R , z2 )⟩R ,
dz2 ⟨Pi (R

(2.7)

Note that the polarized synchrotron intensity emitted by CR electrons depends on Bn γ , where
Bn is the magnetic field component perpendicular to the line of sight and γ = (p + 1)/2 (p is the
power-law index of CR electron energy distribution, NCR (ECR ) ∝ ECR −p ). Therefore, the expected
correlation of synchrotron intensity is ξi′ (ll ) = ⟨Bn (rr )γ Bn (rr + l )γ ⟩r . Lazarian & Pogosyan (2012)
showed that

ξi′ (ll ) = ⟨Bn (rr )γ B∗n (rr + l )γ ⟩r
≈ P(γ )⟨Bn (rr )2 Bn (rr + l )2 ⟩r ,
3

(2.8)
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R, λ ) =
P(R
2
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where
P(γ ) =

⟨Bn (rr )γ B∗n (rr )γ ⟩r − ⟨Bn (rr )γ ⟩r 2
.
⟨Bn (rr )2 B∗n (rr )2 ⟩r − ⟨Bn (rr )2 ⟩r 2

3. Modeling of an SNR’s turbulent shell
To obtain the correlation of the observed synchrotron polarization intensity in Eq. (2.7), we
construct a model of SNR’s turbulent emission region. For young SNRs, in particular, the geometry
can be represented as a spherical shell (e.g., [13, 12, 14]).
3.1 Model description
We consider a spherical shell with an outer radius of unity and thickness of w (hereafter, all
spatial scales are normalized to the outer radius). We set the range of the radial coordinate r as
(1 − w) < r < 1.
Because the emission region is shell-like, its extent along the line of sight, L, varies spatially
with R as
√
L(R) = 2 1 − R2 (1 − w < R < 1) .
(3.1)
In what follows, the turbulent magnetic field is assumed to be isotropic, and its correlation
function defined in the inner region of the shell is assumed to be

ξM (ll ) = ⟨B(rr )B∗ (rr + l )⟩r
( )m
l
2
2
= B̄ + σM
,
l0

(3.2)

where B̄ is the mean magnetic field strength and σM 2 is the variance of the magnetic field strength.
Following the discussion in Sect. 2, the Fourier component of the turbulent magnetic field and its
energy spectrum follow the relations as
Pk (kk ) ∝ σM 2 kn−2

(3.3)

Uk (k) ∼ Pk k2 ∝ kn ,

(3.4)
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for several γ with a power-law correlation function of Bn . For the range 1.2 ≤ γ ≤ 3, they reported
that the maximum deviation of the normalized ξi′ represented in Eq. (2.8) as one of the ξi′ γ =2 is
limited to 3%, with ξi′ showing the scaling of the magnetic field correlation function. This argument is numerically confirmed by Lee et al. (2016), who derived the Fourier power spectrum from
the correlation of the observed synchrotron polarization intensity emitted from a synthetically reproduced turbulent magnetic field for the parameter range 1.5 ≤ γ ≤ 4, which recovers the spectral
index of the given turbulent magnetic field. For SNRs, the observed power-law spectrum in the
frequency of the radio synchrotron intensity, dP/d λ −1 ∝ λ α , typically shows the following spectral slope: α = (p − 1)/2 ≈ 0.6, that indicates γ ≈ 1.4 (e.g., [7]). Thus, in the following section,
we assume that the scaling of ξi is identical to that of a turbulent magnetic field correlation by
assuming that there is no correlation between the CR electron number density and the magnetic
field fluctuation.
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for 2π /l0 ≤ k ≤ kmax , where
n = −m − 1

(3.5)

where P̄i is the mean intrinsic polarized synchrotron intensity over the entire volume of the shell.
The variance of the polarized synchrotron intensity is assumed to be σ 2 = σM 2 , and the index is
m = −n − 1.
3.2 Model parameters
Radio synchrotron observations by Dickel et al. (1991) and Reynoso et al. (2013) suggest that
the width of the emitting region is 10-30% of the SNR radius, and therefore, we set the thickness
of the shell as w = 0.3. The normalization constant in Eq. (3.6), l0 , is set to unity.
Reynoso et al. (2013) observed a highly inhomogeneous polarized intensity image in the
young SNR. Thus, we assume that the variance component of the intrinsic polarization intensity
2
dominates the mean component, i.e., σ 2 ≫ P̄i .
We set the scaling of the magnetic field correlation function to m = 2/3 that gives Kolmogorovlike scaling, Uk ∝ k−5/3 .

4. Results of the correlation analysis of the polarized synchrotron emission
In this section, we show the spatial dependence of the observed correlation.
Even though we have assumed the simple geometry of a spherical shell, Eqs. (3.6), (3.1), and
(2.7) still imply a complicated profile for the observed correlation. If we consider the intrinsic
correlation as ξi = (l/l0 )2 , the observed correlation can be derived analytically as
(
R)
ξ p (∆R

=
m=2

R
∆R
l0

)2
L1 L2 +

1 L1 4 + 3L1 2 L2 2 + L2 4
,
48
l0 2

(4.1)

R|), L2 = L(|R
R + ∆R
R|). The result indicates the difficulty of removing the geometwhere L1 = L(|R
rical effect from the observed correlation, and the fourth term of the right hand side of Eq. (4.1)
R1 + ∆R
R|2 )2 ∝ |∆R
R|4 .
shows the different scaling from m = 2 as L2 4 = (1 − |R
However, Eq. (4.1) provides a hopeful expression in which in selecting the separated sky positions along the concentric circular-arc of the shell projected onto the sky, the observed correlation
depends only on the radius of the arc as
( )2
R
∆R
L4
L2 + 2 .
ξ p m=2 =
l0
8l0
5
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is the spectral index of the energy spectrum of turbulent magnetic field, Uk . Following the discussion in Sect. 2.2, we assume that the correlation of the polarized synchrotron intensity, ξi , is
identical to the magnetic field correlation.
We assume the following correlations of the intrinsic polarized synchrotron intensity in the
emission region as
( )m
l
2
2
R, z1 , z2 ) = P̄i + σ
ξi (∆R
(3.6)
l0
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That is, the geometrical effect of the shell can be suppressed, enabling the observed correlation to
R| ≫ L, the observed correlation
recover the scaling of the turbulent magnetic field. Indeed, when |∆R
is derived from Eq. (2.7) as
R) ≈ |∆R
R|m L2 .
ξ p (∆R

|∆R|0.667

1

ξp [a. u.]

R1=0.97
R1=0.94
R1=0.91
R1=0.88
R1=0.82
R1=0.76
R1=0.73

|∆R|0.667

0.1

0.1

1

|∆R|/R1

Figure 1: The observed correlation evaluated at the points onto the concentric circular-arc of the radius R1
of the shell projected on the sky. The different colors, from red to magenta, represent different arc radii
(R1 = 0.97, ..., 0.73).

5. Summary
Using the formulation in Eq. (2.7), we studied the spatial correlation of short-wavelength
polarized synchrotron emissions from a spherical shell. These correlations were evaluated at the
points on the concentric circular-arc of the shell projected onto the sky at which its geometrical
effect can be suppressed, and it was shown that the correlations on the arc recovered the spectral
slope of the given turbulent magnetic field. It was found that taking the correlation with ∆R ≫ L,
R|m , where L is the thickness of the turbulent
produced an expected observed correlation of ξ p ≈ |∆R
region along the line of sight and m is the spectral index of the turbulent magnetic field. This
indicates that the scaling of the turbulent magnetic field is detectable.
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We show the results of the observed correlations on the concentric circular-arc of radius R1
. Figure 1 represents the observed correlations at several R1 , with the curves showing the results
R1 = 0.97, ..., 0.73 from top to bottom. The observed correlations are expected to recover the
R|.
scaling of the given turbulent magnetic field for larger |∆R
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