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Inelastic nucleus-nucleus (N-N) cross section is one of the most important physical parameters of
an Extensive Air Shower (EAS) development. Value of this parameter was measured in past with
relatively big uncertainty by few ground-based cosmic ray experiments up to 95 TeV in c.m.s.
For simulation of EAS development at Ultra High Energy Cosmic Rays (UHECR) it is necessary
to extrapolate N-N cross-section using phenomenological models. In this work we present results
of calculations of N-N cross section using few approaches including some approximations of the
exact Glauber theory. For calculation we used new parameterization of the hadronic matter dis-
tribution in the geometrical model with "BEL behaviour" of proton. Used obtained by us recently
model based on the LHC data up to 8 TeV contains four free energy-dependent parameters. Fi-
nally, we present comparison of results of N-N cross-section calculations using various methods
and their comparison with experimental data.
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1. Introduction

The development of Extensive Air Showers (EAS) depends on inelastic cross sections involv-
ing nuclei: the projectile is in general the single nucleon, but for the initial interaction, the primary
cosmic rays particle could also be the heavy nuclei, up to Fe. The target is the atmosphere, so it
is always nitrogen, oxygen and sometimes argon. To describe interaction cross sections for very
high energies we need the theoretical model to transform the nucleon-nucleon cross section into
more complicated complex systems. Fortunately since half of the previous century there exist the
model which works very well in this field: the Glauber diffraction theory [1, 2]. The incoming
plane-wave interacts with the partially absorbing object. The waves effectively describe small mo-
mentum transfer collisions and the scattering intensity is cast near the small momentum transfer.
The diffractive picture required the wavelength to be small as compared to the dimension of the
scattering obstacle.

The model is often called "the optical model" with the analogy to the transmission of light
through the gray media [3]. The original Glauber description is more general and it is a deep
quantum description of the scattering processes. The Glauber approximation which makes the
model working well introduces the eikonal function which incorporated all the phase shifts of all
possible scattering processes into one complex function Ω .

2. Optical model and proton-proton cross section

Single nucleon-nucleon scattering can be described with the one, in general complex function
χ , which depicts phase shift. It is related to the scattering amplitude by the two-dimensional Fourier
transform

S(t) =
i

2π

∫
eitb

(
1− eiχ(b)

)
d2b (2.1)

where b is the impact parameter.
The inverse transformation

1− eiχ(b) =
1

2πi

∫
e−itb S(t)d2t (2.2)

suggest the analogy of the proposed description of the collision to the transmission of the light
through the gray medium. The optical interpretation leads to the relation of χ to the each colliding
objects (optical) density:

χ(b)∼ i
∫

d2b′ρa(b)ρb(b+b′) (2.3)

In the paper [4] we have shown that the optical model with the properly chosen functional depen-
dence of the nucleon profiles can give the correct description of diffractive elastic scattering cross
sections of proton-proton (and antiproton) collisions from low (

√
s ∼ 10 GeV) to LHC energies

(
√

s∼ 10 TeV), but what is more important from the cosmic ray point of view it allows the smooth
description of the energy dependence of cross sentions given in the eikonal picture by:

1



P
o
S
(
I
C
R
C
2
0
1
7
)
5
8
1

NN cross sections at Cormic Ray energies Z. Plebaniak

σtot = 2
∫ [

1−ℜ(e−iχ(b))
]

d2b

σel =
∫ ∣∣∣1− e−iχ(b)

∣∣∣2 d2b (2.4)

σinel =
∫ [

1−
∣∣∣e−iχ(b)

∣∣∣2]d2b

Essense if this model is proposed distribution of hadron matter density consist four energy-
dependence parameters, described by Eq. 2.5. Energy dependence of all parameters is shown on
Fig. 4.

ρh(r) =
1

8π

(
c1m3

1 e−m1|r|+ c2m3
2 e−m2|r|

)
. (2.5)
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Figure 1: Energy dependence of adjusted parameters in performed p-p optical picture
.

Introduced distribution allows for calculation of elastic, inelastic an total cross sections Ac-
cording to Eq. 2.5. Results in comparison with experimental data are shown on Fig. 2.

3. Glauber model for the nucleus case

The optical model developed further by Czyż and co-workers [5, 6, 7, 8, 9, 8] led eventually to
the wounded-nucleon picture for hadron- and nucleus-nucleus collisions. The formulas for nuclei
cross sections existing in the literature under the name of "Glauber" (or "optical", "eikonal"), are
sometimes called "multiple diffraction" or "multiple scattering". They are not always the same, the
chain of adopted approximations connects one with the others. Some of them could be questioned,
so we would like to examine them briefly below.

3.1 proton-nucleus case

The nucleus consisting of A nucleons can be seen by incoming high energy nucleon (by pro-
jectile) as a system of independent scattering centers. The essence of the Glauber approximation
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Figure 2: Values of the elastic, inelastic and total cross section calculated with optical model as a function
of the interaction en- ergy compared with the measurements. Solid line represents total cross section, dashed
inelastic and dotted line elastic cross sec- tion predictions. Points are experimental data.

.

is the natural assumption that the resulting amplitude phase shift of the collision is the sum of all
possible A individual nucleon-nucleon phase shifts

χA(b,{d}) =
A

∑
j=1

χ(b−d j) (3.1)

where {d} is a set of nucleon positions in the nucleus (d j is the position of the jth nucleon in the
plane perpendicular to the interaction axis). The scattering amplitude is

S(t) =
i

2π

∫
eitbd2b

∫
|ϕ({d})|2

{
1− eiχA(b,{d})

} A

∏
j=1

d2d j (3.2)

where the function ϕ is the wave-function of the nucleus with nucleons distribution given by the
{d}. This general formula is a subject of subsequent approximations leading to the set of con-
secutively simpler equation for the collision cross sections. First we assume no space correlation
between nucleons. With the universal nucleon distribution within the nucleus ρ we obtain

|ϕ({d})|2 =
A

∏
j=1

ρ j(d j) (3.3)

with the following normalization:
(∫

ρ j(r j)d3r j = 1
)
.

Next quite obvious approximation is that individual sub-collisions are the same, having uni-
versal nucleon-nucleon phase-shifts dependences χ . With this we have

S(t) =
i

2π

∫
eitbd2b

∫ A

∏
j=1

ρ j(d j)
{

1− ei∑
A
j=1 χ(b−d j)

}
d2d j =

=
i

2π

∫
eitbd2b

{
1−

∫ A

∏
j=1

ρ j(d j)eiχ(b−d j)d2d j

}
(3.4)
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On the other hand, the scattering process can be treated as the single collision process with its
own nuclear phase shift χopt(b)

S(t) =
i

2π

∫
eitb
{

1− eiχopt(b)
}

d2b (3.5)

The comparison of Eqs.(3.4) and (3.5) leads to the relation between the opacity for the nucleus
and the single nucleon:

eiχopt(b) =
∫
|ϕ({d})|2ei∑

A
j=1 χ j(b−d j)d2d j =

〈
eiχ(b,{d})

〉
(3.6)

3.2 Big nucleus, point nucleon approximation

The calculation of the integral in Eq.(3.6) requires the knowledge of the fluctuation of the nu-
cleus shape. Some interesting effects relating to this are discussed in [10, 11], but for our averaging
integral, we assume that the nucleus with a given number of constituent nucleons A is always the
same. The shape of the ’average nucleus ’we adopted from the Lund model as described in [12] is
in the form of Woods-Saxon distribution:

ρA(d) =
ρ0

1+ exp
(

d−d0
δ

) (3.7)

(for nuclei heavier than oxygen; the Gaussian for lighter nuclei) with two parameters (d0 the ’half-
density’ radius) and δ related to the ’surface thickness’ of the nucleus, respectively. For the conve-
nience the density ϕ is normalized to A.

If the number of nucleons (A) goes to infinity keeping obviously nucleus opacity constant then

χopt(b) = i
∫

d2d ρA(d)
(

1− eiχ(b−d)
)

(3.8)

Opacity of the nucleon is the sum of many (infinitely many, but accually A > 6 should be big
enough [2]) of independent nucleons as small (infinitely small, as A goes to infinity) scattering
centers.

Using Eq.(2.5) and the optical theorem the integration in Eq.(3.8) can be performed and for
the case of pure imaginary scattering amplitude we obtain

χopt(b) =
1
2

σ
tot
pp ρA(b) (3.9)

The opacity given by Eq.(3.9) can be substituted to Eq.(2.5) and,e.g., the inelastic cross section
could be eventually obtained

σ
pA
inel =

∫ [
1− e−σ tot

pp ρA(b))
]

d2b , (3.10)

=
∫ {

1−
[

1−σ
tot
pp

ρA(b)
A

]A
}

d2b . (3.11)

Both formulas, Eq.(3.10) and Eq.(3.11) define the so-called "point nucleon" approximation.
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3.3 Nucleus-nucleus collision

The treatment of nucleon-nucleus presented above can be extended to the case of nuclei colli-
sions with the amplitude defined as

S(t) =
i

2π

∫
eitbd2b

{
1 −

∫
d2di

A

∏
i=1

ρA(di)
∫

d2d j

B

∏
j=1

ρB(d j) eiχ(b−di−d j)

}
=

=
i

2π

∫
eitbd2b

{
1 −

∫
d2di ρAB(di) eiχ(b−di)

}
(3.12)

with

ρAB(b) =
∫

d2di

A

∏
i=1

ρA(b−di)
∫

d2d j

B

∏
j=1

ρB(d j) (3.13)

Using Eq.(3.5) we can define the overall nucleus-nucleus opacity

eiχAB(b) =
∫

d2di ρAB({d})ei∑
A
i=1 χ(b−di) =

〈
eiχ(b,{dA},{dB})

〉
(3.14)

Thus the nucleus-nucleus scattering amplitude is, with the analogy to Eq.(2.1)

S(t) =
i

2π

∫
eitb

(
1− eiχAB(b)

)
d2b . (3.15)

The "big nucleus" and "point nucleon" approximation can be used also in this case leading to

σ
AB
inel =

∫ [
1− e−σ tot

pp ρAB(b))
]

d2b , (3.16)

=
∫ {

1−
[

1−σ
tot
pp

ρAB(b)
AB

]AB
}

d2b . (3.17)

3.3.1 The probabilistic framework

The nucleus-nucleus inelastic interactions are the ones defining the development of nuclear
cascades of the Extensive Air Showers, and their description is crucial to the interpretation of the
cosmic ray data, thus there exist in the literature few more ways of their treatment. Quite popular
is the probabilistic formalism (see, e.g., [13]). It assumes that the collision between individual
nucleons of colliding nuclei are not correlated and do not interfere with each other. The probability
of each (inelastic) interaction works here and it is calculated using the Eq.(2.1) in each subcolli-
sion case. The usage of the "big nucleus" and "point nucleon" approximation in the probabilistic
framework leads to the inelastic interaction probability with the given impact parameter b [14]

pAB(b) =
ρAB(b)

AB
σ

pp
inel (3.18)

If there are AB pairs of nucleons which could take part in the interaction the probability of having
n inelastic interaction is

p(n,b) =
(

AB
n

)[
ρAB(b)

AB
σ

pp
inel

]n [
1− ρAB(b)

AB
σ

pp
inel

]AB−n

, (3.19)
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The summation over n can be performed and the result with the integration over b gives the value
of the so-called "production cross section":

σ
AB
inel =

∫
d2b

{
1−
[

1− ρAB(b)
AB

σ
pp
inel

]AB
}

, (3.20)

which is quite similar to the result in Eq.(3.17), but with σinel in place of σtot.

4. Results

As a final result of this work we present values of p-Air and Fe-Air cross sections calculated
using various methods described previously. Figures present energy dependence of elastic, inelastic
and total cross sections calculated using exact Glauber model and "point nucleon" aaproximation
with σ

pp
tot , and σ

pp
inel as parameters.
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5. Conclusions

In this work we present extrapolation in general of nucleus nucleus cross sections up to cos-
mic ray energies using Glauber model and its modifications. In those calculations we relied on
previosly performed the optical model for the description of proton-proton collisions. The com-
parison of the exact Glauber model and "point nucleon" aproximation are presented in comparison
with experimental data for p-Air cross section. Point nucleon aproximation shows better aligment
with experimental data. Works on the probabilistic framework are in progres and results will be
presented in the future.

Acknowledgments: This work was supported by grant no 2016/20/T/ST9/00589 funded by the Na-
tional Science Centre in Poland.

References

[1] R. J. Glauber, Lectures in theoretical physics, Vol. 1., edited by W.E. Brittin et al. (Interscience
Publishers, New York, 1959) p. 315.

[2] R. J. Glauber and G. Matthiae, Nuclear Physics B 21, 135, (1970).

[3] R. J. Glauber, Nuclear Physics A 774, 3 (2006), QUARK MATTER 2005.

[4] Z. Plebaniak, T. Wibig, Physics Letters B 761, 469 (2016).
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