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1. Introduction

We review the current status of calculations of 2 QCD quantities: the HQET field anomalous
dimension ¥, and the cusp anomalous dimension I'cygp (¢). Due to non-abelian exponentiation, they
have only a subset of all possible color structures. At small angles I'cysp(¢) is a regular series in 0%
at large angles I'cysp () =Ko+ 0 (%), where K is the light-like cusp anomalous dimension. These
quantities are known at 3 loops: [1, 2] and [3, 4]. The status of 4-loop calculations is summarized
in Table 1.

Vi Causp(@) | @ <1 | o> 1
Cr(Trny)? [5] (6]
C2(Tpn;)? [4,7] | [4,7]
CrCa(Trmp)? | [8, 9] [9] [10, 11]
CyTrm [12] | [12]
drrny [13] [13] [14, 15]x
C2CoTrny [8]% [14]x
CrC3Trny [8]x [14]%
n, N — oo [10, 14]
CrC3 [8] [14]%
dra [8]* [14, 15]%
n), N — oo [16, 14]
QED [12] [12]

Table 1: 4-loop contributions to ¥, and Fcusp(q)). The sign * means that the contribution is only known
numerically.

The calculation of the CrCy(TFn;)? structure in Leusp(@) at @ < 1 is in progress [9]. The
C%Tpl’ll structure is discussed in Sect. 2 [12], and the drgn; structure (where dpp = d;‘;ded;lM/Np)
—in Sect. 3 [13]. Not much is known about the CpCi structure; when the Euclidean ¢ is © — 9,
0 — 0, it has a log(0) /8 term (Sect. 4 [17]) (calculation of the non-logarithmic 1/8 term is much
more difficult and not yet done).

It has been conjectured in [3, 4] that the cusp anomalous dimension can be represented in the

form
a a 2 a\? 4
Leusp (@) = CFE Q(e) +CAQA((P)E +CiQuaa(9) (E) +0(a”) (1.1)
containing no ry, via the effective coupling
a o 04 \2 06\3
T ;s + (CaBa +TrnBy) (;s) + (C3Baa + CrTrnBr; + CaTrnBas + (Trn)* By ) (;Y)
+0(oh) (1.2)

which is determined from the condition that at ¢ — oo the &/(¢) asymptotics is given by the first
term in (1.1). This is true up to 3 loops. For example, the 3-loop CrCsTFn; term in Fcusp((p) (a
typical diagram is shown in Fig. 1) is a combination of 2- and 1-loop terms:

3
Loy (@) = -+ CrCaTrm [BQ(9) + 28,24 (9)] (2 ) ++- (13
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This conjecture has been disproved for a quartic Casimir color structure [13] (Sect. 3). Remarkably,
numerically the conjectured formula is very close to the exact one, cf. Sect. 3.

Figure 1: A diagram for the 3-loop CrCy Trn; term in Teysp ().

2. C?;TFFZI

This is a QED problem. Due to exponentiation, the coordinate-space propagator of the Bloch—
Nordsieck field (i. e. the straight Wilson line W) is

W =exp () wi), 2.1

where w; are single-web diagrams. Due to C parity conservation in QED, webs have even numbers
of legs (Fig. 2). Webs with 4 legs (Fig. 2b) first appear at 4 loops (Sect. 3). All contributions to
logW (2.1) are gauge invariant except the 1-loop one, because proper vertex functions with any
numbers of photon legs are gauge invariant and transverse with respect to each photon leg due to
the QED Ward identities.

T

Figure 2: Webs: (a) 2-leg (the thick line is the full photon propagator); (b) 4-leg (the blob is the sum of
connected diagrams).

In Landau gauge we obtain

o — _ > a\L
== |—6+m ) (—6I.+2p) (—) + (n7" terms) 4 (W=7 jegs terms) (2.2)
4r = 4
where the photon self energy is
I, = <fi~ +ﬁL> m+ (n7 ' terms), B = Brmy + (n7! terms) (2.3)

(B is the L-loop B function coefficient). Substituting IT; [18], restoring color structures and in-
serting the 1-loop gauge dependence, we obtain up to 5 loops [12]

Ol o,\2 (32 Ol
—2(a— I (J) = _6/(1 -1 hch
Vi = 2(a—3)Cr P FnCr P [ 3 6 (1683 —17)Cr in
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16 0\ 2
22 (1808 — 11185 — 35 (C J)
+ 3 (180¢&s & ) F i
(04

3
—6(224087 — 196085 — 10483 —5) <CF ﬁ) + ﬁ(af)} + (other color structures). (2.4)

Now we consider the cusped Wilson line W (@) from x = —vt to 0 and then to x’ = V'r:

g 10 = L ovi(9) < wi0). @.5)

Diagrams in which all photon vertices are to the left (or to the right) of the cusp cancel in w;(¢) —
w;(0). The remaining 2-leg webs are represented by Fig. 3. At 4 loops 4-leg webs appear (Sect. 3).

0

/
Vi
—Vi

—Vvt V't

Figure 3: Cusp: the 2-leg webs (the thick line is the full photon propagator).
The L-loop n,1 contribution is proportional to
! ! I RUY /
/0 dn /o dtyvyv, Dy~ (vt +V'1), (2.6)

where DEW is the ”11 term in the L-loop photon propagator. Calculating the integral we obtain

o A
Peusp() = 4(pcothp — 1)~ [1 +m Y 10, <H) ] + (7" terms) + (W=7 jegs terms) . (2.7)
L=1

The QCD result up to 5 loops is [12]

O Ols 20 55 Ol
Teus =4 hop —1 —< 1 +Trn— | —— 1 = -
p(¢) =4(pcothe )CF47L_{ + Fnl4n_[ 5 +( 683 3 )CF47C
148, 143 a2
) _ _ Zs
(SOCS 3877 >(CF 47r)
31 o\ 3 4
+ (224067 — 196085 — 10485 + - (CFH> +0(a®)| L+ (other color structures) (2.8)

3. dFFnl

Casimir scaling holds for ¥, and T'cysp(¢@) up to 3 loops. At 4 loops quartic Casimir color
structures dgpn; and dgs appear, where dgg = d,%dedl‘é,de/NR, d,%b“l = Trtl(eatzt,%tg), Nr = Trlp.
They cannot be represented as the quadratic Casimirs Cg times a universal constant. Therefore,
Casimir scaling breaks at 4 loops, unless by some miracle the coefficients of both quartic Casimirs
identically vanish. But they don’t vanish: in I'.yp at Euclidean angle g — 7 they are given by the
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corresponding coefficients in the 3-loop static potential, which are known [19] and non-zero. So,
Casimir scaling breaks at 4 loops, as expected. This breaking has been shown not to vanish in other
regions of @, too: at Minkowsky angles @y, > 1 (in .4 =4 SYM [20, 21] and in QCD [14, 15])
and at ¢ < 1 [13].

The drpn; contribution to the HQET self energy is given by 3 different diagrams (Fig. 4). Itis
gauge invariant due to QED Ward identities. We reduce these diagrams at residual energy @ < 0
to master integrals, and obtain € expansions of non-trivial master integrals using HYPERINT [22].
The result is [13]

Y

4
- —) (36376 -G+37 ). 3.1

T

TIiD iim I

Figure 4: The drpn; contribution to the HQET self energy (symmetric diagrams implied).

We have also calculated the vertex at the residual energies of its legs @; = @, expanded in ¢@.
It is given by 6 different diagrams (Fig. 5); of course, it reduces to the same master integrals. The
result is [13] (the (,D6 term is new)

4 2
_ RN P PR
dFFn[—dFFnl<n_> 9 [ﬂ < 4C3+127r +6>

49 1572_23>

16 71
2( Y22 e 7 . e
e ( 4575 S+ 3554 500" “900" 100

64 32 983 421 1333 797
4 2 4 2 6
+0* - —=C— G+ —G+ mt— m+ +0(¢
( 275 12257 9136755 T 661507 66150 29400> (¢7)

Ceusp(@)

4
(04
= dprn <n> ¢%(0.150721 +0.00965191 ¢ +0.000925974 ¢* + &'(¢°)) . (3.2)

Tl IR DE
oyl X IEY

Figure 5: The drpn; contribution to the vertex (symmetric diagrams implied).

The conjecture from [3, 4] predicts

. a . Ol 4 a dFFI’ll Ol 4
rcusp((p)_CFQ((,,)E+..._...+dFFnlBQ((p)(;) T B(?> T

3.3)
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The normalization factor B can be found from the limit of euclidean ¢ = & — 8, § — 0, where the
4-loop I'cusp (@) is related to the 3-loop quark—antiquark potential which is known [23]. This gives
the prediction

drem 192 15 315

16 488 5 92 632
— ?ﬂ“log 2-32m%log 2 + Tnzg - g71:6 + ?n“ — 97;2>

Teusp (@) = d GN 002 k6 (16nt o2 - 3367 T0g 2
cusp(p) = drrn; T + + o+ ((P) 7 log EC3Og

4
=dppny (‘j‘r) ¢*(0.14801 +0.00986736 ¢* +0.000939748 ¢* + &'(¢°)) . (3.4)

So, the conjecture has been disproved. Curiously, the numerical values (3.4) of the coefficients
predicted by the conjecture are quite close to the exact ones (3.2).

Adding (2.4), (3.1) and the known contributions with higher powers of n;, we obtain the
anomalous dimension of the Bloch—Nordsieck field in QED up to 4 loops, completely analyti-
cally. Adding (2.8), (3.2) and the known contributions with higher powers of n;, we obtain the
QED cusp anomalous dimension expanded up to ¢°.

4. Fcusp(n - 5)

This Section is based on work in progress [17]. In Euclidean space the angle ¢ varies from 0
to 7. When ¢ = 7 — 8, 0 — 0, the two world lines forming the cusp come together. At 2 loops
Leusp(—8) ~ 1/8, and the coefficient is related to the 1-loop quark—antiquark potential V (r) [24].
This is explained by conformal symmetry; in QCD it is broken by the 3 function, and at 3 loops this
relation is broken by an extra term proportional to 3y [3]. At 4 loops a new log(d)/ term appears
(if no resummation is done). It is similar to the 3-loop log(ur) term in the static quark-antiquark
potential [25, 26].

Figure 6: The Wilson line describing production of a heavy quark—antiquark pair with a small relative
velocity i.

Let’s consider the cusped Wilson line in Minkowski space (Fig. 6). It is formed by the static
quark and antiquark world lines 7 = 0 and 7 = i, where i is the small relative velocity (u = |i| < 1).
At the end of calculation we’ll analytically continue the result to Euclidean space (u = id). We
neglect all terms suppressed by powers of u. It is convenient to use Coulomb gauge. The static
quark and antiquark interact by exchanging instantaneous Coulomb gluons:

2 2
~ - 1
V(g) = —CF% V() = —Crip2

4m ri-2e -1
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Figure 7: The first transverse-gluon contribution.

(the power of r is obvious from dimensions counting). Here and below k; = 1 + &'(¢€) are some
normalization factors (we don’t need their exact form).

Transverse gluons interact only with Coulomb ones, but not with static quarks. The first
transverse-gluon contribution is shown in Fig. 7. Here T is an infrared cutoff. We use the method
of regions to analyze this contribution. In the ultrasoft region #; ~ t; ~ t; — t;; Coulomb gluons
characteristic momentum is ¢ ~ 1/(ut; ), and the transverse gluon characteristic momentum is
k ~ 1/t 2 < q. In the soft region t, —t; ~ ut; >, and k ~ 1/(t, —t;) ~ ¢. To determine the coeffi-
cient of the logarithm in the 1/9 term in [cusp, it turns out to be sufficient to consider the ultrasoft
region [17]. Neglecting & in the 3-gluon vertex, we obtain in momentum and coordinate spaces

all 7;I
g i aa 3 2qi | i . g(3) ri
ol = pana L et o jpamarg 50 . 42
qloa f 80 (62)2 | lf 047[ r172£ ( )
| |
L, 0,

The ratio of the Wilson line (Fig. 7) to the one without the transverse-gluon correction is
1 + Rys + Rsofe. The ultrasoft contribution is

T 15
Rus = / dn, / dti K(t1,12), 43)
0 0
where
K1) = ~CrC2id I DY (v(tr— 1)) [ dr v (ur) (4.4)
= — A% — (,¢ —1 17 .
Lh)=4CF AK()(47.L.)2 4,28 r%,z‘g 2—1 P :

v= (1,6) is the 4-velocity of our small dipole). During the time interval between #; and #,, the
static quark—antiquark pair is in the adjoint color state instead of the singlet one, and their leading-
order interaction potential V,(r) is obtained from the expression for the singlet potential V(r) (4.1)
by replacing the color factor Cr with Cr — C, /2. Therefore, we get the integral of AV (r) =V, (r) —
V(r). The characteristic sizes of the regions of the transverse gluon emission and absorption are
~ uty »; we neglect them, so that this gluon propagates between the points vt and vi,:

oy 2428
2I2-¢8) 1 S (4.5)

DY (vt) = 8(i/2)

3—2¢e (4m)%-¢
We obtain
2 2 gg 4e 2¢ 2¢€ —2+42¢ I g(% t228 _t128
K(tl,[z): gCFCAKl (47_[)41/[ 0L (lz—tl) exp —ZCAKOEW . (46)
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Now we consider just a single Coulomb gluon exchange between #; and t,:

8 (6 — 1) (n—n) 2t
@) eul 6 '

i
—*CFCS K>

“.7)

Calculating the integral (4.3) by the substitutions #; = xt, we obtain

[(1+2¢) [, T(1+4e) T(1+2¢)
dxx*(1— 1 —x)7272% = 3 -2 —1+0 4.8
/ (1= (1 -x)” 3¢ |°T(it6e) ‘T(i+tae) 106, @
and

m_ g T*

Ry = SCFCA Ireieme (4.9)

The soft contribution is nearly local in time (t, — | ~ ut; » < t12), and can be described by a
soft potential. For a single Coulomb exchange between #; and 1, it is

V() = cCrCi— gO (4.10)
by counting dimensions, so that
gS TSS
soft / drV, soft 7lCCFCA8 1—8¢ ° (4.11)
The double pole 1/&* should cancel in R(") = 85) +R£0%t, this fixes the 1/€ term in ¢, and we
obtain
] 8T8 13u%¢ — iquBe i at(u)(uT)% logu +const
RM =~ L cpc380 = CrC 4.12
48 " A Am)s T e 24 AT ag €u (4.12)
This leads to the following contribution to I'cysp [17]:
4
5 Ot logu 4+ const
Al'cysp = —3 CFCA m a (4.13)
Finally, analytically continuing it to Euclidean space (¢g = T + i@y, ¢y = u), we obtain
1 o log § + const
Alowp(m—8) = —=CrCl 7~ % . (4.14)
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