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We present predictions for gluon-fusion Higgs boson production in association with one jet at
next-to-leading order in QCD. The calculation is performed retaining the full dependence on
the top-quark mass. The two-loop integrals appearing in the virtual corrections are calculated
numerically using the program S EC D EC. We show how a change of master integrals can improve
the stability and runtime of the calculation. We study the Higgs boson transverse momentum
distribution and compare our predictions with approximated results.
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1. Introduction

2. Details of the Calculation
2.1 Computational Method
In our calculation of the NLO corrections to H+jet production, we have separated the implementation of the virtual corrections from all other parts, which we implemented in the POWHEGBOX-V2 framework [21], taking advantage of the existing H+jet NLO calculation in the HEFT
approach [22, 23]. The LO matrix elements with full top-mass dependence are based on Ref. [7],
and the real radiation contributions have been generated with G O S AM [24, 25]. The libraries
N INJA [26–28] and O NE L OOP [29] are used to perform the tensor reduction and for evaluating the
scalar one-loop integrals, respectively. The contribution of the virtual corrections, described in the
following, are added to the other contributions at the histogram level.
The implementation of the virtual contributions closely follows the method of Refs. [30, 31].
We generate all two-loop diagrams with the program Q GRAF [32] and we express the amplitude in
terms of a form-factor decomposition. Using a customized version of R EDUZE [33], we obtained
1
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One of the major goals of the physics program at the LHC is the detailed study of the properties
of the Higgs boson. To achieve this, accurate theoretical predictions of the various production and
decay channels of the Higgs boson are required. For the dominant production mechanism, gluon
fusion via a top-quark loop, most theoretical predictions are obtained in an effective field theory
approach, called HEFT in the following, where the top-quark loop is integrated out by considering
the limit mt → ∞. However, this approximation is only valid if the top-quark mass is much larger
than all other scales of the process. While this is the case for inclusive Higgs production, one
can expect that the top-quark mass effects become more important for the transverse momentum
distribution of the Higgs boson, when pt,H & mT .
Here we present the results of Ref. [1], where the next-to-leading (NLO) QCD predictions
for H+jet production retaining the full top-quark mass dependence have been calculated. While
this process is known to NNLO in the HEFT approach [2–5], beyond the leading order [6, 7] only
approximated results of the top-quark mass effects have been known previously. To improve the
HEFT predictions, expansions in 1/m2T have been calculated [8, 9] and combined with the exact
Born and real radiation contributions [10]. Recently also an expansion valid in the high-pt,H region,
where mH and mT are considered small, has been computed [11] and combined with the exact Born
and real radiation [12, 13], see also the presentation in Ref. [14]. Furthermore, contributions due
to a bottom quark-loop are known [15–18].
The most challenging part of calculating the full NLO corrections for H+jet production are
the virtual contributions, which involve two-loop four-point integrals with internal masses. So far,
only the planar integrals are known analytically [19] and progress on the calculation of the nonplanar integrals is being presented in Ref. [20]. In our calculation we obtain the virtual amplitude
from evaluating all loop integrals numerically. In the following we summarize our computational
method and discuss how a change of the master integral basis can improve the numerical accuracy
and run time of the virtual amplitude. We then present phenomenological results and compare them
to approximated predictions.
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The master integrals are calculated numerically with the program S EC D EC [35, 36]. For the
numerical integrations, a quasi-Monte Carlo (QMC) algorithm [37–39] is used, where the worstcase error scales as O(1/n) with the number of sampling points n for sufficiently smooth integrand
functions. The amplitude is implemented in the form of a C++ code which utilizes the Boost multiprecision library to guarantee a numerically stable evaluation of the coefficients. The integration
of the loop integrals is parallelized using GPUs1 and we use the algorithm described in Ref. [41] to
set the number of sampling points for each integral such that the total run time for obtaining each
form factor with a precision of 0.5% is minimized.
In the next section we describe how the stability and run time of our code has been improved
since the publication of Ref. [1]. However, the calculation of the virtual amplitude still requires
more then 1h computing time per phase-space point. While this method allows us to obtain the fully
differential NLO result, we also plan to include our results in a grid interpolation framework, which
will then allow for a fast evaluation of the virtual contributions. This grid interpolation, which will
also be included in the POWHEG-BOX framework, will then allow for further phenomenological
studies beyond the fixed order.
2.2 Change of master integral basis
In a numerical calculation of loop amplitudes, the choice of master integrals is very important.
In particular, choosing a basis of finite integrals can be crucial for the convergence of the amplitude
results. This still leaves us with an infinite space of integrals, and in Ref. [1] we have chosen
the finite integrals with the least number of squared propagators and dimension shifts as master
integrals. In the left plot of figure 1, we show the numerical uncertainty of the amplitude-level
results obtained using this basis. For most phase space points with invariant mass mhj below 2 TeV
the precision goal of 0.5% for each form factor has been reached, typically leading to amplitude
results with per-mill level precision. However, at larger invariant masses, the numerical integrations
converge much slower and for many phase-space points the requested precision couldn’t be reached
within a run-time limit of 48 GPU-hours.
Furthermore, compiling the amplitude code required multiple weeks of CPU-time, which
could not be fully paralleled due to high memory usage. This was caused by the large size of the
coefficients of the integrals. The corresponding source code has a combined file size of 360 MB and
requires the use of a multi-precision library to guarantee the stable evaluation of the coefficients.
1

See Ref. [40] for more details.

2

PoS(LL2018)023

the full reduction of all contributing loop integrals to a set of master integrals, retaining the full
dependence on s, t, mT , and mH . However, the total size of the reduction files is about 1 TB
and we therefore chose to use a previously obtained version of the reduction, where the mass ratio
m2H /m2T = 12/23 has been fixed. Using this simplified version of the reduction, we write the
amplitude in terms of a quasi-finite basis of master integrals [34], which is advantageous for the
numerical evaluation of the loop integrals. The result presented in Ref. [1] have been obtained using
a finite basis, where integrals with a small number of dimension shifts and squared propagators has
been chosen. In section 2.2 we describe how the choice of a master integral basis can be further
improved.
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Figure 1: Numerical accuracy of the virtual amplitude results. The left plot shows the results used in
Ref. [1], whereas the plot on the right hand side shows results after implementing the improvements
discussed in section 2.2. The finite part of the amplitude, Vfin , is defined as in Ref. [21] and parton
luminosities are included, summing over all subprocesses.
To reduce these problems, we have been searching for a better basis of master integrals, aiming
for the following improvements:
• better convergence of the master integrals,
• simpler coefficients of integrals,
• avoid spurious poles.
One possible cause of poorly converging integrals are Landau singularities, which appear if
the second Symanzik polynomial, appearing in the denominator of Feynman parametrized loop
integrals, vanishes within the integration region. In the integrand functions generated by S EC D EC,
these regions are avoided by deforming the integration contour, but large cancellations during the
integration of the loop integral might remain. If the second Symanzik polynomial is raised to higher
powers, these cancellations might be further amplified. We therefore expect a better convergence
for loop integrals with mass dimension -2, where the second Symanzik polynomial appears with
exponent 1.
To simplify the coefficients of the integrals, we try to find a basis of master integrals, where
the coefficients stemming from the reduction are simple. Since applying a basis change to the full
reduction is too time consuming to test many different basis choices, we apply the following procedure sector by sector, setting all sub-sectors to zero. After a good basis has been found, we then
apply the corresponding basis change to the amplitude using the full reduction.
For each sector we create a list of O(10) candidate master integrals (preferably with mass dimension -2) and we iterate over all sets of these integrals which are a valid basis. For each of these sets
we obtain the basis change and apply it either to the expressions of the amplitude or, for simplicity,
to some IBP relations of the corresponding sector. We then analyze the coefficients generated by
the basis change and select a basis which leads to simple expressions, according to the following
criteria:
3
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T HEORY
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+3.31
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• denominators factorize into simple factors,
• dependence on space-time dimension d factorizes in denominators of coefficients,
• avoid poles in ε = (4 − d)/2,
• file size of generated expressions.
Following this procedure, the poles in 1/ε of the amplitude are mainly generated by integrals with
a low number of propagators. This can also reduce cancellations between integrals with a higher
number of propagators. Summing multiple rational functions is one of the most common steps
during the reduction or applying a basis change. Avoiding complicated denominator factors can
therefore help keeping the resulting expressions simple.
Applying a basis change to the HJ amplitude following this procedure lead to several improvements of our code for evaluating the virtual amplitude. The combined file size of the coefficient
functions reduced from 360 MB to 100 MB, leading to a significant improvement in the compile
time. As shown in the plot on the right-hand side of figure 1, the convergence of the amplitude
results also improved considerably, giving stable results for nearly all phase space points evaluated. Furthermore, the median GPU-time required for evaluating the virtual amplitude reduced
from approximately 15 h to less than 2 h.

3. Results
In this section we present results for H+jet production at the LHC at a center-of-mass energy
of 13 TeV. Jets are defined using the anti-kt algorithm with R = 0.4 and pt,j > 30 GeV. We use MS
renormalization with 5 light quark flavors
default renormalization and factorization
q and choose the
P
2
2
scale µF = µR = HT /2, with HT = mH + pt,H + i |pt,i |. Scale uncertainties are estimated
by the usual 7-point variation. The PDF4LHC15_nlo [42–45] parton distributions are used via the
LHAPDF [46] interface. The masses of the Higgs boson and top quark are set to mH = 125 GeV
p
and mT = mH 23/12 ≈ 173.055 GeV.
In Table 1 we list the total cross sections in the full theory, as well as in the HEFT and FTapprox
approximations, where the latter one includes the full top-mass dependence in the LO and real
radiation contributions, while the virtual corrections are evaluated in the HEFT and rescaled by
the ratio Bfull /BHEFT of the LO matrix elements in the full theory and HEFT. We find that the
4
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Table 1: Total cross section of H + jet production with the input parameters given in the text.
Results with full top-mass dependence, as well as the two approximated results HEFT and FTapprox
are shown.
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Figure 2: Higgs boson transverse momentum distribution at LO and NLO in QCD. The results with
full top-mass dependence are compared to the HEFT (left) and FTapprox (right). The small panels
show ratios of these results. Compared to Ref. [1], the numerical uncertainties of the results are
reduced due to the cahnges discussed in section 2.2.

top-mass effects increase the NLO cross section by 9%(6%) relative to the NLO HEFT (FTapprox )
result.
The dependence of the cross section on the Higgs boson transverse momentum, pt,H , is shown
in Figure 2. A comparison of the full theory and HEFT result, given in the left plot, shows significant deviations of the two predictions, which can be attributed to a different scaling behavior of the
amplitudes at large pt,H [47, 48]. Despite these large differences, both results lead to K-factors of
similar size. However, while the K-factor is nearly constant in the full theory, it slightly decreases
in the HEFT al large pt,H . The plot on the right-hand side shows a comparison with the FTapprox
result, which leads to results similar to the full theory. Taking the full top-mass dependence of
the virtual contributions into account leads to an increase of about 8% over a large range of the
transverse momentum, with slightly smaller corrections at low pt,H .
Finally, in Figure 3 we compare our results with the cross section evaluated using a fixed scale
µR = µF = mH . We see that, taking the full top-mass dependence into account, both NLO results
are in good agreement within the scale variation band. However using a fixed scale alters the
shape of the LO prediction, therefore leading to a highly phase-space dependent K-factor, which
decreases from 2.1 at 50 GeV to 1.0 at 400 GeV. Furthermore, we obtain an enhancement in the
tail of the FTapprox result, which shows that retaining the full top-mass dependence leads to an
improved cancellation of the scale dependence of the NLO cross section.

4. Conclusion
We have presented a calculation of the NLO QCD corrections to H+jet production, retaining
the full dependence on the top-quark mass. Since many of the two-loop integrals appearing in
5
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Figure 3: Transverse momentum spectrum of the Higgs boson using different choices of the
renormalization and factorization scale. The lower panel shows the ratio to the NLO result with
µ = HT /2.
the virtual corrections are not known analytically, we have evaluated all integrals numerically with
the program S EC D EC. We have shown that the choice of the master integral basis can have a
large impact on the convergence and run time of the amplitude evaluation. Since the numerical
evaluation of the virtual amplitude is very compute-intensive, we plan to provide our results of the
virtual contribution in form of a grid interpolation framework, which will allow for a fast evaluation
of these contributions without the need of numerical integrations.
The top-mass effects increase the NLO cross section of H+jet production by 9% with respect
to the HEFT result, but significantly reduce the cross section in the high pt,H region. We also
compared our results with an approximation FTapprox , which reproduces the correct shape of the
pt -distribution, leading to differences of less than 10% with respect to the full result in the whole
pt -range considered. We have also presented results using a fixed scale µR = µF = mH , where
we obtain a large phase-space dependence of the K-factor and larger top-quark mass effects, which
are required to obtain good agreement with the NLO result using a dynamical scale.
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