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1. Introduction

The high-energy limit of gauge-theory scattering amplitudes offers a unique insight into gauge
dynamics. In this kinematic limit, in which the centre of mass energy s is much larger than the
momentum transfer −t, amplitudes simplify and factorise in rapidity, giving rise to new degrees of
freedom in two dimensions. Within perturbative QCD, BFKL [1, 2] and related rapidity evolution
equations allow us to translate concepts from Regge theory [3] into calculation tools, leading to
concrete predictions.

The simplest example is that of the reggeized gluon, the effective interaction which governs the
behaviour of two partons scattering amplitudes in QCD. In the leading logarithmic approximation
the exchange of a single reggeized gluon leads to a trivial evolution equation in rapidity, which
amounts to straightforward exponentiation of logarithms of |s/t| to all orders in the coupling. This
is manifestation of a Regge pole. At higher logarithmic accuracy a more complex analytic structure
emerges, which can be understood in QCD as compound states of two or more reggeized gluons,
which form Regge cuts [5, 6, 7]. In contrast to the single Reggeon case, the corresponding evolution
equations are difficult to solve in general [8, 9]. Nevertheless, they can be integrated iteratively,
thus generating perturbative high-energy amplitudes order-by-order in the coupling [11, 12].

The factorisation structure of two-parton scattering in the high-energy limit is best studied by
decomposing the amplitude into its odd and even components with respect to s↔ u exchange, the
so-called signature:

M (±)(s, t) = 1
2

(
M (s, t)±M (−s− t, t)

)
. (1.1)

In case of two-gluon scattering, which will be the focus of this talk, this decomposition is partic-
ularly useful, because, due to Bose symmetry, the symmetry properties under the exchange s↔ u
are mirrored into the color structure of the amplitude. The latter can be seen as a vector in color
space, and decomposed onto an orthonormal color basis defined by the colour flow in the t channel.
For example, in the case of gg→ gg scattering the decomposition is

8⊗8 = 1⊕8s⊕8a⊕10⊕10⊕27 , (1.2)

where the numbers label the color representations by their dimension in SU(3). The amplitudes
M [1], M [8s] and M [27] are thus even, while the amplitudes M [8a] and M [10+10] are odd under
s↔ u exchange.

The signature-odd amplitude is governed by an odd number of reggeized gluons, thus, up to
next-to-leading logarithmic accuracy, the scattering process occurs by means of a single reggeized
gluon exchange (only 8s in (1.2) is contributing). The amplitude is obtained by dressing the t-
channel gluon propagator by a power of s/t, known as Regge trajectory, which captures the depen-
dence on the energy, and energy-independent impact factors, that depend on the colliding partons
(first two diagrams in the left column of figure 1). The effect of multiple Reggeon exchange starts
in the odd amplitude only at next-to-next-to logarithmic accuracy. This was recently demonstrated
explicitly in ref. [12], where these effects were computed through three-loops, by constructing
an iterative solution of the relevant Balitsky-JIMWLK equation describing the evolution of three
reggeized gluons and their mixing with a single reggeized gluon. We refer to [12] (see also [14, 15])
for a detailed discussion.
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Odd : M[8a],M[10+1̄0] Even : M[1],M[8s],M[27]

LL

NLL

NNLL

. . .

. . .

Figure 1: Structure of high-energy logarithms in two-gluon scattering amplitude.

In this talk we focus on the even part of the amplitude, which involves the exchange of an even
number of reggeized gluons (right column in figure 1). The leading logarithmic corrections to the
even amplitude are determined to all orders by a wavefunction of a pair of reggeized gluons, which
solves the BFKL evolution equation. This iterative solution, discussed in what follows, is described
by ladder graphs, where an additional rung is generated at each order in the loop expansion.

The study of the even amplitude in the high-energy limit has an important application in rela-
tion to the problem of determining the structure of infrared divergences of a scattering amplitude.
It is well known that gauge-theory amplitudes have long-distance singularities, which cancel in
physical observables such as sufficiently inclusive cross sections. These singularities are largely
process-independent, and admit evolution equations leading to exponentiation. Of special inter-
est are soft singularities, which in contrast to collinear ones, are sensitive to the colour flow of
the underlying hard process. Soft singularities can be computed by considering correlators of
semi-infinite Wilson lines. The corresponding soft anomalous dimension encodes the structure of
these singularities to all orders in perturbation theory. In recent years there has been significant
progress [19, 20, 21, 22, 23, 24] in determining the precise structure of long-distance singularities
to massless gauge theories. Recently, an explicit computation has determined the soft anomalous
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dimension to three loops, for any number of external legs [25, 26]. A remarkable feature is that
infrared singularities are governed through two loops by a sum over colour dipoles formed by pairs
of the hard-scattered partons; only starting at three loops one encounters infrared singularities that
are simultaneously sensitive to the colour and kinematics of three and four hard partons.

While infrared factorization of fixed-angle scattering and high-energy factorization start from
different kinematic setups, their interplay is well known [17, 16, 18, 24, 11]. The gluon Regge
trajectory is infrared-singular, and its exponentiation along with the energy logarithms is consistent
with the exponentiation of soft singularities through the relevant renormalization group equation.
The correspondence between the structure of amplitudes in the high-energy limit, which is gov-
erned by rapidity evolution equations, and the structure of infrared singularities becomes more
complicated at subleading orders. While both separately provide means to explore the structure of
amplitudes to all orders in perturbation theory, the interplay between the two provides additional
insight in both directions. For instance, Ref. [11] used the BFKL equation to compute the first few
orders in the Regge cut of the signature even part of the amplitude at NLL accuracy, and predicted
a corresponding correction to the soft anomalous dimension in the high-energy limit at four loops.

Motivated by this result, in Ref. [13] we have studied the wavefunction of a pair of reggeized
gluons, which solves the BFKL evolution equation. The BFKL Hamiltonian has been diagonalised
in the literature, see e.g. [4]. However, the study of partonic amplitudes requires us to use the
dimensionally-regulated Hamiltonian, which is comparatively less understood. In this talk we will
focus on the main result of Ref. [13], namely, the fact that it is nonetheless possible to find an
exact iterative solution, based on the following two reasons: the two-Reggeon wavefunction itself
turns out to be finite at all orders, so that infrared divergences are controlled by the limit of the
wavefunction where a reggeized gluon becomes soft. The evolution equation then closes within
that limit, dramatically simplifying its solution. This enables us to obtain the soft limit of the
two-Reggeon wavefunction to all loop orders and NLL accuracy, and corresponding closed-form
expressions for the singular part of the amplitude and soft anomalous dimension, which turns out
to be an entire function of the coupling. The result is particularly interesting in the light of recent
work, [27], which has shown that the functional form of the three-loop soft anomalous dimension
in general kinematics can in fact be fully recovered via a bootstrap procedure using the high-energy
limit of two parton scattering, alongside with other information, as input. The bootstrap programme
of the soft anomalous dimension can be extended beyond three loops, provided that information
from special kinematic limits is available, and our result in [13] provides data for this analysis for
the first time to all orders in perturbation theory.

2. The two-Reggeon cut

Let us consider a 2→ 2 scattering amplitude Mi j→i j, where i, j can be a quark or a gluon. The
high-energy limit corresponds to a configuration of forward scattering, such that the Mandelstam
variables satisfy s�−t > 0. In the following we will focus on the even amplitude M+ introduced
in eq. (1.1), and express it as a function of the natural signature-even combination of logarithms

1
2

(
log
−s− i0
−t

+ log
−u− i0
−t

)
' log

∣∣∣s
t

∣∣∣− i
π

2
≡ L. (2.1)
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We discuss an effect that originates from the exchange of two Reggeons, therefore it is useful to
remove the one-Reggeon exchange, defining a reduced amplitude,

M̂i j→i j ≡ e−T2
t αg(t)L Mi j→i j , (2.2)

where T2
t represents the total colour charge exchanged in the t channel, and the function αg(t)

represents the gluon Regge trajectory.
The leading contributions to the signature-even amplitude, to all orders, corresponds to the

two-Reggeon exchange. We denote it M̂
(+)
NLL, given that it starts at next-to-leading logarithmic

order compared to the single-Reggeon contribution to the odd amplitude M
(−)
LL ∼ eT2

t αg(t)L M (tree).
The two-Reggeon exchange was studied long ago [1, 2] and can be expressed in terms the two-
reggeized-gluon wavefunction Ω(p,k) as follows:

M̂
(+)
NLL

(
s
−t

)
=−iπ

∫
[Dk]

p2

k2(p− k)2 Ω(p,k)T2
s−u M

(tree)
i j→i j , (2.3)

where p2 =−t, and the integration measure is

[Dk]≡ π

B0

(
µ2

4πe−γE

)ε d2−2εk
(2π)2−2ε

. (2.4)

with B0 ≡ B0(ε) = eεγE Γ2(1−ε)Γ(1+ε)
Γ(1−2ε) = 1− ζ2

2 ε2− 7ζ3
3 ε3 + . . ., and the tree amplitude is

M
(tree)
i j→i j = 4παs

2s
t
(T b

i )a1a4(T
b
j )a2a3δλ1λ4δλ2λ3 , (2.5)

where λi for i = 1 through 4 are helicity indices. The colour operator T2
s−u in eq. (2.3) acts on

M
(tree)
i j→i j and it is defined in terms of the usual basis of Casimirs corresponding to colour flow through

the three channels [10, 18]: T2
s−u ≡ (T2

s −T2
u)/2, with Ts = T1+T2 =−T3−T4, Tu = T1+T3 =

−T2−T4, Tt = T1 +T4 = −T2−T3, where Ti represent the colour charge operators [19] in the
representation corresponding to parton i. The wavefunction Ω(p,k) has a perturbative expansion
in the strong coupling, taking the form

Ω(p,k) =
∞

∑
`=1

(
αs

π

)`
L`−1 B`

0
(`−1)!

Ω
(`−1)(p,k) , (2.6)

where we set the renormalization scale equal to the momentum transfer, µ2 = −t = p2. The am-
plitude itself is expanded as follows:

M̂
(+)
NLL

(
s
−t

)
=

∞

∑
`=1

(
αs

π

)`
L`−1 M̂

(+,`)
NLL . (2.7)

M̂
(+,`)
NLL contains `-loop diagrams and can be computed from the (`− 1)-loop contribution to

the wavefunction through integration

M̂
(+,`)
NLL =−iπ

(B0)
`

(`−1)!

∫
[Dk]

p2

k2(p− k)2 Ω
(`−1)(p,k)T2

s−u M (tree) . (2.8)
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︸ ︷︷ ︸

M̂(ℓ)(p)

︸ ︷︷ ︸

Ω(ℓ−1)(p, k)

︸ ︷︷ ︸

LO BFKL

︸ ︷︷ ︸

Ω(ℓ−2)(p, k′)

Figure 2: Graphical representation of the amplitude at NLL accuracy, as obtained through BFKL evolution.
The addition of one rung corresponds to applying once the leading-order BFKL evolution onto the wave-
function of order (`− 2). This gives the wavefunction at order (`− 1), according to eq. (2.9). Closing the
ladder and integrating over the resulting loop momentum gives the reduced amplitude, according to eq. (2.8).

In the normalisation used in eq. (2.8), the leading-order wavefunction is simply Ω(0)(p,k) = 1. At
loop level the wavefunction is then obtained iteratively by applying the BFKL Hamiltonian:

Ω
(`−1)(p,k) = (2CA−T2

t )
∫
[Dk′] f (p,k,k′)Ω

(`−2)(p,k′)+ J̃(p,k)Ω
(`−2)(p,k)

≡ Ĥ Ω
(`−2)(p,k) (2.9)

where f (p,k,k′) is the BFKL evolution kernel

f (p,k,k′)≡ k2

k′2(k− k′)2 +
(p− k)2

(p− k′)2(k− k′)2 −
p2

k′2(p− k′)2 , (2.10)

and the function J̃(p,k) is

J̃(p,k) =
1

2ε

[
CA

(
p2

k2

)ε

+CA

(
p2

(p− k)2

)ε

−T2
t

]
. (2.11)

Eq. (2.9) is the standard BFKL Hamiltonian (see eq. (17) of the initial reference [1]) written using
dimensional regularisation as an infrared regulator. J̃(p,k) accounts for the Regge trajectories of
the individual reggeized gluons, minus the overall Regge trajectory with colour charge T2

t which
was subtracted in the exponent of the reduced amplitude (2.2).

A graphical representation of eq. (2.8) is provided in figure 2. As a result of BFKL evolu-
tion, the amplitude at NLL accuracy can be represented as a ladder. At order ` it is obtained by
closing the ladder and integrating the wavefunction of order (`−1) over the resulting loop momen-
tum, according to eq. (2.8). The wavefunction Ω(`−1)(p,k), in turn, is obtained by applying once
the leading-order BFKL evolution kernel to the wavefunction of order (`− 2). Graphically, this
operation corresponds to adding one rung to the ladder.

Eq. (2.8) shows that the `-th order amplitude is obtained in terms of iterated integrals, which
arise upon evaluating the wavefunction Ω(`−1)(p,k) to order (`−1). It is straightforward to com-
pute the first few orders; our aim, however, is to determine the infrared singular part of the am-
plitude, in order to compare with the predictions made by the infrared factorisation theorem and,
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consequently, deduce higher-order corrections to the high-energy soft anomalous dimension. This
goal can be achieved more easily by noticing that the wavefunction Ω(`−1)(p,k) is finite for ε → 0
to all orders in perturbation theory. This feature has practical implications, because it means that all
divergences in the amplitude must originate in the final integration, namely going from the wave-
function to the amplitude as in eq. (2.3). Inspecting the latter equation, we see that divergences
arise only in the k→ 0 and k→ p limits. Due to the symmetry of the integrand, all divergences of
the amplitude can therefore be obtained by evaluating it in one of these two limits, and multiplying
the result by two. We consider here the the small-k or soft limit k� p. It can be shown (see [13] for
more details) that the evolution in eq. (2.9) reduces in this limit to Ω

(`−1)
s (p,k) = Ĥs Ω

(`−2)
s (p,k),

with

ĤsΨ(p,k) = (2CA−T2
t )
∫
[Dk′]

2(k · k′)
k′2(k− k′)2

[
Ψ(p,k′)−Ψ(p,k)

]
+(CA−T2

t )Js(p,k)Ψ(p,k) ,

(2.12)
where

Js(p,k) =
1

2ε

[
1−
(

p2

k2

)ε
]
. (2.13)

Eq. (2.12) confirms that it is consistent to truncate the Regge evolution to the soft approximation:
using the power counting Ψ(p,k) ∼ 1, we see that the k′ integral is saturated by the soft region
k′ ∼ k, with no sensitivity to larger scales.

Eq. (2.12) has a much simpler structure compared to the original one, because the soft approxi-
mation turns a two-scale problem into a one-scale problem. It is easy to check that the wavefunction
reduces to a polynomial in ξ =

(
p2/k2

)ε , which implies that the integrals involved in eq. (2.12) are
simple bubble integrals of the type

∫
[Dk′]

2(k · k′)
k′2(k− k′)2

(
p2

k′2

)nε

=− 1
2ε

Bn(ε)

B0(ε)

(
p2

k2

)(n+1)ε

, (2.14)

where

Bn(ε) = eεγE
Γ(1− ε)

Γ(1+nε)

Γ(1+ ε +nε)Γ(1− ε−nε)

Γ(1−2ε−nε)
. (2.15)

Using this we can write the action of the soft Hamiltonian (2.12) on any monomial (m≥ 0):

Ĥs ξ
m =

(CA−T2
t )

2ε

(
ξ

m−ξ
m+1

[
1− B̂m(ε)

2CA−T2
t

CA−T2
t

])
,

where we have introduced the loop functions

B̂n(ε) = 1− Bn(ε)

B0(ε)
= 2n(2+n)ζ3ε

3 +3n(2+n)ζ4ε
4 + . . . . (2.16)

By making use of eq. (2.16), it can be proven (see [13] for more details) that the wavefunction at
order (`−1) admits a solution

Ω
(`−1)
s (p,k) =

(CA−T2
t )

`−1

(2ε)`−1

`−1

∑
n=0

(−1)n
(
`−1

n

)(
p2

k2

)nε n−1

∏
m=0

{
1− B̂m(ε)

2CA−T2
t

CA−T2
t

}
. (2.17)
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It is then straightforward to obtain the amplitude, which in the soft approximation reads

M̂
(+,`)
NLL =− iπ(B0)

`−1

(`−1)!
eεγE

Γ(1− ε)

∫ p2

0

dk2

2k2

(
p2

k2

)ε

Ω
(`−1)
s (p,k)T2

s−u M (tree)+O(ε0). (2.18)

The last integration can be performed easily, and we arrive at

M̂
(+,`)
NLL

∣∣∣
s
= iπ

1
(2ε)`

B`
0(ε)

`!
(1− B̂−1)(CA−T2

t )
`−1

`

∑
n=1

(−1)n+1
(
`

n

)
×

n−2

∏
m=0

[
1− B̂m(ε)

2CA−T2
t

CA−T2
t

]
T2

s−u M (tree)+O(ε0). (2.19)

This result looks rather involved, but one must keep in mind that, upon expansion in ε , it contains
many finite terms which do not represent the actual amplitude, since we are working in the soft
approximation. Given the overall factor of 1/(2ε)` in eq. (2.19), all the singularities are obtained
by retaining only contributions up to ε`−1 in the subsequent factors. Eq. (2.19) then can be put in
the form

M̂
(+,`)
NLL

∣∣∣
s
= iπ

1
(2ε)`

B`
0(ε)

`!

(
1−R(ε)

CA

CA−T2
t

)−1

(CA−T2
t )

`−1 T2
s−u M (tree)+O(ε0), (2.20)

where we have introduced the function

R(ε)≡ B0(ε)

B−1(ε)
−1 =

Γ3(1− ε)Γ(1+ ε)

Γ(1−2ε)
−1 =−2ζ3 ε

3−3ζ4 ε
4−6ζ5ε

5 +O(ε6). (2.21)

Notice also that, compared to eq. (2.19), in eq. (2.20) we have rearranged the color structure in
such a way to single out the colour structures CA and (CA−T2

t ). This is useful for comparison
with the structure of infrared divergences dictated by the soft anomalous dimension, given that the
dipole formula of infrared divergencies fixes the singularities of the even amplitude in the high-
energy limit to be proportional to the colour structure (CA−T2

t )
`−1T2

s−u at ` loops. By resumming
eq. (2.20) according to eq. (2.7) we then get the following closed-form expression for the all-order
amplitude:

M̂
(+)
NLL

∣∣∣
s
=

iπ
L(CA−T2

t )

(
1−R(ε)

CA

CA−T2
t

)−1

×
[

exp
{

B0(ε)

2ε

αs

π
L(CA−T2

t )

}
−1
]

T2
s−u M (tree)+O(ε0). (2.22)

3. Infrared singularities from the two-Reggeon cut to all orders

The result in eq. (2.22) gives the even amplitude at next-to-leading logarithmic accuracy for
two parton scattering to all orders in perturbation theory, providing information on infrared diver-
gences to all orders. In what follows we contrast it with what is known about the infrared singularity
structure of these amplitudes.
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It is well known that infrared divergences exponentiate in terms of the so-called soft anomalous
dimension: this is a consequence of a factorisation theorem, which states that infrared divergences
can be absorbed into a multiplicative “infared renormalization” factor Z,

M ({pi},µ,αs(µ)) = Z({pi},µ,αs(µ))H ({pi},µ,αs(µ)) , (3.1)

where H is a finite hard-scattering amplitude while Z captures all singularities. Z admits a renor-
malization group equation whose solution (in the minimal-subtraction scheme) can be written as a
path-ordered exponential of the soft anomalous dimension:

Z({pi},µ,αs(µ)) = P exp
{
−
∫

µ

0

dλ

λ
Γ({pi},λ ,αs(λ ))

}
. (3.2)

The scale dependence of the soft anomalous dimension Γ({pi},λ ,αs) for massless-parton (p2
i = 0)

scattering is both explicit and via the 4−2ε dimensional coupling, which to leading order runs as
αs(µ) = αs(p)

(
p2/µ2

)ε . The explicit dependence on the scale (Γ is linear in logλ ) reflects the
presence of double poles due to overlapping soft and collinear divergences.

To identify the contribution of the soft anomalous dimension in two-parton scattering, i j→ i j,
at increasing logarithmic accuracy, let us expand Γ in powers of αs, keeping the product αsL fixed,
as follows:

Γ(αs(λ )) = ΓLL (αs(λ ),L)+ΓNLL (αs(λ ),L)+ΓNNLL (αs(λ ),L)+ . . . . (3.3)

The NkLL term in eq. (3.3) can be written as an expansion in αm
s Lm−k for m ≥ 1. Using Regge-

pole factorisation it can be shown [16, 18] that the leading logarithmic contribution ΓLL takes the
one-loop exact form,

ΓLL (αs(λ )) =
αs(λ )

π

γ
(1)
K
2

LT2
t =

αs(λ )

π
LT2

t . (3.4)

This exactly corresponds to the infrared-divergent part of the one-loop gluon Regge trajectory.
Note that the LL anomalous dimension has even signature ΓLL = Γ

(+)
LL . At NLL the anomalous

dimension can be divided into signature-even and odd parts:

ΓNLL = Γ
(+)
NLL +Γ

(−)
NLL. (3.5)

The even part1, which is governed by the Regge pole, is two-loop exact, and we refer to [13] for
more details. The odd part is sensitive the two-Reggeon cut. At one-loop it can be obtained from
the dipole formula [16, 18],

Γ
(−)
NLL = iπ

αs(λ )

π
T2

s−u +O(α4
s L3) ; (3.6)

higher order terms were previously unknown; we have presented them for the first time in [13].
The reduced amplitude obtained in section 2 contains information on the infrared divergences

of next-to-leading high-energy logarithms to all orders in αs, and hence allows us to determine

1Note that the even part of the NLL anomalous dimension, Γ
(+)
NLL, contributes to the odd NLL amplitude, M

(−)
NLL,

since it acts on the LL part of H in eq. (3.1), which is itself odd.
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Γ
(−)
NLL to all orders. This can be done by deriving an expression for the amplitude in eq. (2.22) in

terms of the soft anomalous dimension. It can be shown (see [13] for a detailed derivation) that this
expression is given by

exp
{

1−B0(ε)

2ε

αs

π
L(CA−T2

t )

}
M̂NLL (3.7)

= −
∫ p

0

dλ

λ
exp

{
1

2ε

αs(p)
π

L(CA−T2
t )

[
1−
(

p2

λ 2

)ε
]}

Γ
(−)
NLL (αs(λ )) M (tree)+O(ε0).

In minimal subtraction schemes, anomalous dimensions can be extracted by taking the coefficient
of pure 1/ε single poles. Consistency with the infrared factorisation theorem requires then that
higher-order poles in eq. (3.1) are correctly reproduced, once the anomalous dimension has been
determined. We find (see [13] for more details)

Γ
(−,`)
NLL =

iπ
(`−1)!

(
1−R

( x
2
(CA−T2

t )
) CA

CA−T2
t

)−1
∣∣∣∣∣
x`−1

T2
s−u . (3.8)

where the function R(ε) = −2ζ3 ε3 + . . . is defined in eq. (2.21). Equation (3.8) gives the soft
anomalous dimension in the Regge limit to any loop order at next-to-leading logarithmic accuracy
(i.e. all terms of the form α`

s L`−1). In other words, we now know eq. (3.6) to all orders:

Γ
(−)
NLL =

∞

∑
`=1

Γ
(−,`)
NLL

(
αs(λ )

π

)`

L`−1 . (3.9)

It may be useful to expand the above formula explicitly for the first few orders, in order to visualise
better the prediscted structure of infrared divergences:

Γ
(−,1)
NLL = iπ T2

s−u, Γ
(−,2)
NLL = 0, Γ

(−,3)
NLL = 0,

Γ
(−,4)
NLL =−iπ

ζ3

24
CA(CA−T2

t )
2 T2

s−u,

Γ
(−,5)
NLL =−iπ

ζ4

128
CA(CA−T2

t )
3 T2

s−u,

Γ
(−,6)
NLL =−iπ

ζ5

640
CA(CA−T2

t )
4 T2

s−u,

Γ
(−,7)
NLL = iπ

1
720

[
ζ 2

3
16

C2
A(CA−T2

t )
4 +

1
32
(
ζ

2
3 −5ζ6

)
CA(CA−T2

t )
5
]

T2
s−u.

(3.10)

It may be interesting to note that infrared divergences proportional to a new color structure arise
every three loops. These results are valid in any gauge theory, and hold modulo colour operators
which vanish when acting on the Regge limit of the tree amplitude (which is given by the t-channel
gluon exchange diagram).

It is interesting to study the convergence properties and the asymptotic high-energy behaviour
of the soft anomalous dimension in eq. (3.8). To this end it is useful to specify the relevant colour
charge exchanged in the t channel, T2

t . Focusing on gluon-gluon scattering, the t-channel colour
flow can be any of the SU(Nc) representations appearing in eq. (1.2). As explained, only even

9



P
o
S
(
L
L
2
0
1
8
)
0
3
8

The Regge Limit and IR singularities Leonardo Vernazza

representations are relevant for the two-Reggeon amplitude discussed here, i.e. the singlet, where
T2

t = 0, the symmetric octet, with T2
t =CA = Nc, and the 27 representation, with T2

t = 2(Nc +1).
It is easy to realise that the symmetric octet constitutes a trivial solution to eq. (2.9), with no

corrections to the reduced amplitude beyond one loop, given that T2
t = CA. The reduced ampli-

tude for the symmetric octet state is thus one-loop exact, corresponding to a simple Regge-pole
behaviour with a gluon Regge trajectory for the original amplitude according to eq. (2.2). This
of course reproduces the known behaviour of the symmetric-octet exchange used in the original
derivation of the BFKL equation. The singlet — the famous Pomeron — and 27 representation
have instead non-trivial radiative corrections associated with a Regge cut; we therefore study the
convergence properties of the series in eq. (3.9) for these two representations. One immediately
notes that this series is highly convergent due to the 1/(`− 1)! prefactor in eq. (3.8). We can go
further and establish that the anomalous dimension eq. (3.8) has an infinite radius of convergence
as a function of x≡ Lαs/π . To see this we write the resummed soft anomalous dimension as:

Γ
(−)
NLL = iπ

αs

π
G
(

αs

π
L
)

T2
s−u , (3.11)

and it can be shown that the function G(x) can be written as the Borel transform of a function g(y):

G(x) =
1

2πi

∫ w+i∞

w−i∞
dη g

(
1
η

)
eηx , (3.12)

where the integration contour runs parallel to the imaginary axis, to the right of all singularities of
the integrand, and

g(y) = y
(

1−R
( y

2
(CA−T2

t )
) CA

CA−T2
t

)−1

. (3.13)

The function g(y) has only isolated poles away from the origin and has a finite radius of conver-
gence: it is well-defined in a disc around the origin. It then follows that G(x) has an infinite radius
of convergence, hence this function — and the soft anomalous dimension Γ

(−)
NLL in eq. (3.11) — is

an entire function, free of any singularities for any finite x = Lαs/π .
Evaluating the integral (3.12) and plotting G(x) for larger values of x reveals oscillations with a

constant period and an exponentially growing amplitude. Since this behaviour is difficult to capture
graphically we instead show the logarithm of |G(x)| weighted by the sign of G(x) in figure 3. This
observation suggests to approximate (3.12) by

G(x)→ ceax cos(bx+d) , (3.14)

for sufficiently large values of x. It can be shown that this is equivalent to

g
(

1
η

)
→ cRe

[
eid

η−a− ib

]
=

c
2

(
eid

η−a− ib
+

e−id

η−a+ ib

)
, (3.15)

which is to be integrated as in (3.12) with a contour to the right of the poles. We thus find that to
capture the behaviour G(x) at large x it is sufficient to simply consider g

(
1
η

)
as a pair of complex-

conjugated poles at η = a± ib. Indeed, numerically extracting the rightmost poles of g
(

1
η

)
of

eq. (3.13) to identify the parameters a and b in eq. (3.15), and dividing the full, numerically-
evaluated, G(x) by eax leaves us with almost pure cosine-like behaviour for any x� 1. For refer-
ence, we quote our numerical results for a,b,c and d in table 1.
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Figure 3: Numerical results for sign [G(x)] ln |G(x)| for the singlet (blue) and 27 exchange (orange). The
“heartbeat” at small x reflects the logarithmic divergence of ln |G(x)| where G(x) changes its sign for the first
time (similar divergences occur every oscillation but are not visible due to the finite resolution of the plot).

a b c d
1 1.97 1.52 0.25 0.48
27 1.46 0.41 0.58 2.01

Table 1: Numerical results for a,b,c and d, cf. eq. (3.14), for the singlet (1) and 27 representation.

4. Conclusion

We considered the even signature component of two-to-two parton scattering amplitudes in
the high-energy limit. This amplitude is dominated by the t-channel exchange of a state consisting
of two reggeized gluons, corresponding to the simplest example of a Regge cut in QCD. The
amplitude can be evaluated in QCD perturbation theory by iteratively solving the BFKL equation.
Each order in perturbation theory corresponds to one additional rung in the BFKL ladder, building
up a tower of so-called next-to-leading logarithms, O(α`

s L`−1). Although the BFKL Hamiltonian
has been diagonalised in many cases [4], the dimensionally-regulated Hamiltonian relevant for
partonic amplitudes has remained more difficult to handle.

Our first observation was that the wavefunction describing the two reggeized gluons remains
finite through BFKL evolution for any number of rungs, while the corresponding amplitude devel-
ops infrared singularities due to the soft limit of the wavefunction. We further observed that the
evolution of a state in which one of the two reggeized gluons is much softer than the other, yields
again a similar state. In other words, the soft approximation is consistent with BFKL evolution, and
as a consequence, one can systematically solve the equation to any loop order within this approx-
imation. We found that the soft approximation leads to a major simplification, where all integrals
reduce to products of bubbles, and the wavefunction at any given order is simply a polynomial of
that order in

(
p2/k2

)ε . This eventually allowed us to determine the singularities of the amplitude
in a closed form to any order, as given in eq. (2.22).

At the next step we contrasted the singularity structure we obtained though BFKL evolution
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with the known exponentiation properties of infrared singularities. As expected, we found that the
two are consistent, and this provides a highly non-trivial check of the calculation. The leading sin-
gularity at each order, O(α`

s L`−1/ε`), is simply related to the one-loop soft anomalous dimension,
and has a colour structure proportional to (CA−T2

t )
`−1. New singularities, with fewer powers of

1/ε and different colour structures, appear starting from four loop. These correspond to new terms
in the imaginary part of the soft anomalous dimension, eq. (3.10). We were thus able to determine
the soft anomalous dimension at next-to-leading logarithmic accuracy in the high-energy limit to
all orders. These results also provide a valuable input for determining the structure of long-distance
singularities for general kinematics using a bootstrap approach, as done at the three-loop order in
ref. [27].
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