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1. Introduction

There have been several methods proposed to compute the inverse Mellin transform of special
sequences, for instance in [1] an algorithm (using rewrite rules) to compute the inverse Mellin
transform of harmonic sums was stated. This algorithm was extended in [2] to generalized har-
monic sums such as S-sums and cyclotomic sums. A different approach to compute inverse Mellin
transforms of binomial sums was described in [3]. In [4] a method to compute the inverse Mellin
transform of general holonomic sequences was described. That method uses holonomic closure
properties and was implemented in the computer algebra package HarmonicSums [2, 5, 6, 7, 8].
In the frame of this article we want show how this method can be modified in order to find a more
efficient and improved method to compute the inverse Mellin transform of holonomic sequences.
The resulting method has been heavily used in the frame of the work on [9].

In the following we repeat important definitions and properties (compare [3, 4, 10]). Let K
be a field of characteristic 0. A function f = f(x) is called holonomic (or D-finite) if there exist
polynomials p;(x), ps—1(x),..., po(x) € K[x] (not all p; being 0) such that the following holonomic
differential equation holds:

Pa@) F D)+ 4 pr(x) f(x) + po(x) f(x) = 0. (1.1)

We emphasize that the class of holonomic functions is rather large due to its closure properties.
Namely, if we are given two such differential equations that contain holonomic functions f(x)
and g(x) as solutions, one can compute holonomic differential equations that contain f(x)+ g(x),
f(x)g(x) or 5 f(y)dy as solutions. In other words any composition of these operations over known
holonomic functions f(x) and g(x) is again a holonomic function A (x). In particular, if for the inner
building blocks f(x) and g(x) the holonomic differential equations are given, also the holonomic
differential equation of A(x) can be computed.

Of special importance is the connection to recurrence relations. A sequence (f;),>0 with f, € Kis
called holonomic (or P-finite) if there exist polynomials py(n),pg—1(n),...,po(n) € Kln] (not all
pi being 0) such that the holonomic recurrence

pa(n) fuya+--+p1(n)fur1+po(n) fu =0 (1.2)

holds for all n € N (from a certain point on). In the following we utilize the fact that holonomic
functions are precisely the generating functions of holonomic sequences: if f(x) is holonomic, then
the coefficients f; of the formal power series expansion

flx) = Z JnX"
n=0

form a holonomic sequence. Conversely, for a given holonomic sequence (f,),>0, the function
defined by the above sum (i.e., its generating function) is holonomic (this is true in the sense
of formal power series, even if the sum has a zero radius of convergence). Note that given a
holonomic differential equation for a holonomic function f(x) it is straightforward to construct
a holonomic recurrence for the coefficients of its power series expansion. For a recent overview
of this holonomic machinery and further literature we refer to [10]. An additional property of
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holonomic functions was given for example in [4] and [3]: if the Mellin transform of a holonomic
function

MIF()(n) = [ ' f )= Fin) 13

is defined, i.e., the integral fol X" f(x)dx exists, then it is a holonomic sequence. And using the
properties of the Mellin transform we can easily check that

(—=1)P(n+m)!
(n+m—p)!

“)i(ntm)!

-1
M[xm]v(P)(x)](n) = M[f(x)](n+m—p)+pz ((n+m—i)'
i=0 :

£

Conversely, if the Mellin transform M[f(x)](n) of a function f(x) is holonomic, then also the
function f(x) is holonomic. In this article we will report on an improved method to calculate the
inverse Mellin transform in terms of iterated integrals, note that this method is implemented in the
the package HarmonicSums.

The paper is organized as follows. In Section 2 we revisit a method to derive a differential
equation for f(x) under the assumption that a holonomic recurrence for M[f(x)](n) is given. In
Section 3 we present a new improved method to compute the inverse Mellin transform of holonomic
sequences and finally in Section 4 we give a detailed example to show the application of the method.

2. Deriving the differential equation

In this section we want to recall how we can compute a differential equation for f(x) given a
holonomic recurrence for M[f(x)](n) (compare [4]). First we state an important property of the
Mellin transform that will be useful in the remainder of this section:

dm

dn™

M([f(x)](n) = M(log (x)" f (x)] (). 2.1)

Analyzing (1.4) we see that

M1 ) ) = R M) )
+”i,j (—1)i+p(n+m+p)!f(pflfi)(l)‘ 22)

= (n+m+p—i)!
Hence we get

" M[f(x)](n+m) = M[(=1)"x"* f?)(x)](n) — a(n) M[f (x)] (n +m)
_p_l (=1)*P(n+m+p)!
= (nt+m+p—i)!

F0(), (2.3)

where a(n) € K[n] with deg(a(n)) < p. We can use this observation to compute the differential
equation recursively: Let

pa(n)fura+-+p1(n)far1+po(n) fn =0 (2.4)



Inverse Mellin Transform of Holonomic Sequences Jakob Ablinger

be the holonomic recurrence for M[f(x)](n). Let k := [fnax (deg(pi(x))) and let ¢ be the coefficient
SIS

of n¥ in the recurrence i.e.,
d
=Y Cifosis
i=0
for some ¢; € K. For 0 <i < d we replace cnk Sfoti bY

cin® fouvi + Mlei(= 10 ()] () = ei(= 1) M O ()] (n)

*

and apply (1.4) to *. Considering (2.3) we conclude that we reduced the degree of n. We apply this
strategy until we have removed all appearances of f, ;. At this point we deal with an equation of
the form

k=1
M{gi(0)f () + -+ a1 () /(%) + qo(x) F ()] () + Y ri(m) O (1) = 0 (2.5)
Jj=0

where r;(n) € K[n]. If all r;(n) = 0, we can immediately conclude that f(x) has to satisfy the
differential equation

FO@) + -+ a1 (0)f () +qo(x) f (x) =0. (2.6)
If notall r;(n) =0, let m := ,Jnax 1(deg(rj(n))), we differentiate equation (2.5) (m+ 1)-times with

respect to n. According to (2.1) we get

M[log (x)" (@ (x) U (x) + -+ q1 () f(x) + qo(x) f (x))] () = 0,

and hence f(x) has to satisfy the differential equation (2.6).

3. The Inverse Mellin Transform of Holonomic Sequences

In the following, we deal with the following problem:
Given a nested sum F(n) of the form

k-1

F(n) := Fy(n) i Fi(i) i Fy(ia) -+ Y Filix), (3.1

i1=1 ir=1 ir=1

Iﬂ?;i)l) € K(n)(y)'. Note that we could incorporate 1] into

the field K, but in our applications 7 represents a specific number with 0 < 1 < 1 and we keep 1

with Fj(n) holonomic in n such that

explicit since it is important in the regularization later on.
Find, whenever possible, a representation in the form

k

1 bj
H(n) = Z Vi (dq it /O (" —d) ZdL ifi j(x)dx> , (3.2)
i=1

J=0

'In this particular instance F 'i(y) is also called hypergeometric with respect to y.
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such that F (n) = H(n) for all n € N with n > ng for some ny € N where in our cases vj, a;, d; j €
K(n) and f; j(x) are expressions of the form p(n,x) g(x) with p(n,x) € K(n)(x) and g(x) is an
iterated integral of the form

X

G(g1(7)782(7)7"' ,gk(’r),x) :/O g1<Tl)G(g2(T)7”' 7gk(7)771)d7:1,

with g;(x) holonomic in x such that i{ 8 ; € K(n)(y)?* and with the special cases
J

and

k times

In order to find such a representation we start by defining

Fin) = Ron) ¥, Fi) Y, Bi) - ¥ F(i) (33

i1=1 ir=1 ij=1

for 0 < j < k. Hence for example Fy(n) = F(n), F;_(n) is the original sum with the innermost
summation quantifier dropped, Fy(n) = Fo(n) ¥} _; Fi(i1) and Fy(n) = Fy(n). Now for each j with
0 < j <k we proceed as follows:

e Determine v;, note that v; reflects the asymptotic behavior of F i(n).

e Construct a recurrence

pd(n)fn+d+"'+pl(n)fn+1 +p0(n)fn =0, 3.4
such that v;"F;(n) is a solution of (3.4).
e Use the method from Section 2 to derive a differential equation
o, (X)) () + -+ q1 () f' (%) + go(x) f(x) = O 3.5

for the inverse Mellin transform of v;"F i(n).

e Compute, if possible, a general solution’

b;
Y dijfi;(x) (3.6)
i=1

of (3.5) in terms of iterated integrals by using the algorithms form [11, 12, 13, 14, 15], see
also [16].

2g;(y) is also called hyperexponential with respect to y.
31f only a subspace of the general solution can be computed, the result can be still obtained provided that such a
representation exists.



Inverse Mellin Transform of Holonomic Sequences Jakob Ablinger

e Read off a; € (0, 1] from (3.6), note that a; is a zero of the denominator or 0.

At this point we use the ansatz

k bj 1
F(n)= Z v;% <d()‘,j+ Zdi"j/() (x" —a’}-)f,;ﬂx)dx) , (3.7
=0 i=1

and it remains to determine the d; ;. Therefore, for each j we compute
bj 1
Mj(n)=Y d;, /O (& —d}) f; j(x)dx, (3.8)
i=1

i.e., we compute the Mellin transform of Zfl odi jfi j(x) for symbolic d; ;. Hence we have
k
F(n) =) vj(do+M;n)), (3.9)
j=0

and by checking a sufficient amount of initial values we can determine the d; ;.

4. A detailed Example

Let’s consider the following expression (0 < 1 < 1):

In order to find vo,v; and v, we determine the asymptotic behavior of Fo(n),F(n) and F>(n),
respectively. Since,

n i=1 17 =1 J
OGEED) ) (o)) 0Ol
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= () (s 0) - () oo ()
i) ~ 1" (=0 (1)) e

and hence vo = v, =1l and v| = ﬁ

Now for j =2 we derive a recurrence for

_ n\ & 4 %i i —-n)/
OR A W) .;(;) y L=

and find

0 = (1+n)(2+n)(1+2n)f(n)+ (2+n) (17461 —20n+Tnn — 60> +2nn?) f(1 +n)
+ (85— 611 + 104n — 72nn + 430> — 29nn* + 6n° — 4nn’) f(2+n)
+2(n =13 +n)*f(3+n).

We compute a differential equation for the inverse Mellin transform of v, " F>(n) using the method
presented in Section 1 and get

0=2(n—1)f(x)+ (11 —14x—3n + 14xn) f'(x)
(=5 4+ 17x— 122 = Tam + 126%1) £/ (x) +2x(1 — x+xm) £O) ().

with the general solution d172f1,2 (x) + dzjzfz’z (x) + d372f372 (x) with dl,z,dz,z, d372 S K(T]) and

1
fia(x) = NN
VT —xy/x—2y/T—xx¥?+4G (VI—1/7,x)
fZ,Z(x) - m\/;c )
it = BVTeVE) O (=) . 16 (=) +2"G(1r‘+nf’X)
R I W -7 -7 -7
1-n (I=mvVI-xyx (I-n)VI-xyx

4G (\/1 17, ﬁx) X 4nG (\/1 N ﬁx)
N =

Since the solution has no pole in 0 < x < 1 we can setay = 0.

Next for j = 1 derive a recurrence for

B 2 n 4i 771 i
v;”} 1(”) (1 n)n4n< n> Z '21(2:]) )
and find

0=—(n-D(1+n)(1+2n)f(n)+ (—8+6n—1ln+Tnn—4n* +2nn*) f(1 +n)
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+2(24+n)?f(2+n).
Now we compute a differential equation and get
0=2f(x)+3(=141+2x)f (x) + 2x(—1+n +2)f" (x),

for which we find the solution d 1 f1.1(x) +d2.1 f2,1(x) with d} 1,d»1 € K(n) and

1
N
Falx) = (VT —av/x— T —xy/a— 2y T — /244G (VT -1 — Ty/7.))

(= n)2/T—1 —x/x |
Again, since the solution has no pole in 0 < x < 1 we can set a; = 0.
Finally for j = 0 we derive a recurrence for

vy "Fo(n) = 47" (Zn)

n

and find
0= (—1-2n)f(n)+2(1+n)f(1+n).
We compute a differential equation and get
0= (—142x)f(x)+2(x—1)xf'(x) =0,

which has the solution d o fi o(x) with d; o € K(n) and

1
X) = ———.
o) = A= 7
Since the solution has no pole in 0 < x < 1 we again set ag = 0. Since vo = v», a9 = a and

fio(x) = fi2(x) we don’t have to consider this solution separately.
Summarizing we have

bj

2 1
F(n) = Zv’/’ <d07j+2di,f/0 (x"—a?)ﬁ_ﬂx)dx)
=1 i=1
1 1 1
= do,z—l—dl,z/o x”fl,z(X)dx-i-dz,z/O x"fz,z(x)dx+d3,2/0 X" f30(x)dx

1 1 1
—|—<1_n)n<do,1+d1,1/0 x”f1,1(x)a’x—&-dzJ/0 x”fz’l(x)dx>,

And it remains to fix the d; ;. Therefore we compute the Mellin transforms and get

F(n) = dos+di 2 (_Zf <2nn>> Vdys (_41” <2nn>§:1 (;):Z +>
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+d11<_ ) i ad . )—i—dz]( (2”)2 ad . +)
: T S G a=-ny2

Now it is straightforward to determine the d; ; by checking initial values and we find

127v/T—xy/x(1 = 1)?
192y (1+1)G (Jﬁfl) (1,1>

T+17T
384G (\/1—177—1%, 1) G (lﬂm 1>
Vi-1/7 >

l—t+n7’

Ve

1
F(n) = /0 X! ! <3n2(1—n)3—4(1+11n+11n2+n3)

—24n(1—-1)*(14+1)G (

967(1 —n)*G
e

+192(1-1)*(1+n)G (” VT V-1 fl)

l—t+n7’

—768(1—n)4G< T,\/l—r\/%,\/l—r\/ﬂ))dx

-7+
(—VT=xv/x+2v/T=202 = 4G (VI=2v/7,%)) G (e 1)
+/ V1—xy/x d

—l—/]x" 4G (VI-T/T) . 2(1+m)G (ﬁﬁx)
0 V1—xy/x V1—xy/x

+2(\/17x\/}72\/17xx3 —VT—=xy/xn+2V/1-x*?1)G (m, >

V1I—xy/x
+2(44n)G(\/ﬁﬁ,1;W,x)>dx
V1I—xy/x
! ¥ 2(N+n2+4y=1G (VI=1—1y7,1)) G (HWJ)d
=y /0 Vay/T—x—n(=1+n)y/—n ’

I—x—n(1+1)
+V§V1—x—nn—4G(V1—n—TV?J)>¢O.

1 2G<1—1'1+11r’1) 3/2
+/ x”\[ —Vx/T—x—n+282/1—-x—n
0
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