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Large N Tensor Models Igor R. Klebanov

1. Introduction and Summary

An important tool in theoretical physics is the study of limits where the number of degrees of
freedom, Ngof, becomes large. Some models simplify or even become analytically solvable in such
a limit. If an (asymptotic) expansion in inverse powers of Ny can be developed, then models of
physical interest are sometimes well approximated by including a small number of terms. Three
different broad classes of such “large N limits" have been explored: the vector limit; the matrix (or
’t Hooft) limit; and, more recently, the limit which applies to tensors of rank three and higher. Each
of them is addressed with somewhat different techniques.

The most easily tractable, and historically the first, large N limit applies to theories where the
degrees of freedom transform as N-component vectors under a symmetry group. In such theories
Ngof ~ N. One of the first appearances was in the context of statistical mechanics [1]. A well-
known example is the O(N) symmetric quantum theory of N scalar fields ¢¢ in d dimensions with
interaction %(q)%“)z (for reviews see [2, 3]). It is exactly solvable in the large N limit where gV
is held fixed, since summation over the necessary class of bubble diagrams is not hard to evaluate.
The 1/N expansion may be developed analytically for any space-time dimension d.

Another famous large N limit occurs in models of interacting N x N matrix fields, so that
Ngof ~ N?. This limit made its first appearance in the context of generalizing QCD from SU(3) to
SU(N) gauge theory, where the gauge fields are traceless Hermitian N x N matrices [4]. A signifi-
cant simplification occurs in the 't Hooft large N limit where g%(MN is held fixed: the perturbative
expansion is dominated by the planar diagrams.! While the ‘t Hooft large N limit does not make
QCD in dimension above 2 exactly solvable, it has been an important tool in studying its properties.
Furthermore, the ‘t Hooft large N limit was crucial for the discovery and exploration of the Anti-de
Sitter/Conformal Field Theory (AdS/CFT) correspondence [6—8], which has been a major research
direction for over 20 years. For introductions to the AdS/CFT correspondence you may consult the
lectures by O. DeWolfe [9], J. Erdmenger [10], and D. Harlow [11] in this volume, lectures at the
earlier TASI schools including [12—14], and the comprehensive review [15].

Besides the gauge theories, the ‘t Hooft large N limit applies to matrix models, such as the
integral over of a Hermitian matrix & with single-trace interactions like g3 tr®3 (see section 3.4).
Such matrix models are exactly solvable in the large N limit keeping g_%N fixed, in the special low-
dimensional cases d < 1 [16]. Here the planar graphs may be thought of as discretized random
surfaces. Tuning g%N to a special value where a random surface becomes macroscopic [17-19]
(for reviews see [20,21]) has taught us a lot about the two-dimensional quantum gravity, which can
be mapped to the quantum Liouville theory [22].

In view of these classic results, it is natural to study theories with rank-m tensor degrees of
freedom ¢““» where each index takes N values so that Ngor ~ N™ [23-25]. Since the complexity
of taking the large N limit increases from m = 1 to m = 2, one might expect that the tensor models
with m > 2 are much more difficult than the matrix models. However, by choosing the interactions
appropriately, it is possible to find models with m > 2 where a large N limit is solvable [26-35] (for

I'This is true if the number of flavors N r, i.e. fields in the fundamental representation of SU(N), is held fixed in the
’t Hooft limit. However, if x = Ny /N is held fixed in the large N limit, then the leading terms depend on the parameter
x. This is known as the Veneziano limit [5]. This type of limit can be applied to any theory containing both matrix and
vector fields.
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reviews, see [36—38]). The perturbative expansion is then dominated by special classes of Feynman
diagrams. While the original hope for applications of these tensor models lay with quantum gravity
above two dimensions, starting in October 2016 a new physical connection was opened up [33,34]
with the Sachdev-Ye-Kitaev (SYK) model [39-43] (for recent reviews of the SYK model, see
[44,45]). The g = 4 version of the SYK model involves a large number Ngyk of Majorana fermions
V', interacting via the quartic Hamiltonian

Hsyk = Y, Juinsi V' W2y g™ (1.1)

i1<ir<iz<is

. : . . o -3/2
where each J; i, is a Gaussian random variable with standard deviation ~ NSYIQ . The closest

tensor counterpart [34] of this model contains N> Majorana fermions y**, a,b,c =1,...,N,
{l[/abc, lI/a’b'c’} _ Saa’ébb’scc/ 7 (1.2)

whose interactions are governed by the O(N)? symmetric “tetrahedral" Hamiltonian
) / / Ny 1
H_i(wbcwabcwabcwabc_éll\ﬂ). (1.3)

In this case the large N limit has to be taken keeping g>N? fixed. Then the diagrammatic expansion
is dominated by the so-called melonic diagrams (see figure 1); they are obtained by iterating the
melon (or sunset) propagator insertion shown on the right in figure 2.

SO Pe WEBEI®

Figure 1: All the melonic vacuum diagrams up to order g®.

Besides the three “basic" large N limits mentioned above, there are more exotic examples
where Nyof can scale as a fractional power of N in the large N limit. Such limits are possible in
presence of additional symmetries, such as extended supersymmetry. For example, in the context
of the ABJM model [46], which is the U(N); x U(N)_x Chern-Simons gauge theory in d = 3
coupled to massless matter, it is possible to take the large N limit while keeping k fixed (this is is
different from the "t Hooft limit where N /k is held fixed). In this so-called "M-theory limit", there
is strong evidence that the ABJM theory is dual to M-theory on the AdS, x S” /Z; background, and
one finds Nyof ~ k' 12N3/2 [47-50] (for reviews see [51,52]). An even more exotic situation is when
the Chern-Simons theory is U(N)x, X U(N )k, with kj 4+ kz # 0; then Ngof ~ |k1 + k2|1/3N5/3 [53].
Such “exotic" large N limits are fascinating, but we will not discuss them further in these lectures.

In section 2 we review some classic applications of the vector and matrix large N limits, in-
cluding the O(N) magnets and SU (N) gauge theories. We also discuss briefly the planar .4 = 4
supersymmetric Yang-Mills theory in d = 4 and the AdS/CFT correspondence. Section 3 contains
a few solvable large N examples in d = 0. Using integrals over bosonic variables in the fundamental
representation of O(N), O(N)?, or O(N)? symmetry, we compare the different combinatorial prop-
erties of the three basic large N limits. We highlight a competition between the snail and melon dia-
grams illustrated in figure 2. In section 4 we explain, following [32,34], why the melonic diagrams
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Figure 2: A snail vs. a (water)melon.

are dominant in large N theories with O(N)? symmetry and the tetrahedral quartic interaction. In
section 5 we review in some detail that O(N)3 symmetric Majorana quantum mechanics (1.3) and
its comparison with the SYK model (1.1). We explain why the O(N)? tensor model Hamiltonian
is much more sparse than in the SYK model with N? fermions. Nevertheless, some quantities in
the two models have the same large N behavior, which can be shown using the Schwinger-Dyson
equations. A novel feature of the tensor model is that the number of SO(N)? invariant 2k-particle
operators grows as k!2% [54]; as a result, the Hagedorn temperature vanishes in the large N limit.
In section 6 we review the complex fermionic tensor model with SU(N)? x O(N) x U(1) sym-
metry [34], which is a tensor counterpart of the complex SYK model [55,56]. We also present
new results on a complex bipartite model with O(N)? symmetry; its spectrum contains an operator
with a complex scaling dimension. Such complex dimensions of the form % +ia(d) also appear
in some large N bosonic tensor models, which are briefly reviewed in section 7. However, in the
O(N)? model with the sixth-order “prismatic" interaction [35], there are ranges of d where the large
N theory appears to be free of the complex scaling dimensions.

These notes are far from a comprehensive review, but we hope that they will give the reader a
sense of the variety of large N models that have been studied over many years. It is clear that their
exploration is far from over. There may well be even more sophisticated large N limits that are yet
to be discovered, and interesting quantum theories which realize them.

2. Some Applications of the Vector and Matrix Large N Limits

A classic application of the vector large N limit is to the O(N) ferromagnet, which is described
by the following energy with J > 0 (see figure 3)

&=—-JY np-iij, i=@',...n"), #@=1, 2.1
)

98]
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where (ij) denotes the nearest neighbor lattice sites. The partition function is
z=Y P4, (2.2)
{#i}

where the sum is over all possible choices of 7 vectors at the lattice sites. This model has a second

Figure 3: A configuration of spins in an O(2) model on a two-dimensional lattice.

order phase transition at a critical value of $J, near which it is described by the Euclidean field
theory, as reviewed in [2, 3]:

2
s= [ [ (Vo + 507+ 307 | 23)

The phase transition separates the phases with m> > 0 and m*> < 0. For N > 2 the second-order
transition is present for d > 2, while for N = 1,2 it is present also for d = 2. In general the field
theory (2.3) is super-renormalizable in d < 4, and for 2 < d < 4 it flows to the interacting infrared
fixed point. In d = 4 — € the IR stable zero of the beta function is at weak coupling:

N+8 , 3 8’
0 = * —
s 8 TO8) =8 =Ty

Substituing g, into scaling dimension of various operators produces their € expansion. The field ¢;

Boe=—eg+ e+0(e?) . (2.4)

is the spin operator, and ¢>i2 is the "energy" operator — it is the simplest O(N) invariant “single-trace"

operator. Their scaling dimensions have € expansions
1 N+2

Ay =1—4+——=

o PTG

Extending them to higher orders in € and extrapolating to € = 1 gives accurate estimates of the

6
2 3 Ay =2— 2.
e +0(¢e), pe N 8£+0( 2). (2.5)

scaling dimensions in the d = 3 critical O(N) model for all values of N, including N = 1 which
corresponds to the Ising model.

Another tool for studying the critical O(N) model is the 1 /N expansion. It may be developed
for the IR fixed point in 2 < d < 4 by introducing the auxiliary field o (for a review, see the TASI
2015 lectures [57]):

' |
So = / dx { (Vo) %o¢3+@oz . (2.6)
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After integrating out the N fields ¢/, the field ¢ acquires an induced effective action of order N,
which dominates in the IR over the 62 term. Using the induced ¢ propagator, which is of order
1/N, leads to the 1/N expansions for the scaling dimensions. While they are available as functions
of d [3,58], we will just state them for the physically interesting case d = 3:

1 4 256 32 32(16—-2772)

Ay = ~ A =2— 2.7
¢ T 02 3N T i 27

=3 T3mN T 277N

Precise results [59] from applications of the numerical conformal bootstrap [60] (for a recent re-
view, see [61]) to the d = 3 critical O(N) model show an excellent match with these 1/N expansions
for N > 10.

The d = 3 critical O(N) model has another interesting application — to higher spin quantum
gravity. It has been conjectured [62] that its O(N) singlet sector is dual to the minimal Vasiliev
higher-spin theory in AdS,4 [63]. This conjecture and its generalizations have passed a number of
non-trivial tests; for reviews see [57, 64].

Since its introduction in 1974 [4], the ’t Hooft large N limit has had a multitude of applica-
tions. The recent ones include lattice calculations of bound state masses in SU(N) gauge theory
for moderate values of N, and their large NV extrapolations. For example, in the 3-dimensional pure
glue SU(N)) theory, where the numerical results are particularly accurate, it was found [65] that the
masses of low-lying glueballs exhibit a very good fit with the expansions

ai a

8 %(MN

for values of N in ranging from 2 to 16. This constitutes a nice non-perturbative check of the large
N expansion which appears in the ’t Hooft limit.

N——
N

Figure 4: A stack of N D3-branes and the curved background it creates.
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The ’t Hooft large NV limit also plays an important role in the correspondence [6—8] between
the .#" = 4 supersymmetric SU(N) gauge in d = 4 and the type IIB string theory on the AdSs x S°
background. To arrive at this correspondence, it is convenient [6, 66] to begin with a stack of
a large number N of Dirichlet 3-branes (for an original review of D-branes, see the TASI 1996
lectures [67]). At low energies, this stack has two equivalent descriptions illustrated in figure 4.
The first involves the .4 = 4 supersymmetric SU (N) gauge theory weakly coupled to the type 1IB
closed superstrings. Since D-branes carry Ramond-Ramond charges [68], the second description
involves type IIB closed superstring theory in the background of the extreme Ramond-Ramond
charged 3-brane, which has the metric

4
+=

where a’Qg is the metric of a round unit 5-sphere. Equating the ADM tension of this extreme

ds> = b3 (r) (—d>+dx?) + 12 (r) (P +72dQ%),  h(r)=1 (2.9)

gravitational background to N times the D3-brane tension gives
LY=1a?, A=guN, (2.10)

which implies that the curvature is small everywhere in string units when the ’t Hooft coupling A
is large. The low-energy limit may be taken directly in the geometry by sending r — 0 [6], which
corresponds to omitting the first term 1 in A(r). The resulting metric

ds® ~ r (—dt? +dx}) +L2d—r2 + L2 d0? (2.11)
~ L2 i rz 5 .

is that of a product of (the Poincaré patch of) the 5-dimensional negatively curved anti-de Sitter
space, AdSs, and the 5-dimensional positively curved sphere, S°. The two 5-dimensional spaces
have equal curvature radii L.

The dimensionless parameter which measures the effects of quantum gravity, i.e. the string
loop corrections in AdSs X S, is Gy / L8, where G is the ten-dimensional Newton constant. This
is found to be of order 1/N?. Therefore, the 't Hooft large N limit corresponds to the classical limit
of string theory. While the AdS/CFT correspondence has been conjectured to be valid at any value
of A, a crucial additional simplification occurs when it is taken to be very large. In this regime,
the string theory may be well-approximated by the effective supergravity, and the effect of higher-
derivative stringy currections to the effective action is suppressed. This provides a remarkable
application of the methods of Einstein’s theory of gravity — this time to strongly coupled large N
QFT!

The AdS/CFT dictionary [7, 8] includes the one-to-one correspondence between gauge invari-
ant scalar operators of scaling dimension A and scalar fields of mass-squared

m* = A<AL2—4) : (2.12)
For example, we can consider the chiral primary operators

O = tr®1 @2, P (2.13)

which are symmetric traceless polynomials made of the six scalar fields ®; contained in the ./ =4
SYM theory; the scalars are in the adjoint representation of the gauge group and in the 6 of the
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R-symmetry group SU(4) ~ SO(6). These operators are protected by supersymmetry and have
exact dimension A = k (this can be checked perturbatively at small 1). On the AdS side they are
dual to the Kaluza-Klein modes on the S° which indeed have m*L? = k(k —4), k = 2,3,... [69].
This provided one of the first tests of the AdS/CFT correspondence.

The planar .#" = 4 supersymmetric Yang-Mills theory has another remarkable property, the ex-
act integrability [70] (for a comprehensive review see [71]). The integrability has allowed matching
of the perturbative expansions of some quantities, evaluated using the planar diagrams for A < 1,
to the predictions of string theory in weakly curved AdSs x S° valid for A > 1. Consider, for ex-
ample, another operator made out of the adjoint scalars: an SO(6) singlet known as the Konishi
operator,

6
Okonishi = Ztrq)iz . (2.14)
i=1

Its dimension is not protected by supersymmetry, as can be seen from the perturbative planar ex-
pansion [72,73]
12 48

AK{)nishi =2+ A— 4 2'2 +

336 5 ~2496-+ 5T6£(3) ~ 14404 (5)
@~ @m) *

(47)° (47)8

At+o%) .

(2.15)
The non-perturbative methods to describe the dimension of this operator as a function of A using
the exact integrability were developed in [74,75]. They have been used to develop the strong
coupling expansion [76-79]

1 15 1
Brmian =221/ =24 2044 (3369 ) 4544 (545) 46601 +3) %410 (471).
(2.16)
In fact, the growth of dimensions of unprotected operators as A'/4 was one of the first predictions
of the AdS/CFT correspondence [7]. The massive closed superstring states have m? = %,
The dimension of operator dual to such a massive string in AdSs x S° is

A=2+1/4+mL)*=2v/nA 4 ..., A>1. (2.17)

The Konishi operator is dual to the first massive state, n = 1, and this explains why the coefficient
of the first term in (2.16) is 2. The next three terms in the strong coupling expansion (2.16) also
agree with calculations [80, 81] using superstring theory in AdSs x S°. Thus, studies of the scaling
dimension of the Konishi operator in the large N limit of the .4” = 4 supersymmetric SU (N) gauge
theory have led to highly non-trivial tests of the AdS/CFT correspondence.

n=1,....

3. Vector, Matrix and Tensor Models: Snails vs. Melons

While in the previous sections we gave a broad survey of the history and relevance of various
large N limits, in this section we will focus on the comparison of three "basic" large N limits. Two
of them, the vector and matrix large N limits are widely known and have been studied for many
years. The third applies only to theories with tensor degrees of freedom of rank 3 and higher.
For such tensor theories with specially chosen interactions, it can be shown that the diagrammatic
expansion of the path integral is dominated by the so-called "melonic" graphs. The two-loop melon
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propagator correction (better known as the sunset graph) in ¢* theory is shown in the right part of
figure 2. The different large N limits are characterized by the competition of this diagram with the
one-loop snail diagram, shown in the left part of that figure.

We call these three limits basic because their existence can be shown through combinatorial
analysis alone and does not hinge on specific dimensionality or additional symmetries of the theory.
Therefore, instead of d-dimensional QFT we will first consider the d = 0 examples, which are
simply integrals. These examples also provide good practice for deriving the symmetry factors of
various Feynman diagrams.

3.1 ¢* modelsind =0

As a warm-up let us consider a one-field example, which is the d = 0 ¢* theory. Here the
partition function is simply an integral over one real variable:

oo 2 4
_ dfﬂe%g& , 3.1)

This integral may be expanded in powers of g using the integral

Z(g)

_ mﬂ 2 n —a¢2/2_ _q\nQn—1/2
zn—/mmw J2)e @9 = (~1)"apa ) (32)

giving

g 35g> 38553

_1_95 - 4
Z(e)=1-5+ 355 3072 798 (3-3)

In fact, in this simple example the integral may be evaluated exactly:

3 3 3
206) =\ 2t Kie () 64

where Ky (x) is the modified Bessel function.

The Feynman rules corresponding to (3.1) assign the factor 1 to the propagator and —g to
the quartic vertex. The “free energy" logZ should be given by expansion in connected vacuum
amplitudes. The only diagram appearing at order g is the “figure eight" graph which has symmetry
factor 1/8. This graph may also be thought of as a snail diagram with two legs connected.

colN=Neee

" <

Figure 5: The three vacuum diagrams up to order g*: “figure eight," “melon," and “triple bubble."

At order g there are two contributing connected graphs: the melon and the triple bubble graph.
In the melon the two vertices are connected by 4 lines, and we find the symmetry factor ﬁ = 4—18.
The bubble graph may be thought of as two snail diagrams with their legs connected, and it has
1

3 = %. Adding up these connected vacuum graphs, we therefore find

symmetry factor

2 2

2
__ 8,8 &8 h_ 8,8 3
logZ(g) = 8+48+16+ﬁ(g) 8+12+ﬁ(g). (3.5)
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This agrees with the expansion of the logarithm of the exact result (3.4):

2 113 17¢% 619¢° 709¢° 858437g7
1ogz(g):—§+i— g g" _ 619g” 709" g

8
st12 06 T2 960 " 324 oeres &) GO

We note that the coefficients alternate in sign but their magnitude grows rapidly. From the proper-
ties of Bessel functions we know that at high orders it grows as n!. Therefore, the small g expansion
is only asymptotic. Nevertheless, at small g inclusion of the first few orders reproduces the exact
result with good precision.

Now let us extend this discussion to the case of multiple real variables ¢’ where i = 1,...,n.
The partition function may in general be written as

“11/ % Yoioi— Lo sivioke!

where C;jy; is a fully symmetric tensor. Various particular models may be obtained by imposing
special symmetries on this tensor.
Using the connected vacuum Feynman graphs with propagator

(0'97) = 8", (3.8)
we obtain the following general expansion:

Ciijj . CijCiju n CiitiCijju

logZ — —
o8 8 48 16

+0(C?). (3.9)

The first term comes from the figure eight diagram; the second from the melon; and the third from
the tripple bubble.

3.2 Vector of O(N)

Let us set n = N and impose the O(N) symmetry on the model. Then ¢’, i =1,2,...N trans-
forms in the fundamental representation, and we take

Ciju = g (68 + 61 + 61 bk (3.10)
which turns the model into
ZVeT () = H > dy, o 90'/2-5(9'0")/24 (3.11)
i=1/—= V21

From (3.9) we obtain the expansion

log ZVeetor (g) N+2 N+2, (N+2)?, 3
- + + +O(g 12
N 24 8T aa 8 144 ¢ (&) (3.12)

where the second term comes from the melon graph, and the third from the bubble graph. To insure
that lOgZVCC[OT (g)
N

is suppressed by 1/N while the bubble graphs, which originate from snail diagrams, survive. In

is finite in the large N limit, we must keep A = gN fixed. Then the melon graph

fact, by drawing the index structure of the graphs it is not hard to see that the only surviving ones
involve chains of bubbles. Thus, in vector models, the snails beat the melons.
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In the large N limit the free energy has the structure

log Zvector (g)

N = foM)+NLAA) +..., (3.13)

where fy(1) = —A/24+A%/144+ O (A3). The function fy(A) may be determined non-perturbatively
using the standard method of introducing an auxiliary variable ¢, so that

o N dq) /| 6 6Nc?  ¢*ok(1+2io)
Zvector Y _ — . .14
5 do . exp < ) > ) (3.14)

After performing the Gaussian integral over ¢/ we find

2
Zvector(g):\/ﬂ:?g/doexp (_6]\;(7 ];] (1+216)> . (315)

For large N the integral is dominated by the saddle point located at © = —iG where

26
A 1426

(3.16)

The solution of this quadratic equation which matches onto the perturbation theory is

) V1+% -
s)y=Y 2 (3.17)

and we find

662 A A% 543 L4 A3
vector - - _ A o 6
fo ) == log(l +26) ==t 144 " 259 T 10368 25020 TOA) . G18)

which agrees with our Feynman graph calculations. To all orders in A,

= 1 2k
vector 319
; T (k+1)6k < k ) (3.19)

In this series the coefficients decrease, so it is convergent for sufficiently small |A|. This is one
of the advantages of the large N limit — the functions that appear order by order in 1/N have
perturbation series with a finite radius of convergence.

Let us note a remarkable fact: fy(4) makes sense even for negative A, so long as it is greater
than A, = —3/2 (for A < A, it is ambiguous due a branch cut). Thus, a large N limit may be defined
even for potentials that are not bounded from below. The expansion for A > A is

oy =22 L 5 2 Pacaprioa-a). e

It is common to parametrize the leading singular term as (A — A.)?>~7, and 7 is called the suscepti-
bility exponent. We find Yyector = 1/2, which is characteristic of the branched polymers [82].

10
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Figure 6: The resolved quartic vertex of the real matrix model (3.22).

3.3 O(N) x O(N) symmetric real matrix model

Now let us consider n = N? real degrees of freedom ¢“*, a,b = 1,...,N, and impose O(N) x
O(N) symmetry, so that ¢°* are in the bi-fundamental representation. The two indices of the matrix
are distinguishable, and each one is acted on by a different O(N) group:

0 = MM oY M, € O(N)|, M, e O(N),. (3.21)

We will study the matrix integral

ZmamX(g) — H/ \/(ZTTGXP (_2¢ab¢ab _ i¢alb1¢a1bz¢azb1¢azb2> . 3.22)
ab’
The propagator
<¢a1b1 ¢a2b2> — §na ghib ’ (3.23)

may be represented by a double line consisting of a red and a green strand, while the interaction
vertex is shown in figure 6.
Using the matrix notation, we may write

09l =w(pgT),  gUgu2g@t1gl2 = (9T 99T ) . (3.24)

This demonstrates the invariance of the model under ¢ — M; M7 . There is one more O(N) x O(N)
invariant quartic term:

Va = 55 tr(90" ) tr(99") (3.25)

To achieve a smooth large N limit, the double-trace coupling has to be scaled as g4 ~ N2, while
the single-trace coupling as g ~ N~!. In this scaling, models including double-trace couplings are
tractable [83, 84], but we will not discuss them further.

We can write the single-trace term as

tr(¢¢>T¢¢T) — ¢a|b1 ¢a2b2 ¢a3h3 ¢a4h4 6a1a2 5a3a4 6h1b3 8h2h4 ) (326)

Appropriately symmetrizing this product of Kronecker symbols we obtain the version of tensor
C'/M appropriate for this model.
Using the connected vacuum Feynman graphs we obtain the expansion

log Z™matrix (g) 1 1 > 1 2 2 3
— 2 = (2N+1)g+— (N +2N+3 +—02N+1 +0(g’ 3.27

11
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where the second term comes from the melon graph, and the third from the bubble graph. In order

10g Zmdmx ( )

to keep finite, we keep A = gN fixed in the large N limit. Now we see that both the melon

and bubble graphs contribute at leading order. Thus, in matrix models, the competition between
snails and melons results in a draw.

Figure 7: Third order vacuum diagrams.

Continuing to the diagrams of order g>, we find

lo g Zmatrix ( g) B 1 1 3 5 1 1 )
R T (N* +4N* + 13N +9) ¢° ~51 1—8(2N+1)(N +2N+3) ¢’
g order
1 1
———(2N+1)g —— - —(2N+1 2
2 27( N+1)¢? 13 27( N+1)°g (3.28)

where the four terms correspond to the four diagrams shown in Figure 7, respectively. All of them
contribute in the large N limit. In fact, 't Hooft proved [4] that all the planar graphs, i.e. the graphs
of spherical topology, are dominant. To demonstrate this, it is convenient to rescale the matrix

0® — /N¢*. Then

) o d(])ab N NA
Zmamx -~ / ex <_ abpab "' yaiby gaiby parb u2b2> . 3.29
[T/ apew (3070 = 55 omnomemo (3:29)

Now each propagator carries a factor 1 /N, and each vertex factor NA. Also, each face of the graph
contains an index loop and contributes a factor of N. So, the net power of N for a Feynman graph
with V vertices, F' faces and E edges is NVHF—E — NX_where X is the Euler characteristic. Since
X = 2 — 2g, where g is the genus of the graph, we see that the graphs contributing at order N> are
the graphs of genus 0, i.e. of spherical topology.

In the large N limit the free energy (3.27) has the structure

IOg Zmatrix (g)

v = SN A) AN @A) (3.30)

where f,(A) is the sum over graphs of genus g. We see that the leading correction is due to the
non-orientable surfaces of genus 1/2, which is RP,. For the Hermitian matrix model, discussed in
section 3.4, such non-orientable surfaces of odd Euler characteristic do not appear. Our perturbative
calculation gives fMX(1) = —A /12 +A2/32 — A3 /48 + O(A*).

Let us obtain the exact expression for fmatrlx(l), which is analogous to the one we obtained
for the vector model. To do this we represent the real N X N matrix using the singular value
decomposition:

¢ =LkR", (3.31)

12
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where x is a diagonal matrix of real non-negative singular values k,, and R and L are two indepen-
dent O(N) matrices. Integrating them out, we find

ZmatriX(g) ~ H/O dKa’A(KQ)|e—NZZV:1(%K1§+2L4Kg) , (3.32)
a

where A(k?) = [, (k2 — k7) is the Vandermonde determinant. A way to understand this form of
the Jacobian is to note that k2 are the eigenvalues of the real symmetric matrix ¢ ¢. Introducing
the singular value density p(x),

/mdlcp(lc) =1, (3.33)
0

we see that in the large N limit it is governed by the effective potential

© 1 A 1 /=
Veff:/o dxp(K) (2K2+24K'4) —5/0 dxdx'p(x)p (k') log|k> — (K')?| . (3.34)

Now it is convenient [85,86] to introduce the symmetric function p(x) = (p(k) +p(—k))/2,
which is defined on the entire real axis, so that

Veff:[wdxﬁ(x) <2K2+241<4> —[wdxdx’ﬁ(x)ﬁ(ic’)loghc—K’| ) (3.35)

The singular integral equation which follows from this was solved in [16]:

px) = 1 <1+)La2+11<2> V4a? — K2,

T\2 6 12
V1424 -1
a?(A) = vireAml (3.36)
A

We see that p(k) is a symmetric function with support between —2a(A) and 2a(A). We finally
have

p(k) =2p(k), k>0, (3.37)

p(x)=0, K<O0.

As A — 0, a — 1, and it approaches the classic Wigner semicircle law found for the Gaussian
matrix models. The non-Gaussian effects deform the density to the more general function (3.36).
Substituing (3.36) into V, s we find

A A% A It

+ -+ +0(A7). (3.38)

matrix _
fo(A) 12 732 48 ' 384

= L @) -0~ () - Sloga*(2) =

Similarly to the free energy in the vector case, f""X(1) is well defined for A > A, where A, =

—1/2. Expanding f"™"X(1) near A, we find that the leading singular term is now ~ (A — A.)>/?
corresponding t0 Ymarix = — 1 /2. This is the well-known susceptibility exponent of the pure two-
dimensional quantum gravity [17-19]. In the limit A — A, the discretized random square lattices,
which are the dual lattices to the Feynman graphs for the matrix integral (3.29), become large (a
section of such a lattice is shown in figure 8). Therefore, in this limit it is possible to define the
continuum limit of two-dimensional quantum gravity.

13
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Figure 8: A secton of a resolved Feynman graph for the real matrix model, which has alternating
red and green loops. Its dual lattice is made of randomly connected squares.

3.4 SU(N) symmetric Hermitian matrix model

Now let us consider a somewhat different matrix integral. It involves a Hermitian matrix P,
i,j=1,...,N, and we impose SU (N) symmetry. P is in the adjoint representation, i.e. it transforms
as

®=Ud'U", (3.39)

where U € SU(N). An interesting integral to consider is

. < dRed’ dIm®’, 1 23
zHermitian (,y / S Jexptr <_CI)2 — CI)3> . 3.40
(8) I:]I w v2m Vam P20 6 (340

This may be viewed as a toy model for interactions of gluons, and the large N limit is taken keeping
A = g3N fixed.

—_——
P —

Figure 9: Hermitian matrix propagator in the double line representation.

The propagator
(@) 05) = 5165 @41
may be represented using double lines with opposite directions (see Figure 9). The graphs dual to
the Feynman graphs are now made of triangles, so that this integral may be interpreted in terms of

14
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orientable triangulated surfaces (see Figure 10). If we also impose the condition that @ is traceless,
so that it is truly in the adjoint representation of SU (N ), then the propagator becomes

i i N 1 i1 ST
(P} @) = 6,850 — 9,0, - (342)

The tracelessness condition removes some of the tadpole graphs.

Figure 10: A section of a planar diagram in the Hermitian matrix model, which represents an
orientable triangulated random surface.

We can decompose a Hermitian matrix as ® = V V', where x is a diagonal matrix of real
eigenvalues k,, which add up to zero if ® is traceless, and V is an SU(N) matrix. Integrating over
V gives [16]

" > & (1
ZHermman(g) ~ H/ dK'aAZ(K'> exp (_ Z (2 g—|-g631(2>> . (3.43)
a J— =1

b

Now, the critical behavior is fo(4) ~ (A — A)>/2 [16], which is again characterized by the suscep-
tibility exponent Yarix = —1/2.
3.5 O(N)? symmetric real tensor model

Now let us consider N* real degrees of freedom ¢, a,b,c = 1,...,N, and impose O(N)3
symmetry, so that ¢?*° are in the tri-fundamental representation.”> The 3 indices of a tensor are
distinguishable, and each one is acted on by a different O(N) group:

¢abc _ Mlaa’ Mé)b’ Mgc’ (pa’ b'cd
My € O(N);, My € O(N)y, MscO(N)s. (3.44)
The most general O(N)? invariant quartic potential has the form
8 Laibic paibycy pazbicy pazbyc
V - =2 101€1 102€2 201C2 202€1
v A A A A

%¢a1blcl ¢a2b101 (pazbzcz ¢a1b202 + %¢a1blcl (pa]bgcl (pazblcz ¢azbzcz + %¢a1blcl (Pa]blcz ¢a2b2cz ¢azbzcl

' o\ 2
+ 8ds ((Palblcl q)alblcl) . (3.45)
24
2A natural generalization is to have a = 1,...,N;, b=1,...,Ny, ¢ = 1,...,N3, leading to a tensor model with

O(Ny) x O(N>) x O(N3) symmetry. Then ¢’ may be thought of as a collection of N, matrices, each one Nj x N3. A
limit where N, is taken to infinity first was studied in [87, 88].
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The first is the “tetrahedral" quartic term [32,34], which is the leftmost diagram in figure 12; the
next three are the so-called pillow terms which are the remaining three diagrams in the figure. The
final term is the double-sum term. We will be interested in the large N limit where the tetrahedral

3/2

coupling is dominant and scales as g ~ N~ °/“, while the remaining couplings scale to zero faster:

gp~N ~2, and ggs ~ N3 [32,89]. Therefore, we will include g only and study the integral

(pabc 1 g
Ztensor H / exp <_2¢abc¢abc _ ﬂ(i)alblm ¢a1bzcz (Pazblcz ¢azb201> . (3.46)

a,b,c

Even though this quartic term is not bounded from below for N > 2, it is possible to develop formal
perturbative expansion in g using the propagator

<¢alb101 ¢a2h26’2> — §ua ghibrgeier (3.47)

For the purposes of counting the powers of N, we can draw the resolved (or “stranded") graphs
where the strands are of three different colors, corresponding to the indices transforming under
the three different O(N) groups. The propagator is shown in figure 11, and the tetrahedral vertex
in figure 13. The proof of melon dominance following [32,34] will be reviewed in the following
section, but first let us study the low orders in perturbation theory, as we did for the vector and
matrix models.

Figure 11: A resolved representation of the propagator (3.47).

B .0 0.0 (.0

Otetra plllow plllow plllow

Figure 12: All the single-sum four-particle operators, the tetrahedron and the three pillows, with
the index contractions shown explicitly.

Using the connected vacuum Feynman graphs we obtain the expansion

1 ZtCl’lSOI’ 1
u:_ng+—(N3+3N+2)g +1 Ng+0(g), (3.48)

N3 8 288 6

where the first term comes from the figure eight, the second from the melon, and the third from
w finite, we keep A = gN?/2 fixed in the large N
limit. Now we see that the melon contrlbutes while the figure eight and triple bubble graphs are

the triple bubble graph. In order to keep

suppressed. So, finally the melons are winning! Another way to see this is by comparing the melon
and snail propagator corrections, whose resolved form is shown in figure 14. The melon diagram
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Figure 13: Three equivalent ways to represent the resolved tetrahedral vertex.

/A
N

Figure 14: a) The snail propagator correction has one index loops and scales as gN ~ %,

b) The melon propagator correction has three index loops and scales as g?N> ~ A2,

has three index loops and scales as g?N> ~ A2, while the snail diagram has one index loop and

A
scales as gN ~ TN

Because of the melon dominance, in the large N limit the free energy behaves as

IOg Ztensor (g)

o = () o, (349)

where fi°"°"(1) sums the contributions of melonic vacuum diagrams only (see figure 1). To solve
for fi™°"(1) one can use the Schwinger-Dyson equation for the full two-point function G(A)
implied by the diagram for self-energy [29]

12

G'A)=1+XA), ZT(A)= —EGmelons(AP. (3.50)
This may be written as (see figure 15)
)LZ
G(A)=1+ %G(l)“. (3.51)

_O_:—+

Figure 15: Schwinger-Dyson equation for the two-point function.
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Then free energy is obtained from the two-point function G through the relation

G(A) = 14+4A5 fF™"(A) , (3.52)
which follows from the equation
1 ) d¢abc 0 o 1 g
Ztensor(g) I;I /700 \/ﬁ a¢a/blcf (pa b'c exp _E(pabcq)abc o ﬂ(Palblcl (Palbzczq)azblcz ¢a2b201 =0.
a,b,c
(3.53)
Applying the derivative gives
4 d
N N3G+ -8 2 glemor(oy ¢, (3.54)

Ztensor (g) ag

which is equivalent to (3.52).
The solution of (3.51) may be written as

V3
(2A)1/2y1/4

23 1/3 1/3
V(A):(A/g) [<1+@> +(1_@> } (3.55)

The explicit series is [29,90]

G(A) = ((1+4V)1/4—(2—(1+4v)1/2)1/2> ’

tensork — n _ 356
)= L () (3.56)
where
1 1 11 35 1 4dn+1
RTg BTy BTy BT e @ 8n(4n+1)< n ) (3-57)

From the exact large N solution we find that the leading singular behavior of f{™°"(1) as A ap-
proaches a critical value is (42 — A2)3/2, where A2 = 3°/2°, and the susceptibility exponent is
Yiensor = 1/2, just as in the vector model. Therefore, the theory is again in the branched polymer
phase [82].

4. Melonic Dominance

In this section we demonstrate the melonic dominance in theories with O(N)? symmetry, both
in the fermionic and bosonic cases, and for any d. The presentation follows that in [34], and the
arguments are analogous to those in [32]. We will ignore the coordinate dependence of fields and
just focus on the index structure.

The propagator (3.47) has the index structure depicted in figure 11. The three colored strands
(or wires) represent propagation of the three indices of the ¢“*¢ field. The tetrahedral vertex has the
index structure depicted in the figure 13. There are three equivalent ways to draw the vertex; for
concreteness we will use the first way. "Forgetting" the middle lines we obtain the standard matrix
model vertex as in figure 6.
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0 BB

Figure 16: A melonic second-order diagram and all its double-line subgraphs.

oJelelele

Figure 17: A non-melonic third-order diagram and all its double-line subgraphs.

Let us consider the vacuum Feynman diagrams. Examples of melonic and non-melonic dia-
grams with their resolved representations and double-line subgraphs are depicted in figures 16 and
17. Each resolved Feynman diagram consists of loops of three different colors and is proportional
to Nfoul | where fio is the total number of index loops. Suppose we “forget” all the loops of some
particular color in our diagram [33], as in figures 16 and 17. Then what remains is a double-line
(or ribbon) graph of the kind one finds in matrix models. One can count the number of all index
loops f in this graph using the Euler characteristic x

f=x+e—v, 4.1)

where e is the number of edges and v is the number of vertices. In our theory we obviously have
e = 2v, therefore f = x +v. We can forget red, blue or green loops, and in each case we get a
double-line graph made of the remaining two colors. If we forget, say, all red wires, then using
the formula (4.1) we find fj, = Xp, + Vv, Where f,, = f, + f, is the number of blue and green loops
and Yy, is the Euler characteristic of this blue-green graph. Analogously we get f,, = X, +Vv and
Jfor = Xpr +v. Adding up these formulas we find

fbg +frg +fbr = z(fb +fg +fr) = ng+Xbr+Xrg+3V‘ (4-2)

Thus, the total number of loops is

3v
ftotal:fb+fg+fr:?+3_gbg_gbr_grg7 (43)

where g = 1 — /2 is the genus of a graph. Because g > 0 we obtain

3v

Srotal <3+ 5 4.4)

This provides a simple proof that the maximal scaling of a vacuum graph with v vertices is ~ N3A".
Now the goal is to show that the equality fiora1 = 3+3v/2 is satisfied only for the melonic diagrams.
We will call the graphs which satisfy fio1 = 3 + 3v/2 the maximal graphs. Thus we should argue
that maximal graphs are necessarily melonic. We note that, due to (4.3), each double-line subgraph
of a maximal graph has genus zero.
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Now let us classify all loops in our graph according to how many vertices they pass through
(a loop can pass the same vertex twice). Let us denote by .%; > 0 the number of loops, which pass
through s vertices. For a maximal graph

3y

ftotalzﬁz+ﬁ3+%+ﬁ‘5+...:3+7, 4.5)

where we set %] = 0. Indeed, a snail insertion into a propagator, which is the only way of obtaining
an index loop of length 1, is suppressed by a factor of /N (see figure 14). Now, since each vertex
must be passed 6 times, we also get

2F +3.F3+4F4+5F5+ - =6v. (4.6)
Combining this with (4.5), we find
2P0+ F3 =12+ F5+2F¢+.... 4.7)

Now our goal is to show that .%, > 0 using this formula (in fact, .%, > 6, but all we will need is
that it is non-vanishing).

Let us first argue that a maximal graph must have .#3 = 0. To have .%3 > 0 we need a closed
index loop passing through 3 vertices. Without a loss of generality we can assume that this loop is
formed by the middle lines in each vertex (blue lines). The only possibility with a closed loop of an
internal (blue) index, which passes through three vertices, is shown in fig. 18 a). After "forgetting"
the color of this loop we get the ribbon graph in fig. 18 b), which is non-planar due a twisted
propagator. So, a graph with .73 > 0 cannot be maximal. Thus, setting .%3 = 0 in (4.7), we deduce
that a maximal graph should have .%, > 0.

Figure 18: a) Local part of a graph with a middle index loop passing through 3 vertices. b) The
same figure where the middle index has been “forgotten."

Finally, we need to show that the graphs with .%, > 0 are melonic. To do this we will follow
Proposition 3 in [29]. Without a loss of generality we assume that the loop passing through 2
vertices is formed by the middle lines in each vertex (blue lines). The only such possibility is
shown in fig. 19 a). After "forgetting" the color of this loop we get the ribbon graph in fig. 19 b).
Now we uncolor the lines in our ribbon graph, and cut and sew two edges as in figure 20. We cut
two edges but did not change the number of loops; therefore, the Euler characteristic of the new
graph is y = 4. This is possible only if we separated our original graph into two genus zero parts.
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R/

Figure 19: a) Local part of a graph with a middle index loop passing through two vertices v; and

(

V3. b) The same figure where the middle index has been “forgotten."

Therefore, our graph is two-particle reducible for the internal and external couples of lines. Thus,
the whole unresolved graph looks like figure 21. Then, if graphs G’ and G” are empty we get a
second-order melon graph as in figure 16. If they are not empty one can argue (see [29]) that they
are also maximal graphs. So, we can recursively apply the same above argument to them, implying
that the complete diagram is melonic.

/s

Figure 20: Cutting and sewing lines.

(

Figure 21: General structure of the maximal graph.

While the proof above applies to O(N)? theories, we note that the melonic dominance does not
require the theory to have multiple O(N) symmetry groups. Indeed, it was conjectured in [90] that
the theory of a traceless symmetric or an antisymmetric 3-index bosonic tensor ¢** of O(N) with
the tetrahedral interaction is dominated by the melonic graphs. This conjecture was substantiated
with explicit calculations up to a rather high order. The conjecture was proved in [91], but the
combinatorial proof is considerably more complicated than the one presented above for the O(N)?
theory: indeed, since in the O(N) case the strands have the same color, the trick of “forgetting”
all strands of a given color cannot be applied. The proof has been extended to O(N) theories with
rank-3 tensors of mixed symmetry [92].

5. The Minimal O(N)? Tensor Quantum Mechanics

The idea that fermionic tensor models reproduce the SYK-like large N limit, but without dis-
order, was advanced in [33]. The quantum mechanical model constructed there, often called the
Gurau-Witten model, contains four species of rank-3 tensors and has O(N)® symmetry. Using the
O(N)? symmetric interaction (3.46), but replacing the real bosons with Majorana fermions y¢(t),
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it is possible to simplify the construction of [33]. This leads to the minimal SYK-like fermionic
quantum mechanical model [34] with the action

] . 1
S = /dt (%Wahc o, II,ahc _ Zg\,/a]hlcl ‘I,albm W“ZbICZ lI,azbzm) , (5.1)

up to an additive constant. Let us emphasize that y“*¢ has distinguishable indices, each of which
runs from 1 to N. At the classical level, i.e. ignoring the right-hand side of (1.2), the Fermi statistics
implies

Y@ bic v/albzcz V/lzbl ) ‘l/azbzc‘] = —y“ bycs ‘l/albl ci ll/azhlcz V,azbzc‘] ) (5.2)

After relabeling b <+ ¢, and b, <+ ¢; we get the relation

ll/lllblcl Walbzcz Wdzblcz v/dzbzc'l _ _Wdlclbl v/dlczbz Wdzczbl Wazc'lbz ) (5.3)

This demonstrates the vanishing of the tetrahedral interaction term in the O(N) symmetric theory
with fermions in any irreducible 3-index representation: fully symmetric, fully anti-symmetric or
mixed symmetry.

Thus, the theory (5.1) with O(N)? symmetry appears to be the simplest possible tensor coun-
terpart of the SYK model.> The SO(N)? symmetry may be gauged by the replacement

Y™ — (Diy)™ = oy + ALy LAY ATy (5.4)

where A; is the gauge field corresponding to the i-th SO(N) group. In d = 1 the gauge fields are
non-dynamical, and their only effect is to restrict the states to be annihilated by the symmetry
charges

=l =S v o =Sy 69)

The spectrum of the Hamiltonian (1.3) has an interesting property: for each eigenstate of
energy E there is a corresponding eigenstate of energy —FE. To explain the origin of this symmetry,
it is useful to introduce unitary operators P;; associated with permutations of the O(N); and O(N);
groups [95]:

P = P2T3 = i"(”*l)/ZHH(WabC _ ‘I/acb) ’

a b>c

Py = PITZ _ in(nfl)/ZHH(wabc - vjhac) ’ (5.6)

c a>b

where n = N?(N — 1) /2 is the number of fields in the product. They satisfy

P23l//abCP2+3 _ (—I)Nz(Nil)/z‘l/aCb : PlzwabcPsz — (_I)NZ(Nfl)/zwbac ) (5‘7)

3This tensor-SYK correspondence can be generalized to the versions of SYK model where the Hamiltonian couples
q > 4 fermions. The corresponding tensor model involves a Majorana tensor with ¢ — 1 distinguishable indices [34,93].
The generalized tetrahedral interaction preserving O(N)¢~! symmetry is unique for ¢ = 6 [34], but there is a growing
set of possibilities for g > 8 [94]. The large N limit is taken keeping g>N (a=1)(4-2)/2 fixed.
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These permutations flip the sign of H [54,95,96]:
P3HP, =—H,  PoHP,=-H. (5.8)

Thus, if |¥) is an eigenstate of H with eigenvalue E, then Pj;|¥) is an eigenstate with eigenvalue
—E.

We can further define the operator P which implements a cyclic permutation of the three O(N)
groups:

P=PpPy,  Py™P =y, (5.9)
It has the properties
PHP'=H, P=1I, (5.10)

thus realizing the Z3 symmetry of the Hamiltonian. For a more complete discussion of the discrete
symmetries of the O(N)? tensor model, see [95].

A remarkable property of the model (1.3) is that, as N grows, the spectrum of low-lying states
becomes dense, and the theory becomes nearly conformal (we will demonstrate this in section 5.2
using the Schwinger-Dyson equations). Thus, in the large N limit it is possible to define conformal
operators and calculate their scaling dimensions. Particularly easy to study is the set of operators

3=y (9 w) (5.11)

up to a total derivative. These operators are conformal primaries when 7 is odd. As discussed
in section 5.3, using the equation of motion repeatedly, we can express them as gauge-invariant
multi-particle operators without derivatives. Operators (5.11) are analogous to the “single Regge
trajectory” [97-99] found in the SYK model [39-43]. In section 5.2 we will show that, in the large
N limit of the O(N)? tensor model, the scaling dimensions of these operators are the same as in
the SYK model. But first let us make some comments on the relation between the tensor and SYK
models.

5.1 Comparison of the tensor and SYK Hamiltonians

Let us compare the Hamiltonian of the O(N)? tensor model with that of the SYK model with
Nsyk = N3. If we think of I = (abc) as a composite index which takes N 3 values, the Hamiltonian
(1.3) may be written in a way similar to that in the Sachdev-Ye-Kitaev model: omitting the overall
factor &

4 b

1
H = 3Jnnin yhyhyhyt, (5.12)
where

JI] 121314 = 5&| an 5a3a4 5b1b3 6b2b4 501 C4 50263 - 5&] ay 5&3&4 6b2b3 5b1b4 562C4 561 c3 + 22 terms . (5 13)
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This definition of J takes values 0,41, and it is fully antisymmetric under permutations of the
indices I, = (axbycy). Let us stress that this form of J breaks the O(N?) symmetry of the free
theory down to O(N)?. The tensor J is traceless, Jj, 1,11, = 0, and it satisfies

1

1
EZJ,%,Z,SA:ZN3(N—1)2(N+2). (5.14)
“{I}

This is the number of distinct non-vanishing terms in the Hamiltonian.* In the SYK model with

Nsyk = N3 fermions and random quartic couplings J; the Hamiltonian (1.1) generally involves

1i2i3ig>
}!NSYKWSYK — 1)(Nsyk —2)(Nsyk —3) = 214N3 (N = 1)(N* =2)(N* =3), (5.15)
distinct terms. Thus, in the O(N)? model almost all possible quartic couplings vanish; only a
fraction of order N~ is non-vanishing! For example, for N = 4, which is the biggest numerical
diagonalization so far [95], the Hamiltonian contains only 864 terms out of the 635376 possible
terms, which would be present in the SYK model with Ngykx = 64 fermions. Thus, the detailed
structure of quartic couplings in the O(N)* tensor model is very sparse and highly non-generic
from the SYK point of view. Nevertheless, the two models have similar large N limits, at least
for some quantities. The sparseness of the tensor model Hamiltonian facilitates applications of the
Lanczos method for calculating the spectrum [95].

In the SYK model with a large number of Majorana fermion species Nsyk, the energy gaps
between low-lying eigenstates are of order e~ *¥s¥k where « is a positive constant of order 1.
This was shown numerically in [98, 100-102]. The exponential smallness of the gaps leads to
large low-temperature entropy So = coNsyk, even though the ground state is non-degenerate. The
normalization constant in the ¢ = 4 SYK model is [98]

1 14 71
co= 710g2—/ T ( —x> tan(7x)dx ~ 0.23 . (5.16)
2 0 2

In the O(N)? tensor model, calculation of the low-temperature entropy proceeds by summing
the same melonic diagrams as in the SYK model [103]. Therefore, using Ngyk = N3, we find
So = coN>. By analogy with the SYK model, this suggests that the gaps above the ground states
are of order e~ for large N, where & is a positive constant of order 1. These tiny gaps should
appear in the SO(N)? invariant part of the spectrum, which includes the ground state. There is a
lower bound on the ground state energy [96]:

E0>—%N3(N+2) N_1. (5.17)
Nicely, this grows as AN> in the large N limit, just like in the SYK model the ground state energy
grows as Nsyk [98]. The splittings between the SO(N)? non-singlet and singlet states scale to zero
as A /N [96,104]. So far, these properties of the spectrum have not been possible to demonstrate
via direct numerical diagonalization of the Hamiltonian because the total size of the Hilbert space
grows as N2,

“If we restore the factor g2, then (5.14) becomes the combinatorial factor for the simplest melonic vacuum diagram,
which is the leftmost in figure 1. For large N it scales as A2N?, in agreement with section 4.
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Explicit tensor model diagonalizations have been carried out in [95, 96, 105-107]. In the
biggest calculation to date [95], the complete spectrum of SO(4)? invariant states was found in the
O(4)? tensor model. Since there are only 36 such states, they do not exhibit the small gaps needed
for the study of the nearly conformal behavior. However, in the O(6)? tensor model there are over
595 million SO(6) invariant states [96], while their energies are bounded as

—108v/5g < E < 108V/5g . (5.18)

Therefore, their spectrum is likely to be very dense, but more work is needed to study their distri-
bution.

5.2 Schwinger-Dyson equations

Let us study some of the diagrammatics of the O(N)? symmetric quantum mechanics (5.1).
We will study the ungauged model; the effect of the gauging may be imposed later by restricting to
the gauge invariant operators. The bare propagator is

(T (W™ 1)y (0)))g = 899 8% 8 Gy (1) = 5aa'5bb’5“’%sgn(z) : (5.19)

The full propagator in the large N limit receives corrections from the melonic diagrams represented
in figure 22. Resummation of all melonic diagrams leads to the Schwinger-Dyson equation for the

i}

Figure 22: Diagrams contributing to the two point function in the leading large N order. The line
with the gray circle represents the full two point function. Each simple line is the bare propagator.

two-point function
G(t) — 1) = Go(t; — 1) + g°N°> /dtdt’Go(t1 )Gt —1')’G({ —1), (5.20)

represented graphically in figure 15. This equation has the same structure as that derived in [97-99]
for the large N SYK model. The solution to (5.20) in the IR limit is

1 1/4 sgn(f; — 1)
Gln—n)=- (47rg2N3> it —0]1/2 (5:21)

To uncover the spectrum of the bilinear operators in the model, we need to study the 4-point
function (WaP1e1 (1) yhbi€r (1) ya2b2¢2 (13 ) y®b2¢2 (1)), Tts structure is again the same as in the large
N SYK model [97,98]:

(WP (1) p P (1) w2 (53) 2P (14)) = NOG(112) G (t3a) + Tt .. 1a) (5.22)

where I'(71,...,14) is given by a series of ladder diagrams depicted in fig 23.
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Figure 23: Ladder diagrams contributing to I'(¢1,... %)

tz—O—t4

Figure 24: Ladder diagrams contributing to I'(zy,...,%)

Resumming the diagrams in fig. 23 one finds a contribution to I'(f,...,%4) as a series of
diagrams in terms of the full propagators, see fig. 24. If we denote by I',, the ladder with n rungs,
soI'=Y,1,, we have

Fo(l‘l, . ,l4) = N3(—G(l‘13)G(124) + G(t14)G(l23)) . (5.23)
For the next coefficient one gets
Li(t1,...14) = 3g2N6/dtdt/(G(t1 —1)G(tr —1)G(t —1')*G(t —13)G(t —ts) — (13 <> 1a)) ,
(5.24)

and one can check further that
o(t1,..., 1) = —3g°N? /dtdt’(G(tl —1)G(tr —t)G(t —')°T1 (1,1, 13,12) — (13 > 14)) . (5.25)
So, in general, one gets exactly the same recursion relation as in the SYK model
Coii(t,... ts) = /dtdt’K(tl,tz;t,t’)l“,,(t,t’,t3,t4), (5.26)
where the kernel is
K(t1,12:13,14) = —3g°N>G(113) G (t24) G (134)* . (5.27)

In order to find the spectrum of the two-particle operators O3, following [98,99] one has to solve
the integral eigenvalue equation

va(to,t1,12) = gamisym(h)/dt3dl4K(t1712;13,l4)vn(lo,l3,l4), (5.28)

where

cpsgn(ty — 1)
’l‘()—l‘l‘h|t0—1‘2’h|l‘1 —l2|1/2 h’

valto, 11,12) = (O3 (1) y™ (1) y ™ (12)) = (529
is the conformal three-point function. To find g(k) we compute the integral in (5.28) using general
d dimensional conformal integrals [108] specified to d = 1:

Foo sgn(u—t)sgn(u—n) sgn(t13)sgn(t23)

d
e u—n]%u—n|®u— 3]0 O 1|10 g5 |10 a1

, (5.30)
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where Q; + o + 0tz = 2 and

F( 1720(1 + %)F( 1720(2 + %)F( 1—2(13)

I =T (5.31)
o (G +2)0(F +)0(%)
Taking integrals over 3 and #4 in (5.28) using (5.30) we find [98,99]
3 3tan(5(h—l))
gantigm (1) = = 2 I3l 0= = 632

The scaling dimensions are given by the solutions of gantisym(h) = 1. The first solution is exact,
h = 2; this is the important mode dual to gravity and responsible for the quantum chaos in the
model [97,98, 109-113]. The further solutions are & ~ 3.77, 5.68, 7.63, 9.60 corresponding to
operators O5 with n = 3,5,7,9. In the limit of large n, h, — n+ % This is the expected limit
n+2A, where A = % is the scaling dimension of the individual fermion.

5.3 Multi-particle operators

The model of [34] contains a rapidly growing number of SO(N)? invariant (2k)-particle op-
erators. Since a time derivative may be removed using the equations of motion, we may write the
operators in a form where no derivatives are present. The bilinear singlet operator, Wy, van-
ishes classically by the Fermi statistics, while at the quantum level taking into account (1.2), it is a
C-number. The first non-trivial operators appear at the quartic level and are shown in figure 12. All
of them are “single-sum" operators, i.e. those that correspond to connected diagrams; they cannot
be written as products of invariant operators. On the left is the “tetrahedron operator" Ojeqra, Which
appears in the Hamiltonian (1.3). The three additional operators in figure 12, which we denote as
Oéil)low’ O](jl)low and 0](3?1>10W’
double lines between a pair of vertices. Up to an additive constant,

n a1ay Haia 2 _ bi1by Ab1b2 @ _ C1C2 YC1C2
Opillow_ Z Ql Ql ’ 0pillow_ Z Q2 QZ ’ Opi]]ow_ Z Q3 Q3 )

ay<ap b1<by 1<

are the "pillow" operators in the terminology of [30, 32]; they contain

(5.33)

i.e. they are the quadratic Casimir operators of the three SO(N) groups. Since the SO(N)? charges
(5.5) commute with the Hamiltonian (1.3), so does each of the three pillow operators. This means
that the scaling dimensions of the pillow operators are unaffected by the interactions, i.e. they
vanish. The gauging of the SO(N)? symmetry sets the charges (5.5) to zero, so the pillow operators
do not appear in the gauged model.

Using the equations of motion we see that the operator Oy, is related by the equation of
motion to the operator OJ:

Otetra —_ ll,abc(ll/3)abc o Il/abcat ll/abc ) (534)

If we iterate the use of the equation of motion, then all derivatives in an operator may be traded
for extra y-fields. Thus, a complete basis of operators may be constructed by multiplying some
number 2k of y-fields and contracting all indices. In this approach, there is a unique operator with
k =2(m+ 1), which is equal to the Regge trajectory operator 0%’"“. For m = 0 this operator is
Oetra, Which is proportional to the Hamiltonian.

27



Large N Tensor Models Igor R. Klebanov

All the six-particle operators vanish by the Fermi statistics, but there is a number of eight-
particle ones. We will exhibit only the ones not containing bubble insertions. Having two vertices
connected by a double line corresponds to insertion of an SO(N) charge which vanishes in the
gauged model. For this reason we will omit such operators and list only those where there are
no double lines. In [54] it was shown that there are 17 inequivalent operators; see figure 25. For
example, the three operators shown in the first column of the figure 25 are

0, = V,Glbm l[/albzcz Wazbzcl ll,azb4c4 ll,aab302 \l/a3b163 Wa4b403 V,G4b364 — 8,1;/“""“81\;/‘”1’262 l[/azblcz v/azbZCl ’

0, = Walblcl Wdlbzcz l[lazbZCl Wa2b303 Wa3b302 Wd3b4c4 wd4b403 v,04b1€4 — at Walblcl Wdlbzcz at Wdzblcz l[/azb2cl ’

05 = walblcl Walhzcz v,azbzc‘] Wa2h3c3 ll,dsb|03 Wa3b4c‘4 Wd4b304 Wa4b4cz — 8,1//“""‘“ Walbzc‘z Wdzblcz 0, v,dzbzc‘] .
(5.35)

It follows that

01 + 024 03 ~ Jy P ybe | (5.36)

&
e

which up to a total derivative equals the Regge trajectory operator 03.

A

h

BB
1910
SIS
KIS

Figure 25: All eight-particle operators in the gauged fermionic model.

The higher bubble-free single-sum operators were counted in [54]: there are 24 ten-particle
ones, 617 twelve-particle ones, 4887 fourteen-particle ones, and 82466 sixteen-particle ones. In the
bosonic theory, the single-sum operators correspond to connected Feynman diagrams in the theory
with three scalar fields and ¢;¢,¢3 interaction. The number of such diagrams with 2k vertices
grows as k!, and so does the number of invariant single-sum operators in the bosonic theory [114—
119]. In the fermionic theory some operators vanish due to the Fermi statistics, but the factorial
growth remains: in [54] it was shown that the number of (2k)-particle SO(N)?3 invariant single-sum
operators grows like ~ k!2*. This is much faster than the exponential growth found in string theory.
It implies that the Hagedorn temperature vanishes as 1/log N and suggests that the dual description
of the tensor models lies “beyond string theory." Perhaps it is related to M-theory, as suggested by
the N3 growth of the number of degrees of freedom on the M5-branes [47] which may correspond
to the M2-branes of trinion topology.
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6. Tensor Models for Complex Fermions

In this section we study two different quantum mechanical models of a complex 3-tensor y“¢.
One possibility is the model

S = /dl (iv—/abcat ‘I/abc _ %gll—/a]hzcz ‘I—/azbzc] Walblcl ll/azbmz) . (61)

Its symmetry is SU(N) x O(N) x SU(N) x U(1), where the SU (N groups act on the first and third
indices.> The U(1) acts by a phase rotation, y®¢ — ¢/*y¢, and the corresponding conserved
charge is

1, _ .. .
0= E[wabc’ lI]abc] ) (62)
The model (6.1) is the tensor counterpart of the variant of SYK model where the real fermions are

replaced by the complex ones [55,56,121-125].
Let us study the conformal primary operators of the form

n—ye(dry)te n=0,1,..., (6.3)

up to total derivatives (there is a variety of operators made out of the higher powers of the fermionic
fields, and some of them are equivalent to (6.3) via the equations of motion). As established
in [30, 37, 120], the large N limit of the complex model (6.1) is once again given by the melon
diagrams (the arguments are easier than in section 4 since each index loop passes through an even
number of vertices). Let us briefly discuss summing over melonic graphs in the model (6.1) at large
N. The two-point function has the structure

(T 1)y (0))) = 5 8" 5° G (1), 64)

and G(t) = —G(—t). We find the same Schwinger-Dyson equation as (5.20); its solution is again
(6.14) indicating that the fermion scaling dimension is A = 1/4. Now we need to study the 4-
point function (YP1et (¢ ) ybicr () b2 (1) y®b2¢2(14)). Tt leads to the same integral eigen-
value equation as (5.28), but with kernel

K(l‘l,l‘z;l‘3,l‘4) = —gzN3 (2G(Z‘13)G(124)G(l‘34)2 — G(l‘14)G(l‘23)G(l‘34)2) . (65)

Now it is possible to have not only the antisymmetric eigenfunctions as in (5.29), but also the
symmetric ones

o consgn(to —t)sgn(ty —12)
van(to,t1,12) = (07" (10) w** (1)) " (12)) = lto —11|2[to — ta| Pty — 1| 1/21

(6.6)

This can be justified by noticing that the three point function now is (&% (o) w1, ) y**(t,)). We
see that for odd 7 it is antisymmetric under ¢; <> f,, while for even n it is symmetric.
Substituting ansatz (6.6) into the integral equation, and using the integrals (5.30), we find

1tan(3(h+1))

2 h—1/2 ©7

gsym(h) = -

SBosonic models with this symmetry were previously studied in d = 0 [30,37,120].
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The scaling dimensions of the operators &5 with even n are given by the solutions of geym () = 1.
The first eigenvalue is & = 1, corresponding to the conserved U(1) charge. The additional values
are h ~ 2.65, 4.58, 6.55, 8.54 corresponding to the operators with n = 2,4, 6, 8 respectively. For
large n the scaling dimensions approach n + % as expected. The numerical results are in good
agreement with the asymptotic formula [98]

h=nt 3ot () 6.8)
for n > 2. For &% with odd n the spectrum is the same as for the two-particle operators (5.11)
in the Majorana model with O(N)? symmetry. The plot of the graphical solution for the scaling
dimensions is shown in figure 26, with odd »n in orange and even 7 in black.

g(h), gsym(h)
4,
y=g(h)
y=gsym(h)
2,
h=0
_______________________________ ...__
h=3.77
1 3 — "

Figure 26: Graphical solution of the equations ganisym(%2) = 1 (in orange) and ggym(h) = 1 (in
black).

6.1 Bipartite complex tensor model

Another possible complex model is [34]:

S — /dt (iwabcatllfabc“v‘%gllfalblcl walbzczwazblczy/azbzcl +%g-q,alblcllpalbzczlpdzblczv-,dzbﬂl) )
(6.9)

It is a special case of a more general model with O(N)?> symmetry, which was studied in [126].
In the Feynman graph expansion for the model (6.9) we denote the y* and y* vertices by white
and black dots, respectively (see figure 27). Each Feynman graph necessarily has equal number of
black and white dots; therefore, it is called a bipartite graph (a similar bipartite model for multiple
complex fermions was studied in [127]).

In the model (6.9) there is no U(1) phase rotation symmetry; the interaction breaks it to Zg.
For real g there is an additional symmetry

Zo: WY—V. (6.10)
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&4: w4:

Figure 27: Vertices in the bipartite complex model

If we decompose a complex tensor into two real ones, Y = l//fh” + il[/gbc, then this Z, acts by

V,gbc SN _ngc.
In the large N limit this model is dominated by the bipartite melonic diagrams. The two-point
function

(T (5 (0w (0))) = 6/ 5 5 G(1) (6.11)
satisfies the Schwinger-Dyson equation
G(t) — 1) = Go(t; — 1) — ggN> /dtdt/GO(tl —0)G({ —1)°G(' — 1), (6.12)

which is graphically depicted in figure 28.

(- = ——

Figure 28: The graphical representation of the Schwinger-Dyson equation for the two-point func-
tion in the bipartite model.

Since there is no chemical potential, we have G(—t) = —G(t). Therefore, the Schwinger-Dyson
equation may be written as

G(t —12) = Go(t; — 1) + ggN°> / dtdt'Go(t; —1)G(t —1')3G(t' — 1), (6.13)
which is the same as in the O(N )3 model with a real 3-tensor [34]. The solution is given by the
formula

1 \1/4sgn(fp — 1)
Gty —n) = —( ) , 6.14

where 12 = |g|>N?3 is kept fixed. This indicates that the fermion scaling dimension is A = 1/4.
Let us study the fermion bilinear operators

On = § oy . (6.15)

For odd n they are even under the Z, symmetry (6.10), while for even n they are odd under the Z.
This is not hard to see using the real tensors y;, i = 1,2. As is well-known for the model with a
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real tensor [34], or equivalently for the SYK model [98], for even n there are no primary operators
of the form <9y l//i“b". Therefore, the primary operators for even n are the Z»-odd operators

ke gnysghe.
To compute the scaling dimensions of O,, we consider a three point function
Va(to,11,12) = (O (10) W (1)) W™ (1)) . (6.16)
Then one can derive the Schwinger-Dyson equation for the three point function in the IR region [99]
va(to, t,t2) = /dl‘3dt4K(l‘1,l‘z,tg,t4)vn(l‘o,t3,l‘4), 6.17)
where the kernel is
K(11,12,13,14) = 3A%G(114)G(123) G (134)> . (6.18)

The Schwinger-Dyson equation (6.17) represented graphically in figure 29, where we have already
dropped the bare term, which is irrelevant in the IR region.

e

Figure 29: The graphical representation of the Schwinger-Dyson equation for the three-point func-
tion.

For odd n the three point function is antisymmetric v(fo,t1,t2) = —v(to,t2,¢) and is given by the
general formula

cpsgn(t; — it
vn(to,t1,12) = nh (h 1)—h’
|to1]"|t02|"|t12]2

(6.19)

where h is the anomalous dimension of the operator O, and c, is the structure constant®. For
arbitrary 4 the three point function (6.19) satisfies the equation

Va(to,11,12) = ga(h) /df3dl4K(t1,l27l3,l4)vn(lo,la,l4), (6.20)

where

_%tan(%(h— %))

galh) = —3 -1/ 6.21)

For even n the three point function is symmetric v(fy,1,t2) = v(fo, 2,11 ) and is given by the general
formula

cpsgn(to —t)sgn(ty — 1)
v (l‘o h lz) = (6.22)
e lton|roa] |22

%This method of finding anomalous dimension does not determine the structure constants c¢,. One can find them by
computing the whole four point function [98].
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where £ is the anomalous dimension of the operator O, and ¢, is the structure constant. For arbitrary
h the three point function (6.22) satisfies the equation

Va(to,t1,1) = gs(h)/dtdeK(tl,tz,t3,t4)vn(t0,t3,f4)7 (6.23)
where
3tan(Z(h+ 1))
h)y=>—32—2°2 24
Now to find anomalous dimensions of the operators O,, we have to find solutions to the equations
gs(h)=1, ga(h)=1. (6.25)

We find a series of real solutions, which approach h, — n —1—% at large n. The first few values
are h =2, 2, 3.77, 4.26, 5.68, 6.34 corresponding to n = 1,2,3,4,5,6, respectively. The plot is
represented in figure 30. An interesting feature of this model is that both operators O = ¢ g,y
and 0y = P92y have the same exact eigenvalue equal to 4 = 2. For n = 1 this eigenvalue
corresponds to a normalizable state, but presumably this is not the case for n = 2.

gath), gs()

y=ga(h)
3l y=gs(h)

Figure 30: Graphical solution of the equations gg(h) = 1 and g4 (h) = 1.

The Schwinger -Dyson solution of the bipartite model has a new feature compared to the tensor
models discussed in previous sections. For n = 0, which corresponds to the operator O = ¢y,
the solution of the equation gg(h) = 1 is complex:

1
~ 5 +1.5251i. (6.26)

This signals a likely instability of this nearly-conformal model. From the point of view of the dual
theory in AdS,, the mass-squared of a a scalar field dual to an operator of dimension 4 is

m?> =h(h—1). (6.27)

Therefore, a complex i of the form %—F ia corresponds to m? = szF — o, This is below the
Breitenlohner-Freedman [128] stability bound mZBF = —%, thus causing an instability.
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7. Bosonic Tensor Models

It is of obvious interest to try extending the derivations above to quantum theories of bosonic
tensors. It turns out that they frequently contain complex scaling dimensions, such as those noted
in the previous section. In [34,89] an O(N)? invariant theory of the scalar fields ¢$*° was explored.
When endowed with a quartic “tetrahedral” potential [32,34]

V= %¢a|b|01 ¢a1bzcz¢azblcz¢azbzcl 7 (7.1)
this theory is super-renormalizable in d < 4 and is formally solvable using the Schwinger-Dyson
equations. However, this model has some instabilities. One problem is that the tetrahedral potential
is not positive definite. Even if we ignore this and consider the large N limit formally, we find that
in d < 4 the O(N)? invariant operator ¢$“*¢“* has a complex dimension of the form £ + ia(d),
which leads to instabilitiy of the resulting large N CFT.” From the dual AdS point of view, such a
complex dimension corresponds to a scalar field whose m? is below the Breitenlohner-Freedman
stability bound [128,133]. The origin of the complex dimensions was elucidated using perturbation
theory in 4 — € dimensions: the fixed point was found to be at complex values of the couplings for
the additional O(N)? invariant operators required by the renormalizability [34,89]. In [89] a O(N)>
symmetric theory for tensor ¢?““¢ and sextic interactions was also considered. It was found that
the dimension of (;)”b"de ¢“b"de is real in the narrow range dj; < d < 3, where d.j = 2.97. However,
the scalar potential of this theory is again unstable, so the theory may be defined only formally. In
spite of these problems, some interesting formal results on melonic scalar theories of this type were
found recently [134].

In [35], the search was continued for stable non-supersymmetric large N scalar theories with
multiple O(N) symmetry groups. The specific model studied was the O(N)? symmetric theory of
scalar fields ¢ with a sextic interaction, whose Euclidean action in d dimensions is

S — /dd.x (;(a‘u¢abc)2 + %(I)alblcl (Palbzc‘z ¢a2blcz ¢a3b3c1 ¢a3b263 ¢a2b303> . (72)

This theory is super-renormalizable in d < 3. When fields ¢ are represented by vertices and
index contractions by edges, this interaction term looks like a prism [34]; it is the leftmost diagram
in figure 31. In the large N limit, g;N3 is held fixed [35]. We may call this theory “prismatic"
(note that the Feynman diagrams are not the same as the melonic diagrams which appear in the
sextic theory of [89] with the O(N)> symmetry). Unlike with the quartic interaction of tetrahedral
topology [34, 89], the action (7.2) is positive for g; > 0. In fact, it is the bosonic part of the
action of the supersymmetric theory with two supercharges and tetrahedral superpotential [34],
W ~ dabici paibrcr parbicr parbacr

The theory (7.2) may be viewed as a tensor counterpart of the bosonic theory with random
couplings, which was introduced in section 6.2 of [135]. Since both theories are dominated by
the same class of diagrams in the large N limit, they have the same Schwinger-Dyson equations
for the 2-point and 4-point functions. For 1.68 < d < 2.81 there is a scalar bilinear operator with
a complex dimension of the form % +io(d), but outside of this range there is no such complex

7Complex scaling dimensions of this form appear in various other large N theories; see, for example, [129-132].

34



Large N Tensor Models Igor R. Klebanov

scaling dimension [35]. This raises the possibility of a purely bosonic near-conformal quantum
mechanical theory.®

One can also use the renormalized perturbation theory to develop the 3 — € expansion. To carry
out the beta function calculation at finite N we need to include all the O(N)? invariant sextic terms
in the action. The 11 such single-sum terms are shown diagrammatically in figure 5 of [54]. It
is convenient to impose the additional constraint that the action is invariant under the permutation
group S3 which acts on the three O(N) symmetry groups. The most essential for achieving the
large N limit is the “prism" term (7.2); it is positive definite and symmetric under the interchanges
of the three O(N) groups. The 8 needed operators and associated couplings are exhibited in figure
31, with the prism operator shown on the left. The coupled two-loop beta functions, calculated
in [35], have a “prismatic" fixed point for N > 53, where all the coupling constants are real. As N is
increased, g; ~ N3 at this fixed point, while the other 7 couplings scale to zero faster. The resulting
3 — € expansions are, in the large N limit, in agreement with the results from the Schwinger-Dyson
equations used to solve the prismatic large N theory. This constitutes an explicit perturbative check
of the large NV solution of the prismatic theory [35].

= -
v 0 =

91 92 93 94 95 96 g7 98

Figure 31: Diagrammatic representation of the eight possible O(N)? invariant sextic interaction
terms.
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