
P
o
S
(
Q
C
D
E
V
2
0
1
7
)
0
3
5

Transverse Momentum Dependent Fragmenting Jet
Functions with Applications to Quarkonium
Production

Yiannis Makris∗

Theoretical Division T-2, Los Alamos National Laboratory, Los Alamos, NM, 87545
E-mail: yiannis@lanl.edu

We briefly review the framework of fragmenting jet functions (FJFs) introduced in soft collinear
effective theory (SCET) to describe the fragmentation of an identified hadron within a jet. We
illustrate how FJFs can be integrated with the leading power (LP) factorization in non-relativistic
quantum chromodynamics (NRQCD) in studies of quarkonium production within jets. We present
recent theoretical, experimental, and computational developments. We also present the framework
of transverse momentum dependent (TMD) FJFs which describe the fragmentation of a hadron
within a jet and the transverse momentum of the identified hadron is measured with respect to
the jet axis. We show how the measurement of the transverse momentum spectrum can help
discriminate between the leading production mechanisms of J/ψ .
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1. Quarkonium production in NRQCD

Quarkonium has been studied widely both experimentally and theoretically and various mod-
els have been proposed for describing its properties (such as its decays to light meson and its
production processes). Up to date, the most successful approach is that of non-relativistic quantum
chromodynamics (NRQCD). NRQCD is an effective field theory (EFT) of QCD which describes
non-relativistic dynamics of strong interacting partons. In the case of quarkonium, NRQCD aims
to predict the behavior of the heavy quark-antiquark pair within the quarkonium state. Although
NRQCD is a very powerful tool for depicting various process involving quarkonium, here we are
considering the NRQCD factorization conjecture [1] for quarkonium production.

According to the NRQCD factorization conjecture, the quarkonium production cross section
is factorized into the perturbatively calculable short distance coefficients (SDC) and long distance
matrix elements (LDME) that need to be extracted from data. More explicitly for the quarkonium
state Q we have,

dσNRQCD(a+b→Q+X) = ∑
n

dσ(a+b→ QQ̄[n]+X)〈On
Q〉, (1.1)

where

On
Q = On†

2

(
∑
J

∑
mJ

|Q+X〉〈Q+X |

)
On

2 and On
2 = ψ

†Knχ, (1.2)

where Kn is a tensor in the Dirac and color algebra and QQ̄[n] the heavy quark-antiquark pair
in particular angular momentum, 2S+1LJ , and color, (c), configuration (here we use the compact
notation, n =2S+1 L(c)

J ). While the short distance coefficients dσ(a+ b→ QQ̄[n]+X) in Eq.(1.1)
have an expansion in the strong coupling, αs(mQ), the LDME scale with the relative velocity of
the QQ̄ pair in the quarkonium rest frame, v, (see Refs. [2, 3]). Thus truncating the sum can give
us the desirable accuracy from a simultaneous expansion in the αs and v.

In the quarkonium rest frame the heavy quark-antiquark pair is considered a non-relativistic
system, and its kinetic energy is similar to its potential due to the coulomb like forces between
the pair. Therefore their relative velocity scales with he strong coupling evaluated at their momen-
tum, αs(mQv), and due to asymptotic freedom we have, v & α(mQ). This implies that relativistic
corrections in Eq.(1.1) of order v2n are at least as important as perturbative corrections of order
α(mQ)

2n and therefore reorganization of the perturbative expansion is required in order to include
all corrections with similar contributions to the cross section.

Although the NRQCD framework was shown to greatly improve the agreement of theoret-
ical calculations and experimental data, there are many important open questions. In this talk
I am particularly interested in the charmonium state J/ψ which is widely studied both experi-
mentally and theoretically but its production mechanism it is yet to be understood. For exam-
ple, global fit to the worlds data [4] at NLO including the four leading production mechanisms
(n = {3S(1)1 ,3 S(8)1 ,1 S(8)0 ,3 P(8)

J }) give LDME which are later used to predict the polarization of the
J/ψ . The predicted polarization disagrees with measurements of the J/ψ polarization: while the
fitted LDME at large pT predict almost transverse polarization, data suggest effectively no polar-
ization [5, 6, 7]. This disagreement is partially attributed to the fact that at large pT fragmentation
processes, that for some of the four leading production mechanisms appear first time at NNLO,
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Mechanism LO to dn
i (z) LDME scaling Total scaling

c→ (cc̄[3S(1)1 ]) O(α2
s ) ∼ v3 ∼ α2

s v3

g→ (cc̄[3S(1)1 ]) O(α3
s ) ∼ v3 ∼ α3

s v3

g→ (cc̄[3S(8)1 ]) O(α1
s ) ∼ v7 ∼ α1

s v7

g→ (cc̄[1S(8)0 ]) O(α2
s ) ∼ v7 ∼ α2

s v7

g→ (cc̄[3P(8)
J ]) O(α2

s ) ∼ v7 ∼ α2
s v7

Table 1: Leading contributions to the J/ψ charm quark and gluon fragmentation function.

dominate the cross section since they scale with (2mc/pT )
2 compared to other processes. Thus,

in this region of transverse momentum, further reorganization of the perturbative expansion is re-
quired in order to properly account for all relevant fragmentation processes.

At large transverse momentum of the quarkonium state where fragmentation processes dom-
inate, the cross section dσ(a+ b→ Q+X) can be approximated using the leading power (LP)
factorization [8] involving the fragmentation functions, Di/Q,

dσ(a+b→Q+X)

dx
= ∑

i

∫ 1

x

dz
z

dσ
i(z,µ)Di/Q

(
x
z
,µ

)
+O(m2

Q/p2
T ), (1.3)

where dσ i is the partonic cross section describing the hard process a + b→ i + X and can be
calculated in perturbation theory1. For the case of quarkonium the fragmentation functions can be
further factorized using the NRQCD factorization conjecture [1],

Di/Q(z,µ) = ∑
n

dn
i (z)〈On

Q〉. (1.4)

In this work we are considering the five leading (through fragmentation) production mech-
anisms of J/ψ shown in Table 1. We isolate on J/ψ fragmentation processes by requiring the
charmonium to be produced within a jet and carrying significant energy of the jet. It was pro-
posed in [9] that additional measurements on the jet substructure can be used in order to improve
the discriminating power between the leading production mechanisms. In practice, we only need
to discriminate between the various color-octet mechanisms since the color-singlet LDME can be
constrained by potential models and more accurately extracted from the width Γ[J/ψ → `+`−].

2. Review of fragmenting jet functions

Fragmenting jet functions, G alg.
i/h (z,ωR) [10] describe the collinear splitting i→ h+X within a

jet and depend on the hadron’s energy fraction z = Eh/EJ , the jet algorithm, and the (along the jet

1If this describes a hadronic collision then non-perturbative input from the corresponding parton distribution func-
tions is required.
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axis) boost invariant combination ωR≡ 2EJ tan(R/2), where EJ is the jet energy and R is the jet size
parameter. Furthermore fragmenting jet functions could depend on jet substructure observables if
such observable is measured in the process considered. For example, G alg.

i/h (z,ωR,mJ) describe the
fragmentation of an identified hadron, h, with energy zEJ , within a jet with energy EJ for which the
jet mass, mJ , is measured (see Refs. [11, 12]). Although FJFs are fundamentally non-perturbative
objects, in the collinear limit can be written as a convolution of perturbative calculable matching
coefficients, C alg.

i/ j , and the collinear fragmentation functions,

G alg.
i/h (z,ωR; µJ) = ∑

j

∫ 1

z

dx
x

C alg.
i/ j (x,ωR; µJ)D j/h

( z
x

; µJ

)
+O

(Λ2
QCD

µ2
J

)
, (2.1)

where the coefficients C alg.
i/ j (x,ωR; µJ) contain all the jet algorithm and substructure measurement

dependence of the FJF. The collinear fragmentation functions, Di/h(z), are evaluated at the jet scale,
µJ = ωR, and convolved with the matching coefficients evaluated at the same scale. The FJF is
then evolved to an arbitrary factorization scale, µ , according to the following renormalization group
equation (RGE),

µ
d

dµ
G alg.

i/h (z,ωR; µ) = γJ(µ,ωR)G alg.
i/h (z,ωR; µ), (2.2)

where γJ(µ,ωR) is the jet function anomalous dimension (see Ref. [13]). In the case where jet
substructure is measured then the RHS of the above equation involves a convolution between the
anomalous dimension and the FJF.

In Ref. [15] for describing the production of quarkonium within jets in hadronic collisions we
convolve the FJF with the corresponding hard scattering process evaluated using the monte-carlo
software MadGraph [14],

dσ

dz
(pp→ jet(J/ψ)+X)∼ ∑

i=c,c̄,g

∫
dE

dσ i

dE
×G alg.

i/Q(z,ωR). (2.3)

In Figure 1 we present the semi-analytical calculation (red band) using the above equation for
proton-proton collisions at

√
s = 13 GeV and compare against experimental data from LHCb [16].

We illustrate our results for three different sets of LDME. For the same sets of LDME we present
the results using a modification of the simulation package PYTHIA [17, 18], called GFIP [12] (grey
band), for which PYTHIA 8 is used for the partonic shower of the hard process and the resulted
partonic distributions are then convolved to the quarkonium fragmentation functions. The values
of LDME we used are: (left) the NLO global fit to the worlds data [4], (middle) fit at high pT

where the channels g→ cc̄[3S(8)1 ] and g→ cc̄[3P(8)
J ] are tuned to cancel against each other [19],

and (right) fit at high pT using the leading power factorization matched at NLO [20]. Compared
against experimental data, our results show that the calculated energy fraction spectra of J/ψ agree
better with the data for some fits of the LDME compared to others. Although these results are
encouraging, the fits from Refs. [19] and [20], which seem to agree best with the experimental
data, have large uncertainties (∼ 100%) for the [3S(8)1 ] and [3P(8)

J ] LDME.
In the next section we show that additional measurements on the J/ψ can provide sufficient

discriminating power between the five leading production mechanisms and thus can be used for fit-
ting the values of the corresponding LDME. Particularly we propose a measurement of the quarko-
nium transverse momentum with respect to jet axis and we review the theoretical tools developed

3
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Figure 1: Predicted z(J/ψ) distribution using GFIP (gray) and FJF (red) for the three choices of LDME as
described in the text and the LHCb measurements of z(J/ψ) [16]. Figure taken from [15]

in Ref. [23] necessary for this calculation. We show that, at large values of the energy ratio, such
measurement can provide the desirable discriminating power between the color-octet production
mechanisms.

3. Transverse momentum dependent fragmenting jet functions

Similarly to the FJF reviewed in the previous section, TMD-FJF describe the within jet frag-
mentation of an identified hadron, for which the energy fraction and the transverse momentum is
measured. In the definition we consider here transverse momentum is measured with respect to the
jet axis. Our formalism is consistent with the factorization of e+e−→ N-jets exclusive processes
in SCET described in Ref [13]. For alternative definitions of similar observables see Refs. [21, 22].
The operator definition of TMD-FJF is the following,

Gq/h(~p⊥,z,µ)=
1
z ∑

X

1
2Nc

δ (p−Xh;r)δ
(2)(~p⊥+~pX

⊥)Tr
[ /̄n

2
〈0|δ

ω,P χ
(0)
n (0)|Xh〉〈Xh|χ̄(0)

n (0)|0〉
]
, (3.1)

where the state |Xh〉 corresponds to the a final state of collinear particles within a jet. In the
collinear limit (i.e. ~p⊥ � ΛQCD) we could factorize this result into a convolution of perturbative
short distance coefficients and the collinear fragmentation functions. The short distance coefficients
are then further factorized into a collinear and collinear-soft (c-soft) contributions,

Gi/h(~p⊥,z; µ) =
∫ 1

z

dx
x

Ci/ j(~p⊥,x; µ)D j/h

( z
x

; µ

)
+ O

(
Λ2

QCD

p2
⊥

)
, (3.2)

where
Ci/ j(~p⊥,z; µ) = Nc×

∫
d2~p′⊥ Ji/ j(~p⊥−~p′⊥,z; µ,ν)SC(~p′⊥; µ,ν)

]
, (3.3)

with J j/i and SC the collinear and c-soft functions respectively. The scaling of the momentum of
collinear and c-soft modes is,

collinear− soft : pµ
cs ∼ ω(λR,λ/R,λ ), λ = p⊥/ω

collinear : pµ
n ∼ ω(λ 2,1,λ ). (3.4)

The factorization of the c-soft and collinear modes is achieved through a BPS field redefinition

4
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Figure 2: Transverse momentum spectrum of J/ψ with in jets with energy 500 GeV, using anti-kT algorithm
with jet size R = 0.6 for zJ/ψ = 0.3,0.5,0.7,and 0.9.

which decouples the two modes at the level of the Lagrangian. The collinear and c-soft functions
suffer from rapidity divergences, which is common for functions related to similar observables.
These divergences appear due to the fact that collinear and c-soft modes (for measured transverse
momentum) have the same virtuality and hence different regulator (other than dimensional regu-
lator) is required to break the degeneracy. In this work we choose to use the rapidity regulator
introduced and developed in Refs. [24, 25]. In the calculation of the relevant diagrams the rapid-
ity divergences manifest as poles in the regulator parameter. The removal of these divergences
is done at the stage of renormalization. As explained in Refs. [24, 25] this process allows us
to systematically derive and solve rapidity RGEs which resum (in this case) large logarithms of
p⊥/(ωR). Additionally the solution of the virtuality RGE resum logarithms of the ratio p⊥/µH ,
where µH ∼ ω is the hard scale of the problem. It should be noted that the rapidity divergences
cancel in the convolution of the collinear and c-soft term and thus, the TMD-FJF is independent
of the rapidity scale, ν . Further details of the factorization and resummation process are shown
Ref. [23].

The resummation and convolution of the various terms in the factorization is performed in
the Fourier space where a profile function is used to avoid the Landau pole at large values of the
impact parameter, b. Traditionally a non-perturbative model for the anomalous dimensions is used

5
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for describing the spectrum at p⊥ ∼ ΛQCD. In our analysis, no non-perturbative model is required
since we are interested in the p⊥ regime where non-perturbative effects are highly suppressed.

Here the formalism of TMD-FJF is applied for quarkonium production within jets and the
transverse momentum distributions for fixed values of the energy fraction are presented in Figure 2.
We focus on the gluon fragmentation processes as shown in Table 1. The c→ cc̄[3S(1)1 ] production
channel is associated with the same LDME as g→ cc̄[3S(1)1 ] channel which can be extracted from
decay measurements, as explained in the first section. The four values of the energy fraction shown
here are z = 0.3,0.5,0.7,and 0.9. In each plot the distributions for the four production mechanisms
are normalized to have approximately the same hight at the last bin, 50 < p⊥ < 60 GeV. We note
that the color-singlet gluon fragmentation give almost identical spectrum as the 1S(8)0 channel for
all values of z, yet our result clearly show that the color-octet production mechanisms give distinct
distributions for large values of energy fraction. Thus, focusing on the high z region could provide
sufficient discriminating power for extracting the corresponding LDME.

It is important to study if the same feature remains true in the total cross section for the case
of hadronic collisions when one needs to consider contamination of jets from initial state radiation
and multiparton interactions, collectively refer to as underlying event (UE). There has been recent
developments towards eliminating the contamination in studies of jet substructure with the use of
jet grooming (on jet grooming see for example Refs. [26, 27, 28, 29]), showing that for groomed
jets, the jet shape observables are minimally effected by the UE [30, 31]. Extending this work to
groomed jets will be important step towards implementing the formalism of TMD-FJF for hadronic
collisions.
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