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The resonant substructures of D0 → π+π−π+π− and D0 → K+K−π+π− decays are studied
using data collected by the CLEO detector. Amplitude analyses are performed using a data driven
regularization procedure to limit the model complexity. For the D0 → π+π−π+π− decay the
prominent contributions are the decay modes D0→ a1(1260)+ π−, D0→ σ f0(1370) and D0→
ρ(770)0 ρ(770)0. The broad resonances a1(1260)+, π(1300)+ and a1(1640)+ are studied in
detail, including quasi-model-independent parametrizations of their lineshapes.
The amplitude analysis of D0 → K+K−π+π− decays uses a significantly improved formalism
with respect to previous analyses of the decay. The largest contributions to the decay are found
to be the decay modes D0→ φ(1020)ρ(770)0, D0→ K1(1270)+K− and D0→ K(1400)+K−. A
search for CP asymmetries at both global and amplitude component level yield no evidence for
CP violation in either decay mode.
The work presented here is published in Ref. [1].
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1. Introduction

We present the amplitude analyses of D0→ π+π−π+π− and D0→ K+K−π+π− decays per-
formed using data from the CLEO experiment. These four-body decay modes have a rich resonant
structure and the potential to make important contributions to the determination of the CP-violating
phase γ from B−→DK− and related decays through both model dependent and model independent
methods [2, 3, 4, 5, 6, 7]. Previously, the FOCUS experiment has performed amplitude analyses of
both D0→ π+π−π+π− and D0→K+K−π+π− decays [8, 9] albeit with limited statistics. Most re-
cently CLEO has performed an amplitude analysis of the D0→ K+K−π+π− decay [10], however
both the amplitude analysis formalism and the analysis software used has undergone significant
development, motivating re-analysing the CLEO data. The work presented here is published in
Ref. [1].

2. Datasets and selection

The datasets used for these analyses were produced through symmetric e+e− collisions at
CESR from 1995 to 2008. CLEO collected these data using three different detector configurations:
CLEO II.V, CLEO III and CLEO-c. All datasets utilise flavour tagging to determine the flavour
of the signal D decay. Data collected at collision energies consistent with the ψ(3770) resonance
(
√

s = 3770MeV) also allows for events to be CP tagged, whereby the CP state of the signal D
decay can be determined if the other D meson in the event is reconstructed in a state of definite CP.

A peaking background present in both analyses is D0→ K0
S (→ π+π−)h+h− decays. Despite

having the same final state as the signal decay the relatively long lifetime of the K0
S meson means

that it is an incoherent process. Both analyses use a mass veto which is applied to the invariant
mass spectrum of π+π− combinations to remove these events from the data samples.

3. Formalism

The total amplitude for a four-body decay D0→ h1 h2 h3 h4 is given by the coherent sum over
all intermediate state amplitudes Ai(x), each weighted by a complex coefficient ai = |ai|eiφi that is
to be measured from data,

AD0(x) = ∑
i

ai Ai(x) . (3.1)

We use the isobar approach to construct Ai(x), which assumes that the four-body decay process
can be factorized into subsequent two-body decay amplitudes [11, 12, 13]. This gives rise to
quasi-2-body decays of the form D0→ (R1→ h1 h2)(R2→ h3 h4) and cascade decays of the form
D0 → h1 [R1→ h2 (R2→ h3 h4)]. The intermediate state amplitudes, Ai(x), are parameterized as
a product of form factors, BL, which are taken as the Blatt-Weisskopf penetration factors [14],
Breit-Wigner propagators, TR, which are included for each resonance R, and an overall angular
distribution, S, constructed using the covariant Zemach tensor formalism [15, 16, 17]

Ai(x) = BLD(x) [BLR1
(x)TR1(x)] [BLR2

(x)TR2(x)]Si(x) . (3.2)

We employ an improved lineshape description for resonant particles decaying to three-body final
states as is in the case for cascade decays. Here, the energy dependent width of the resonant particle
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is determined from the resonant substructure of the three-body amplitude. The total amplitude,
AD0(x), is used to form a probability density function (PDF) that also incorporates the contributions
from background. Efficiency effects across phase space are accounted for through the use of a
detector-simulated Monte Carlo integration technique.

4. Amplitude model fit

Both analyses use a data-driven regularisation method known as the Least Absolute Shrink-
age and Selection Operator (LASSO) [18, 19] to determine which of the many possible amplitude
contributions to include in the amplitude model, balancing improvement in the fit quality with
increased model complexity. It should be noted that there are groups of amplitude components
possessing the same angular structure that can produce artificially high interference effects among
each other. For these components, alternative amplitude models consider each contribution sepa-
rately. A binned χ2 measure is used to determine the quality of the fit in the five-dimensional phase
space,

χ
2 =

Nbins

∑
b=1

(Nb−Nexp
b )2

Nexp
b

, (4.1)

where Nb is the number of data events in bin b, Nexp
b is the number of events predicted by the fitted

PDF in bin b and Nbins is the number of bins. An adaptive binning scheme [10] is used to ensure
there are sufficient statistics in each bin. We quote χ2 divided by the effective number of degrees
of freedom, ν . For the D0 → π+π−π+π− fit ν = (Nbins− 1)−Npar and for the lower statistics
D0→ K+K−π+π− channel, ν is is determined using a pseudo-experiment technique.

5. D0→ π+π−π+π− amplitude analysis results

The fit to D0 → π+π−π+π− data yields χ2/ν = 1.40 where ν = 221 and figure 1 shows
the distributions of selected phase space observables demonstrating good agreement between the
data and the fit model. The dominant contribution is the a1(1260) resonance in the decay modes
a1(1260)→ ρ(770)0π and a1(1260)→σπ followed by the quasi-two-body decays D→σ f0(1370)
and D→ ρ(770)0ρ(770)0. We find that the decay D0 → a1(1260)+π− dominates over D0 →
a1(1260)−π+, which is similar to the pattern observed in the B sector, where B0→ a1(1260)+π−

is preferred over B0→ a1(1260)−π+ [20, 21]. Resonance properties of the a1(1640)+, a1(1260)+

and π(1300)+ were also determined from the fit to data and are given in table 1. We verify
the a1(1640)+, a1(1260)+ and π(1300)+ resonant phase motion in a quasi-model-independent
way [22]. The Breit-Wigner lineshape is replaced by a complex-valued cubic spline. The inter-
polated cubic spline has to pass through independent complex knots spaced in the m2(π+π+π−)
region around the nominal mass. Figure 2 shows these interpolated splines with the expectation
from a Breit-Wigner shape with the mass and width from the nominal fit superimposed taking into
account the (statistical) uncertainties on the mass and width. The interpolated splines generally
reproduce the features of the Breit-Wigner parametrization with the resulting Argand diagrams
showing a circular, counter-clockwise trajectory which is the expected behavior of a resonance.
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Table 1: Resonance parameters determined from the fit to D0→ π+π−π+π− decays. The uncertainties are
statistical, systematic and model-dependent, respectively.

Parameter Value
ma1(1260) (MeV/c2) 1225±9±17±10

Γa1(1260) (MeV) 430±24±25±18
mπ(1300) (MeV/c2) 1128±26±59±37

Γπ(1300) (MeV) 314±39±61±26
ma1(1640) (MeV/c2) 1691±18±16±25

Γa1(1640) (MeV) 171±33±20±35

)
4

/c
2

 (GeV)


π +
π(2mmin

0 0.2 0.4 0.6 0.8 1

)
4

/c
2

E
v
e
n
ts

/(
0
.0

2
5
 G

e
V

0

100

200

300

400

500

600

)
4

/c
2

 (GeV)


π +
π(2mmax

0 1 2

)
4

/c
2

E
v
e
n
ts

/(
0
.0

6
9
 G

e
V

0

200

400

600

800

1000

)
4

/c
2

) (GeV


π +
π(2m

0 1 2

)
4

/c
2

E
v
e
n
ts

/(
0
.0

6
9
 G

e
V

0

100

200

300

400

500

600

700

800

900

)
4

/c
2

) (GeV+
π +

π(2m

0 1 2

)
4

/c
2

E
v
e
n
ts

/(
0
.0

7
9
 G

e
V

0

200

400

600

800

1000

1200

)
4

/c
2

 (GeV)


π +
π +

π(2mmin

0 1 2 3

)
4

/c
2

E
v
e
n
ts

/(
0
.1

0
2
 G

e
V

0

100

200

300

400

500

600

700

800

900

)
4

/c
2

 (GeV)


π +
π +

π(2mmax

1 2 3

)
4

/c
2

E
v
e
n
ts

/(
0
.0

9
5
 G

e
V

0

100

200

300

400

500

600

700

Figure 1: Invariant mass distributions of D0→ π+π−π+π− signal candidates (points with error bars) and fit
projections (black solid line). The signal component is shown in blue (dashed), the background component
in red (dashed) and the mis-tagged contribution in green (dashed). The effect of the K0

S veto can clearly be
seen in the top left projection.

Figure 2: Argand diagram of the quasi-model-independent a1(1640), a1(1260) and π(1300) lineshapes.
The fitted knots are displayed as points with error bars and the black line shows the interpolated spline. The
Breit-Wigner lineshape with the mass and width from the nominal fit is superimposed (red area). The latter
is chosen to agree with the interpolated spline at the point ℜ(A) = 1, ℑ(A) = 0.
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6. D0→ K+K−π+π− amplitude analysis results

The fit to D0→ K+K−π+π− data yields a χ2/ν value of 1.5 where ν = 116. Figure 3 shows
the distributions of selected phase space observables, which demonstrate reasonable agreement be-
tween data and the fit model. Relative to the previous analysis performed on the same data set [10],
the most notable difference is the fit fraction of the φ(1020)ρ(770)0 S-wave due to our modified
description of the VV D-wave. In Ref. [10], the component labeled as D-wave is a superposition
of D and S waves which led to a large interference between the components labeled as S wave and
D wave. In this analysis, we parametrize a pure D-wave and find an interference fraction between
the φ(1020)ρ(770)0 S- and D-waves of -3.7%. Taking these interference fractions into account,
the combined φ(1020)ρ(770)0 S- and D-wave fraction is consistent between both analyses. The
largest differences in our results are in the cascade topology due to the significant improvement in
the description of the lineshapes of resonance decays to three-body final states. We also find that
the process D0→K∗∗+ K−, where K∗∗ represents any excited kaon, dominates over D0→K∗∗−K+.
We also observe a significant K(1270)→ K∗(1430)π component in agreement with Ref. [9] but
not with Ref. [10]. The description of this type of decay chain, with a daughter whose mean mass
is outside the kinematically allowed region, benefits particularly from our improved lineshapes.

For both amplitude analyses CP asymmetries are investigated at both a global and amplitude
component level, no evidence for CP violation is seen.
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Figure 3: Invariant mass distributions of D0 → K+K−π+π− signal candidates shown as points with error
bars. The overall fit projection is shown in black, the signal in blue and the background in red. The effect of
the K0

S veto can clearly be seen in the m2(π+π−) projection.
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7. Conclusion

Amplitude analyses of both D0→ π+π−π+π− and D→ K+K−π+π− decays have been per-
formed using data collected by the CLEO detector. A data driven model-building procedure has
been applied which balances the fit quality against the number of free fit parameters. No CP viola-
tion is seen for either channel. In addition to shedding light on the dynamics of D0→ h+h−π+π−

decays, these results are expected to provide important input for a determination of the CP-violating
phase γ in B−→ DK− decays.
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